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3. The Tangent Line. The ancient Greeks discovered the concept of a tangent line, and it is my opinion they intended the tangent line to be used in measuring smoothness of paths. Many centuries later, Isaac Newton started to approximate tangent line gradients for a given function f ( x) using a finite difference quotient as follows:



tangent line gradient at (x, f ( x )) 



f ( x  h )  f ( x) [NFD] h



The right hand side of [NFD] is Newton's finite difference ratio which eventually morphed into his ultimate ratio. The difference ratio approximates the gradient of the tangent line, but in fact always represents the gradient of a non-parallel secant line, that converges to the tangent line as the denominator h gets very close to zero. Modern mathematicians will tell you that tangent lines are defined in terms of the derivative, and then add that the motivation of the derivative definition is the tangent line. In fact, the derivative definition is based entirely on the fact that a given finite difference approaches the gradient of the tangent line. There is no way one can dispute or deny this fact. Newton’s root approximation method would not work otherwise. Webster's dictionary defines tangent as follows: a : meeting a curve or surface in a single point if a sufficiently small interval is considered (First Known Use: 1594)



Since the phrase "sufficiently small" is vague and meaningless, I have corrected the definition using the noun rather than the adjective as follows: A straight line is said to be tangent to another geometric object (such as a curve), if and only if, a portion of the straight line intersects the curve in exactly one point, extends to both sides of the point, and crosses the curve nowhere. What does this mean exactly?



The point of intersection may not be an end-point of the tangent line portion. For if this were the case, then all the following straight lines can be tangent to a given curve at the same point:



Observe that in both the previous diagrams, what you see, are only visualizations. If in the previous diagram, the understanding were actually the correct definition of a tangent line, there would be nothing remarkable or useful about it. Such an understanding would certainly be useless as a tool in measuring smoothness of geometric objects in a plane or higher dimensions. Mathematicians not long before Isaac Newton, tried to make sense of this concept through visualization and contrived a new Latin word (tangere - meaning to touch) to describe it (tangent line). Their mathematical ineptitude showed, and unfortunately influenced modern mathematicians with far less skill than they.



However, the brilliant Ancient Greeks understood the concept better than anyone before me. They arrived at the concept philosophically indeed very much the same way as they created mathematics, science and technology. Given that a point has no dimension, the Greeks had no option but to follow the pure abstract approach in their quest to measure smoothness. How else could they define a path to be smooth? In fact, the Greeks first stumbled at the concept of continuity, but it was easy to resolve. A path is understood to be continuous if it contains no disjoint portions. This complexity finds its origins in the question of where a finite line segment starts and ends, that is, where exactly are its endpoints. While this issue can be resolved by Pythagorean areas in an abstract fashion (think of Pythagoras' Theorem from which the distance formula originated), it is impossible to create or reify either endpoint. How can one be certain the abstract approach is sound? There are two ways to verify its rigour: geometrically or algebraically. Consider the intersection of two straight lines and conclude that such an intersection is defined by a unique point. Algebraically, the solution of two linear equations representing straight lines, guarantees that only one solution is possible, if the lines intersect at no more than one point. A path is said to be smooth, if and only if, one tangent line can be constructed at every point in the path. A path is still considered smooth if there are points of inflection (points at which the concavity of the path/curve changes and no tangent line can be constructed at points of inflection).



In the previous diagram, the idea is to illustrate how only one finite tangent line can be constructed at each point in a smooth path so that it does not intersect any other point on the path. See appendix for the Axioms of the New Calculus which expound concepts such as normal line, concavity and inflection. Before we end this lesson, consider that no straight line can be tangent to any other straight line. It is impossible for any given straight line to intersect another straight line in one point without ever crossing it. Therefore, it fallacious to talk of a straight line as being a tangent to itself. The derivative exists and owes its existence to the straight line, because of the straight line attribute known as slope/gradient.



Appendix: Axioms of the New Calculus. 1. A path is said to be continuous, if no portion of it is disjoint from any other portion also on the path. 2. The only geometric object that possesses the attribute of slope/gradient/inclination is the straight line. 3. A straight line is said to be a tangent line to another geometric object if and only if, a portion of the straight line intersects the curve in exactly one point, extends to both sides of the point, and crosses it nowhere. 4. A path is said to be smooth, if and only if, one tangent line can be constructed at every point in the path. 5. A normal line is a straight line that is perpendicular to a tangent line for a smooth path. 6. A portion of a smooth path is said to be concave if all the normal lines in this portion intersect at a common point. 7. A point on a smooth path where the concavity changes, is called a point of inflection. 8. No tangent line can be constructed at a point of inflection. 9. A continuous and smooth path is said to be differentiable over an interval. 10. A dimension describes the number of attributes required to measure a magnitude in one or more directions. 11. A tangent object measures the smoothness of a geometric object in a given dimension.
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