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ON EXTENSIONS OF 1-MOTIVES CRISTIANA BERTOLIN



Abstract. We introduce the notion of extension of 1-motives. Using the dictionary between strictly commutative Picard stacks and complexes of abelian sheaves concentrated in degrees -1 and 0, we check that an extension of 1motives induces an extension of the corresponding strictly commutative Picard stacks. We compute the Hodge, the de Rham and the `-adic realizations of an extension of 1-motives. Using these results we can prove a variant of a conjecture of Deligne on extensions of 1-motives.
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Introduction Let k be a field of characteristic 0 embeddable in C. Let MR(k) be the Tannakian category of mixed realizations (for absolute Hodge cycles) over k. In [D89] Definition 1.11 Deligne defines the category of motives as the Tannakian subcategory of MR(k) generated by those mixed realizations coming from geometry. u A 1-motive X = [L → E] over k is a geometrical object consisting of a finitely generated free Z -module L, an extension E of an abelian variety by a torus, and an homomorphism u : L → E. To each 1-motive X it is possible to associate its Hodge, its `-adic and its De Rham realization. These realizations together with the comparison isomorphisms build a mixed realization T(X) which is a motive because of the geometrical origin of X. In [D89] 2.4. Deligne writes: Je conjecture que l’ensemble des motifs ` a coefficients entiers de la forme T(X), pour X un 1-motif, est stable par extensions. ∼ Si T0 est un motif ` a coefficients entiers, avec T0 ⊗ Q −→ T(X) ⊗ Q, alors T0 est a X. La conjecture ´equivaut donc ` a ce que de la forme T(X 0 ) avec X 0 isog`ene ` l’ensemble des motifs T(X) ⊗ Q, pour X un 1-motif, soit stable par extension. Le mot “conjecture” est abusif en ce que l’´enonc´e n’a pas un sens pr´ecis. Ce qui est 1991 Mathematics Subject Classification. 14C30. Key words and phrases. Strictly commutative Picard stacks, extensions, 1-motives. 1
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conjectur´e est que tout syst`eme de r´ealizations extension de T(X) par T(Y ) (X et Y deux 1-motifs), et “naturel”, “provenant de la g´eom´etrie”, est isomorphe a ` celui d´efini par un 1-motif Z extension de X par Y . In order to explain this conjecture, Deligne furnishes the following example: Let u A be an abelian variety over Q. A point a of A(Q) defines a 1-motive M = [Z → A] with u(1) = a. The motive T(M ), i.e. the mixed realization defined by M , is an extension of T(Z) by T(A). Therefore we have an arrow A(Q) −→ a



7→



Ext1 (T(Z), T(A)) T(M )



with the Ext1 computed in the exact category of motives. Deligne’s conjecture applied to T(Z) and T(A) says that the above arrow is in fact a bijection: A(Q) ∼ = Ext1 (T(Z), T(A)). In other words, any extension of T(Z) by T(A) in the exact category of motives (i.e. any mixed realization which is an extension of T(Z) by T(A) and which comes from geometry) is defined by a unique point a of A(Q). The hypothesis “coming from geometry” is essential because in the category MR(k) of mixed realizations there are too many extensions (if we omit it, the conjecture is wrong: see remark 4.1 for a counterexample), but unfortunately present technology gives no way to use it. Hence we will consider the following variant of Deligne’s conjecture, where the hypothesis “coming from geometry” is replaced by the hypothesis “belonging to the Tannakian subcategory M(k) of MR(k) generated by 1-motives”, and to which [By83] (2.2.5) can be applied. Conjecture 0.1. Let M1 and M2 be two 1-motives defined over a field k of characteristic 0 embeddable in C. There exists a bijection between 1-motives defined over k modulo isogenies which are extensions of M1 by M2 and Ext1M(k) (T(M1 ), T(M2 )) in the Tannakian subcategory M(k) of MR(k) generated by 1-motives:  ∼ = 1 − isomotive extension of M1 by M2 −→ Ext1M(k) (T(M1 ), T(M2 )) M



7→



T(M ).



The hypothesis “belonging to the Tannakian subcategory M(k)” is probably stronger than the hypothesis “coming from geometry”, but the result [By83] (2.2.5) makes sure that all the mixed realization in M(k) come from geometry, i.e. it makes sure that the counterexample of the conjecture given in Remark 4.1 doesn’t appear. Recall that the Tannakian subcategory M(k) of MR(k) generated by 1-motives is the strictly full abelian subcategory of MR(k) which is generated by 1-motives by means of subquotients, direct sums, tensor products and duals. The aim of this paper is to prove the above conjecture. This paper is organized as followed: in Section 1 we define the notion of extension of 1-motives. In section 2 we recall the notion of extension of strictly commutative Picard stacks, and using the dictionary between strictly commutative Picard stacks and complexes of abelian sheaves concentrated in degrees -1 and 0, we prove that an extension of 1-motives furnishes an extension of the corresponding strictly commutative Picard stacks. In Section 3 we show that over C there is a bijection between extensions of 1-motives and extensions of the corresponding Hodge realizations.
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Over any base for the `-adic and the De Rham realizations we don’t have a bijection but just that extensions of 1-motives define extensions of the corresponding `-adic and De Rham realizations. In Section 4 we prove Conjecture 0.1. The computation of the group of extensions of T(Z) by T(Gm ) in the exact category of motives Gm (Q) ∼ = Ext1 (T(Z), T(Gm )) fits into the context of Beilinson’s conjectures [Bl87] §5. In [BK07] §1.4 Barbieri-Viale and Kahn furnish an exact structure for 1-motives with torsion and in Appendix C.9 they provide a characterisation of the Yoneda Ext in the abelian category of 1-motives with torsion. Acknowledgment I am grateful to Deligne for generously explaining the correct setting in which to prove the results of this paper. I want to express my gratitude to Aldrovandi, Barbieri-Viale and Kahn for their comments on a first version of this work. I want to thank also the Forschungsinstitut f¨ ur Mathematik ETH in Z¨ urich for the very pleasant stay during which part of this paper was written. Notation Let S be a site. Denote by K(S) the category of complexes of abelian sheaves on the site S: all complexes that we consider in this paper are cochain complexes. Let K[−1,0] (S) be the subcategory of K(S) consisting of complexes K = (K i )i such that K i = 0 for i 6= −1 or 0. The good truncation τ≤n K of a complex K of K(S) is the following complex: (τ≤n K)i = K i for i < n, (τ≤n K)n = ker(dn ) and (τ≤n K)i = 0 for i > n. For any i ∈ Z, the shift functor [i] : K(S) → K(S) acts on a complex K = (K n )n as (K[i])n = K i+n and dnK[i] = (−1)i dn+i K . Denote by D(S) the derived category of the category of abelian sheaves on S, and let D[−1,0] (S) be the subcategory of D(S) consisting of complexes K such that Hi (K) = 0 for i 6= −1 or 0. 1. Extensions of 1-motives Let S be a scheme. A 1-motive M = (X, A, T, G, u) over S consists of • an S-group scheme X which is locally for the ´etale topology a constant group scheme defined by a finitely generated free Z -module, • an extension G of an abelian S-scheme A by an S-torus T, • a morphism u : X → G of S-group schemes. u



A 1-motive M = (X, A, T, G, u) can be viewed also as a complex [X → G] of abelian sheaves with X concentrated in degree -1 and G concentrated in degree 0. A morphism of 1-motives is a morphism of complexes of abelian sheaves. Since any arrow from G to X is zero, there are no homotopies between 1-motives to consider. Denote by 1 − Mot(S) the category of 1-motives over S. It is an additive category but it isn’t an abelian category. u u Let M1 = [X1 →1 G1 ] and M2 = [X2 →2 G2 ] be two 1-motives defined over S. In the following definition we consider 1-motives as complexes of abelian sheaves for the fppf topology.



4



CRISTIANA BERTOLIN



Definition 1.1. An extension (M, i, j) of M1 by M2 consists of a 1-motive M = u [X → G] defined over S and two morphisms of 1-motives i = (i−1 , i0 ) : M2 → M and j = (j−1 , j0 ) : M → M1 (1.1)



X2



�



i−1



u2



 � G2



/ X



j−1



u1



u i0



 / G



/ / X1



j0



 / / G1



such that • j−1 ◦ i−1 = 0, j0 ◦ i0 = 0, • i−1 and i0 are injective, • j−1 and j0 are surjective, and • u induces an isomorphism between the quotients ker(j−1 )/im(i−1 ) and ker(j0 )/im(i0 ). The above definition turns the category 1 − Mot(S) into an exact category (see [Q73] §2 for the definition of exact category). 2. Geometrical interpretation Let S be a site. A strictly commutative Picard S-stack is an S-stack of groupoids P endowed with a functor + : P ×S P → P, (a, b) 7→ a + b, and two natural isomorphisms of associativity σ and of commutativity τ , such that for any object U of S, (P(U ), +, σ, τ ) is a strictly commutative Picard category (see [D73] 1.4.2 for P more details). An additive functor (F, ) : P1 → P2 between strictly commutative Picard S-stacks is a morphism of S-stacks endowed with a natural isomorphism P : F (a + b) ∼ = F (a) + F (b) (for all a, b ∈ P1 ) which is compatible with the naturalP isomorphisms P0 σ and τ of P1 and P2 . A morphism of additive functors u : (F, ) → (F 0 , ) is an S-morphism of S-functors Chapter I 1.1) P (seeP[Gi71] 0 which is compatible with the natural isomorphisms and . To any strictly commutative Picard S-stack P we associate two abelian sheaves: π0 (P) the sheaffification of the pre-sheaf which associates to each object U of S the group of isomorphism classes of objects of P(U ), and π1 (P) the sheaf of automorphisms Aut(e) of the neutral object e of P. Denote by Picard(S) the category whose objects are small strictly commutative Picard S-stacks and whose arrows are isomorphism classes of additive functors. In [D73] §1.4 Deligne constructs the following equivalence of category (2.1)



st : D[−1,0] (S) −→ Picard(S).



We denote by [ ] the inverse equivalence of st. An extension P = (P, I : P2 → P, J : P → P1 ) of P1 by P2 consists of a strictly commutative Picard S-stack P, two additive functors I : P2 → P and J : P → P1 , and an isomorphism of additive functors between the composite J ◦ I and the trivial additive functor: J ◦ I ∼ = 0, such that the following equivalent conditions are satisfied: (a): π0 (J) : π0 (P) → π0 (P1 ) is surjective and I induces an equivalence of strictly commutative Picard S-stacks between P2 and ker(J); (b): π1 (I) : π1 (P2 ) → π1 (P) is injective and J induces an equivalence of strictly commutative Picard S-stacks between coker(I) and P1 .
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Recall that ker(J) is the strictly commutative Picard S-stack whose objects are pairs (p, f ) with p an object of P and f : J(p) → e an isomorphism between J(p) and the neutral object e of P1 , and whose arrows α : (p, f ) → (p0 , f 0 ) are arrows α : p → p0 of P such that f 0 ◦ J(α) = f. The strictly commutative Picard S-stack coker(I) is generated by the S-pre-stack whose objects are objects of P, and whose arrows (q, α) : p → p0 are isomorphism classes of pairs (q, α) with q an object of P2 and α : p + I(q) → p0 an arrow of P (see [Be10] for more details). dK



dL



Let K = [K −1 → K 0 ] and L = [L−1 → L0 ] be complexes of K[−1,0] (S), and let F : st(K) → st(L) be an additive functor induced by a morphism of complexes f : K → L in K[−1,0] (S). According to [Be10] Lemma 3.4 we have (2.2)



[ker(F )]



(2.3)



[coker(F )]



   (f −1 ,−dK ) = τ≤0 M C(f )[−1] = K −1 −→ ker(dL , f 0 )   (dL ,f 0 ) = τ≥−1 M C(f ) = coker(f −1 , −dK ) −→ L0



where M C(f ) is the mapping cone of the morphism f . Hence we have the following Corollary 2.1. Let L be a complex of K[−1,0] (S). Let i : K → L and j : L → M be morphisms of complexes of K[−1,0] (S) and denote by I and J the additive functors induced by i and j respectively. Let h be an homotopy between j ◦ i and 0. Then the strictly commutative Picard S-stack st(L) = (st(L), I, J) is an extension of st(M ) by st(K) if and only if the following equivalent conditions are satisfied: (a) H0 (j) : H0 (L) → H0 (M ) is surjective and i induces a quasi-isomorphism between K and τ≤0 (M C(j)[−1]); (b) H−1 (i) : H−1 (K) → H−1 (L) is injective and j induces a quasi-isomorphism between τ≥−1 M C(i) and M . Remark that the homotopy h : j◦i ≈ 0 defines a morphism from K to M C(j)[−1] and from M C(i) to M . Moreover, from (a) or (b) we can conclude that K −→ L −→ M is a distinguished triangle. Let S be a scheme. From now on the site S is the big fppf site over S. u



u



Proposition 2.2. Let M1 = [X1 →1 G1 ] and M2 = [X2 →2 G2 ] be two 1-motives u defined over S. If M = [X → G] is an extension of M1 by M2 , then st(M ) is an extension of st(M1 ) by st(M2 ). Proof. By definition of extension of 1-motives, the morphism of complexes (u2 , u, u1 ) : (X2 → X → X1 ) → (G2 → G → G1 ) is a quasi-isomorphism. This is equivalent to the acyclicity of the double complex M2 → M → M1 which amounts to the statement of this proposition.  By the above proposition, the group law for extensions of strictly commutative Picard S-stacks defined in [Be10] §4 furnishes a group law for extensions of 1motives. The neutral object with respect to this group law on the set of isomorphism u u classes of extensions of M1 = [X1 →1 G1 ] by M2 = [X2 →2 G2 ] is the 1-motive M1 + M2 = [X1 × X2



(u1 ,u2 )



→



G1 × G2 ].
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3. Transcendental and algebraic interpretations First we recall briefly the construction of the Hodge, De Rham and `-adic realizations of a 1-motive M = (X, A, T, G, u) defined over S (see [D74] §10.1 for more details): • if S is the spectrum of the field C of complex numbers, the Hodge realization TH (M ) = (TZ (M ), W∗ , F∗ ) of M is the mixed Hodge structure consisting of the fibred product TZ (M ) = Lie(G) ×G X (viewing Lie(G) over G via the exponential map and X over G via u) and of the weight and Hodge filtrations defined in the following way: W0 (TZ (M ))



=



TZ (M ),



W−1 (TZ (M ))



=



H1 (G, Z),



W−2 (TZ (M ))



=



H1 (T, Z),



=



 ker TZ (M ) ⊗ C −→ Lie(G) .



0



F (TZ (M ) ⊗ C)



• if S is the spectrum of a field k of characteristic 0 embeddable in C, the `-adic realization T` (M ) of the 1-motive M is the projective limit of the Z/`n Z -modules   n TZ/`n Z (M ) = (x, g) ∈ X × G | u(x) = `n g (` x, u(x)) | x ∈ X . If we consider M = [u : X → G] as a complex in degrees 0 and 1 and [`n : Z → Z] as a complex degrees -1 and 0, TZ/`n Z (M ) is the cohomology group H0 (M ⊗L Z/`n Z). • if S is the spectrum of a field k of characteristic 0 embeddable in C, the de Rham realization TdR (M ) of M is the Lie algebra of G\ where M \ = [X → G\ ] is the universal vectorial extension of M by the vectorial group Ext1 (M, Ga )∗ . The Hodge filtration on TdR (M ) is defined by F0 TdR (M ) = ker(Lie G\ → Lie G). Denote by MHS the category of mixed Hodge structures. u



u



Proposition 3.1. Let M1 = [X1 →1 G1 ] and M2 = [X2 →2 G2 ] be two 1-motives defined over C. There exists a bijection  ∼ = ϕ : 1 − motive extension of M1 by M2 −→ Ext1MHS (TH (M1 ), TH (M2 )) M



7→



TH (M ).



Proof. First we construct the arrow ϕ. Let (M, i, j) be an extension of M1 by u M2 , with M = [X → G], i = (i−1 , i0 ) : M2 → M and j = (j−1 , j0 ) : M → M1 . By Proposition 2.2, the strictly commutative Picard S-stack st(M ) is an extension of st(M1 ) by st(M2 ). Corollary 2.1 implies that via i the complexes M2 and τ≤0 (M C(j)[−1]) are isomorphic in the derived category D(S), and so, via the morphism TH (i−1 , i0 ) induced by i = (i−1 , i0 ), their Hodge realizations are isomorphic in the category MHS: ∼ =



TH (i−1 , i0 ) : TH (M2 ) −→ TH (τ≤0 (M C(j)[−1])). Explicitly the Z -module underlying the Hodge realization of τ≤0 (M C(j)[−1]) is (3.1)



TZ (τ≤0 (M C(j)[−1]))



= =



Lie (ker(u1 , j0 )) ×ker(u1 ,j0 ) X  Lie (ker(j0 )) ⊕ ker(u1 ) ×ker(u1 ,j0 ) X



EXTENSIONS AND 1-MOTIVES



7



The morphism of 1-motive j = (j−1 , j0 ) : M → M1 induces a morphism TH (j−1 , j0 ) : TH (M ) → TH (M1 ) between the Hodge realizations of M and M1 . To have this morphism is the same as to have the morphisms Lie (j0 ) : Lie (G) → Lie (G1 ) and j−1 : X → X1 such that the following diagram commute (3.2)



Lie (j0 ) / Lie (G1 ) Lie (G) 5 GG 6 k n k n k GG exp pr nnn pr kkk GG k n k nn GG kk n k n k G# nn kk TZ (j−1 ,j0 ) / Lie (G1 ) ×G1 X1 Lie (G) ×G X ; G1 SSSS QQQ vv QQQ SSSS v v QQ S vv pr SSSS pr QQQ QQQ vv u1 SSSS v (/ ) X1 X j −1



where pr are the projections and exp the exponential map. Since the morphisms j−1 : X → X1 and j0 : G → G1 are surjective, also the morphism TH (j−1 , j0 ) is surjective. Moreover the equality (3.1) implies that the mixed Hodge structure TH (τ≤0 (M C(j)[−1])) is the kernel of TH (j−1 , j0 ) : TH (M ) → TH (M1 ). Hence we have an exact sequence in the category MHS 0 −→ TH (M2 )



TH (i−1 ,i0 )



−→



TH (M )



TH (j−1 ,j0 )



−→



TH (M1 ) −→ 0.



We set ϕ(M ) = TH (M ). The reader can check that the arrow ϕ is in fact an homomorphism, i.e. it respects the group law of extensions of 1-motives and the group law of extensions of mixed Hodge structures. Injectivity of ϕ : Let M be a 1-motive extension of M1 by M2 and suppose that ϕ(M ) is the zero object of Ext1MHS (TH (M1 ), TH (M2 )). We have TH (M )



=



TH (M1 ) ⊕ TH (M2 ),



=



Lie (G1 × G2 ) ×G1 ×G2 (X1 × X2 ). u ×u



Therefore the 1-motives M and [X1 × X2 1→ 2 G1 × G2 ] have the same Hodge realization and so they are isomorphic by the equivalence of category [D74] (10.1.3). Surjectivity of ϕ : Now suppose to have an extension E of TH (M1 ) by TH (M2 ) in the category MHS f



g



0 −→ TH (M2 ) −→ E −→ TH (M1 ) −→ 0. Since TH (M1 ) and TH (M2 ) are mixed Hodge structures of type {0, 0}, {−1, 0}, {0, −1}, {−1, −1} also E must be of this type. Therefore according to the equivalence of category [D74] (10.1.3), there exists a 1-motive M and morphisms of 1-motives i = (i−1 , i0 ) : M2 → M, j = (j−1 , j0 ) : M → M1 such that TH (M ) = E and TH (i) = f, TH (j) = g. It remains to check that (M, i, j) is an extension of M1 by M2 . Since g ◦ f = 0, it is clear that j ◦ i = 0. Because of the commutative diagram (3.2), the surjectivity of g implies the surjectivity of j0 : G → G1 and of j−1 : X → X1 . Doing an analogous commutative diagram for the morphism f = TH (i) : Lie (G2 ) ×G2 X2 → Lie (G) ×G X, we see that the injectivity of f implies the injectivity of i0 : G2 → G and of i−1 : X2 → X. Let now m be an element of TH (M ) = Lie (G) ×G X. We have that TH (j)(m) = 0 if the projection prLie (G) (m) of m on Lie (G) lies in ker(Lie (j0 )), and the projection prX (m) of m on X lies in ker(j−1 ). Hence the morphism u : X → G has to induce an isomorphism between ker(j−1 )/im(i−1 ) and ker(j0 )/im(i0 ). 
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Proposition 3.2. Let M1 = [X1 →1 G1 ] and M2 = [X2 →2 G2 ] be two 1-motives u defined over a field k of characteristic 0 embeddable in C. If M = [X → G] is an extension of M1 by M2 , then T` (M ) is an extension of T` (M1 ) by T` (M2 ). Proof. Recall that TZ/`n Z (M ) is the unique cohomology group of the double com`n



plex M → M . The distinguished triangle M1 → M → M2 furnishes a distinguished triangle after tensoring with Z/`n Z M1 ⊗L Z/`n Z −→ M ⊗L Z/`n Z −→ M2 ⊗L Z/`n Z By definition of `-adic realization, the long exact sequence in cohomology associated to the above distinguished triangle reduces to the exact sequence 0 −→ T` (M2 ) −→ T` (M ) −→ T` (M1 ) −→ 0.  u



u



Proposition 3.3. Let M1 = [X1 →1 G1 ] and M2 = [X2 →2 G2 ] be two 1-motives u defined over a field k of characteristic 0 embeddable in C. If M = [X → G] is an extension of M1 by M2 , then TdR (M ) is an extension of TdR (M1 ) by TdR (M2 ). Proof. Denote by i = (i−1 , i0 ) : M2 → M and j = (j−1 , j0 ) : M → M1 the morphisms of 1-motives underlying the extension M = (M, i, j). By Proposition 2.2, the strictly commutative Picard S-stack st(M ) is an extension of st(M1 ) by st(M2 ). Corollary 2.1 implies that via i the complexes M2 and τ≤0 (M C(j)[−1]) are isomorphic in the derived category D(S), and so, via the morphism TdR (i−1 , i0 ) induced by i = (i−1 , i0 ), their de Rham realizations are isomorphic: ∼ =



TdR (i−1 , i0 ) : TdR (M2 ) −→ TdR (τ≤0 (M C(j)[−1])). Explicitly the de Rham realization of the 1-motive τ≤0 (M C(j)[−1]) is  (3.3) TdR (τ≤0 (M C(j)[−1])) = Lie ker(u1 , j0 )\   = Lie ker(j0 )\ ⊕ ker(u1 ) ⊗ k where (τ≤0 (M C(j)[−1]))\ = [X → ker(u1 , j0 )\ ] is the universal vectorial extension of τ≤0 (M C(j)[−1]) by the vectorial group Ext1 (τ≤0 (M C(j)[−1]), Ga )∗ . The morphism of 1-motive j = (j−1 , j0 ) : M → M1 induces a morphism TdR (j−1 , j0 ) : TdR (M ) → TdR (M1 ) between the de Rham realizations of M and M1 . Explicitly we have the following commutative diagram



0



TdR (M ) = Lie (G\ ) PPP PPP PPP PPP P( 1 / Ext (τ≤0 (M, Ga ))∗ /



X nX ooo nnn o n o n ooo nnn nnn ooou n o n o nv n oo / G wo /0 G\



0



 / Ext1 (τ≤0 (M1 , Ga ))∗



  / G1 gO / G\1 gP OOO 0 PPP O PPP OOOu1 PPP OOO PPP OOO PP O  X1 X1



/ n7 n n nnn nnn n n nn TdR (M1 ) = Lie (G\1 )



j0



j−1
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Since the morphisms j−1 : X → X1 and j0 : G → G1 are surjective, also the morphism TdR (j−1 , j0 ) is surjective. Moreover the equality (3.3) implies that the k-vector space TdR (τ≤0 (M C(j)[−1])) is the kernel of TdR (j−1 , j0 ) : TdR (M ) → TdR (M1 ). Hence we have an exact sequence 0 −→ TdR (M2 )



TdR (i−1 ,i0 )



−→



TdR (M )



TdR (j−1 ,j0 )



−→



TdR (M1 ) −→ 0. 



4. Proof of the conjecture Let S be the spectrum of a field k of characteristic 0 embeddable in C. Fix an algebraic closure k of k. Let MR(k) be the neutral Tannakian category over Q of mixed realizations over k. An object of the category MR(k) consists of a family N = ((Nσ , Lσ ), NdR , N` , Iσ,dR , Iσ,` )`,σ,σ where • Nσ is a mixed Hodge structure for any embedding σ : k → C of k in C; • NdR is a finite dimensional k-vector space with an increasing filtration W∗ (the Weight filtration) and a decreasing filtration F∗ (the Hodge filtration); • N` is a finite-dimensional Q` -vector space with a continuous Gal(k/k)action and an increasing filtration W∗ (the Weight filtration), which is Gal(k/k)-equivariant, for any prime number `; • Iσ,dR : Nσ ⊗Q C → NdR ⊗k C and Iσ,` : Nσ ⊗Q Q` → N` are comparison isomorphisms for any `, any σ and any σ extension of σ to the algebraic closure of k; • Lσ is a lattice in Nσ such that, for any prime number `, the image Lσ ⊗Z` of this lattice through the comparison isomorphism Iσ,` is a Gal(k/k)-invariant subgroup of N` (Lσ is the integral structure of the object N ). An arrow in the category MR(k) consists of a family of arrows f = (fσ , fdR , f` )`,σ,σ : N −→ N 0 where • fσ : Nσ → Nσ0 is a morphism of mixed Hodge structures with integral structure; 0 • fdR : NdR → NdR is a k-linear morphism compatible with the Weight filtration W∗ and the Hodge filtration F∗ ; • f` : N` → N`0 is a Q` -linear Gal(k/k)-morphism compatible with the Weight filtration W∗ ; • fσ , fdR and f` correspond under the comparison isomorphisms Iσ,dR and Iσ,` for any `, any σ and any σ. According to [D74] (10.1.3) we have the fully faithful functor T : 1 − Mot(k) −→ M



7−→



MR(k) T(M ) = (Tσ (M ), TdR (M ), T` (M ), Iσ,dR , Iσ,` )`,σ,σ



which attaches to each 1-motive M its Hodge realization Tσ (M ) with integral structure for any embedding σ : k → C of k in C, its de Rham realization TdR (M ), its `-adic realization T` (M ) for any prime number `, and its comparison isomorphisms. Denote by M(k) the Tannakian subcategory of MR(k) generated by 1-motives, i.e. the strictly full abelian subcategory of MR(k) which is generated by 1-motives by
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means of subquotients, direct sums, tensor products and duals. According to [By83] (2.2.5), if k is algebraically closed, any embedding σ : k → C of k in C furnishes a fully faithful functor from M(k) to the category MHS of mixed Hodge structures. Denote by 1 − Isomot(k) the Q-linear category obtained by tensoring the Hom groups of 1 − Mot(k) with Q. The objects of 1 − Isomot(k) are called 1-isomotives. The invertible morphisms of 1 − Isomot(k) are called isogenies. We can now prove Conjecture 0.1: Proof. Denote by T(Mi ) = (Tσ (Mi ), TdR (Mi ), T` (Mi ), Iσ,dR , Iσ,` ) (for i = 1, 2) the system of realization defined by Mi for i = 1, 2. Consider an extension E of T(M1 ) by T(M2 ) in the category M(k), i.e. an exact sequence in M(k) f



g



0 −→ T(M2 ) −→ E −→ T(M1 ) −→ 0 with E = (Eσ , EdR , E` , Iσ,dR , Iσ,` ), f = (fσ , fdR , f` ) and g = (gσ , gdR , g` ). This means that we have a family of exact sequences f∗



g∗



0 −→ T∗ (M2 ) −→ E∗ −→ T∗ (M1 ) −→ 0 where ∗ = σ, dR, `, which correspond under the comparison isomorphisms Iσ,dR and Iσ,` for any `, any σ and any σ. In particular we have an extension Eσ in the category MHS of mixed Hodge structures. By Proposition 3.1, modulo isogenies there exists a unique extension (M, i, j) of M1 by M2 which defines this extension Eσ , i.e. in the category MHS we have an isomorphism  : Eσ −→ Tσ (M ) such that the following diagram commute (4.1)



0



/ Tσ (M2 )



fσ



/ Eσ



gσ



/ Tσ (M1 )



/0



Tσ (j)



/ Tσ (M1 )



/0







0



/ Tσ (M2 )



Tσ (i)



 / Tσ (M )



where Tσ (i) : Tσ (M2 ) → Tσ (M ) and Tσ (j) : Tσ (M ) → Tσ (M1 ) are the morphisms in MHS induced by the morphisms of 1-motives i : M2 → M and j : M → M1 . u The 1-motive M = [X → G] underlying the extension (M, i, j) is defined over C. In order to descend M from C to k we proceed in 3 steps: (1) Reduction to a finitely generated extension of k: The field C is the inductive limit of finitely generated extensions k 0 of k. By [G66] Proposition (8.9.1), since G is of finite presentation over C, there exists a group scheme G0 over k 0 such that G ∼ = G0 ×k0 C. The group scheme G0 is an extension of a k 0 -abelian variety 0 by a k -torus. Changing if necessary the extension k 0 , there exists a morphism u0



u0 : X → G0 (k 0 ) which furnishes a 1-motive M 0 = [X → G0 ] defined over k 0 such that M ∼ = M 0 ⊗k0 C. (2) Reduction to a finite extension of k: By (1) we can assume that the 1-motive M 0 is defined over a suitable smooth variety S by setting k 0 = k(S). Now the fiber of M 0 over a closed point s of S is a 1-motive defined over the residue field of s, which is a finite extension of k. u Hence via (1) and (2) we reduce to the case where the 1-motive M = [X → G] is defined over a finite extension K of k. We proceed now with (3) Galois descent:
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(3.1) The Galois descent datum for the 1-motive M : By Propositions 3.2 and 3.3, the extension (M, i, j) of M1 by M2 defines extensions also in the l-adic and in the de Rham realizations. The Hodge, the de Rham and the l-adic realizations of the data M, i and j build the following commutative diagrams with exact rows:



/ T` (M2 ) O



0



T` (i)



/ T` (M ) O



Iσ,`



/ Tσ (M2 ) ⊗Q Q`



Tσ (i)⊗Q`



0



/ Tσ (M2 ) ⊗Q C



Tσ (i)⊗C



/



/



Iσ,dR



0



/ T` (M1 ) O



Iσ,`



0



 / TdR (M2 ) ⊗K C



T` (j)



TdR (i)⊗C



/



Iσ,`



Tσ (M ) ⊗Q Q`



Tσ (M ) ⊗Q C Iσ,dR



/0







TdR (M ) ⊗K C



Tσ (j)⊗Q`



/



/0



Tσ (M1 ) ⊗Q Q`



Tσ (j)⊗C



/



/0



Tσ (M1 ) ⊗Q C Iσ,dR



TdR (j)⊗C



/



 TdR (M1 ) ⊗K C



/0



The system of mixed realizations T(M ) = (Tσ (M ), TdR (M ), T` (M ), Iσ,dR , Iσ,` ) is therefore an extension of T(M1 ) by T(M2 ) in the category M(K). Because of the comparison isomorphisms and of the commutativity of diagram (4.1), the isomorphism  : Eσ → Tσ (M ) implies the commutativity of the following diagrams



0



0



  T` (M2 ) kWW T (M ` 2) 3 g WWWW ggggg WWWW Iσ,` Iσ,` gggggg WWWW gg WWWW ggggg WWW ggggg f` T` (i) Tσ (M2 ) ⊗Q Q` QQQ n n Q n QTQσQ(i)⊗Q` fσ ⊗Q`nn n QQQ nnn QQQ n n (  n w  Iσ,` I ⊗Q` / Tσ (M ) ⊗Q Q` σ,` / T` (M ) Eσ ⊗Q Q` E` o PPP mm PPP mmm m PPP m mmm gσ ⊗Q` PPP ' vmmm Tσ (j)⊗Q` g` T` (j) Tσ (M1 ) ⊗Q Q` WWWWW g g g g W g WWWWIWσ,` Iσ,` ggg WWWWW gg gggg WWWWW g g g g WWW+   g g sg T` (M1 ) T` (M1 )  0



 0
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0



0



 TdR (M2 ) ⊗k C kWWWWW WWWWIWσ,dR WWWWW WWWWW



ffff3 fffff f f f f fffff fffff



 TdR (M2 ) ⊗k C



Iσ,dR



TdR (i)⊗C Tσ (M2 ) ⊗Q C PPP o o P fσ ⊗Cooo PTPσP(i)⊗C PPP ooo o PP( o  o w  Iσ,dR Iσ,dR ⊗C / TdR (M ) ⊗K C o / E ⊗ C T EdR ⊗k C σ Q σ (M ) ⊗Q C OOO nn OOO nnn n OOO n nn OO' gσ ⊗C vnnn Tσ (j)⊗C gdR ⊗C TdR (j)⊗C Tσ (M1 ) ⊗Q C X XXXXX g g g g X g XXXXIXσ,dR Iσ,dR ggg g XXXXX ggggg XXXXX g g g g X+ sgg   TdR (M1 ) ⊗k C TdR (M1 ) ⊗k C fdR ⊗C



 0



 0 The commutativity of these diagrams, together with the commutativity of diagram (4.1), means that the system of realizations E ⊗k K and T(M ) are isomorphic as extensions of T(M1 ) by T(M2 ) in the category M(K). Since E is a mixed realization defined over k, we have a natural Galois descent datum ϕE on E ⊗k K. Through the isomorphism E ⊗k K ∼ = T(M ), on T(M ) we put the Galois descent datum ϕT(M ) such that we have an isomorphism (4.2)



(E ⊗k K, ϕE ) ∼ = (T(M ), ϕT(M ) )



of mixed realizations with Galois descent datum. Clearly the Galois descent datum ϕT(M ) is effective. Through the fully faithful functor T : 1 − Mot(K) → MR(K), ϕT(M ) furnishes a Galois descent datum ϕM on the 1-motive M . (3.2) Effectiveness of ϕM : We proceed by ”dvissage”. Fix the following notations: A is the K-abelian variety underlying M with dual A∗ , T is the K-torus underlying M with character group X ∗ (T ), the K-morphism v ∗ : X ∗ (T ) → A∗ defines the extension G, and the K-morphism v : X → A and the K-trivialization ψ : X × X ∗ (T ) → (v, v ∗ )∗ P, with P the Poincar biextension of (A, A∗ ), define the morphism u : X → G. Since we started with a 1-motive defined over C, we can assume that the torus T is split, i.e. T ∼ = Gnm for some Qn integer n bigger or equal to 0, and because 1 of the isomorphism Ext (A, Gnm ) ∼ = i=1 Ext1 (A, Gm ) we reduce to T ∼ = Gm . The lattice X is the character group of a torus that we can assume split and so we reduce to X = Z. The Galois descent datum ϕM induces Galois descent data ϕA on A, ϕG on v ∗ : Z → A∗ , ϕv on v : Z → A and ϕψ on ψ : Z × Z → (v, v ∗ )∗ P. Moreover ϕM is effective if and only if ϕA , ϕG , ϕv and ϕψ are effective. Now we check the effectiveness of these last descent data: • ϕA : the K-abelian variety A is endowed with an invertible ample sheaf L. We extend ϕA to a Galois descent datum ϕ(A,L) on the pair (A, L). Now by [G71] Expos´e VIII Proposition 7.8, ϕ(A,L) is effective, i.e. there exists
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an abelian k-variety A0 and an invertible ample sheaf L0 on A0 such that A = A0 ⊗k K and L descends to L0 via A → A0 . • ϕG : the K-morphism v ∗ : Z → A∗ is defined by an invertible sheaf F on A which is algebraically equivalent to 0 and rigidified in 0. Since by [G71] Expos´e VIII Theorem 1.1 the descent data on quasi-coherent sheaves are effective, there exists an invertible sheaf F 0 on A0 , which is algebraically equivalent to 0 and rigidified in 0, and such that F descends to F 0 via A → A0 . This invertible sheaf F 0 defines an extension G0 of A0 by Gm such that G = G0 ⊗k K. • ϕv : identifying A with (A∗ )∗ , for the K-morphism v : Z → A we proceed as for v ∗ : Z → A∗ above, getting a k-morphism v 0 : Z → A0 which corresponds to v if we extend the scalars to K. • ϕψ : the K-trivialization ψ : Z × Z → (v, v ∗ )∗ P is defined by a K-rational point of Gm , i.e. by a K-morphism Spec K → Gm . Since by [G71] Expos´e VIII Theorem 2.1 the descent data on affine schemes are effective, there exists a k-morphism Spec k → Gm which corresponds to Spec K → Gm if we extend the scalars to K. The k-morphism Spec k → Gm defines a ktrivialization ψ 0 : Z × Z → (v 0 , v 0∗ )∗ P 0 , where P 0 is the Poincar biextension of (A0 , A0∗ ), which corresponds to ψ if we extend the scalars to K. The k-morphism v 0 : Z → A0 and the k-trivialization ψ 0 define a k-morphism u0 : Z → G0 which furnishes a 1-motive M 0 defined over k such that (4.3)



M = M 0 ⊗k K



i.e. the Galois descent datum ϕM is effective. Clearly M 0 is an extension of M1 by M2 . Because of the choice of the Galois descend datum ϕM (4.2) and because of the equality (4.3), the mixed realizations E and T(M 0 ) are isomorphic as extensions of T(M1 ) by T(M2 ) in M(k). Therefore we have proved that modulo isogenies any extension of T(M1 ) by T(M2 ) in the category M(k) is defined by a unique 1-motive defined over k.  Remark 4.1. The hypothesis ”coming from geometry” in Deligne’s conjecture is essential, because in the category MR(k) of mixed realizations there are too many extensions. In order to explain this fact, we construct an extension of T(Z) by T(Gm ) in the category MR(k) which is expected not to come from geometry. We u start considering the 1-motive M = [Z → Gm ], u(1) = 2, defined over Q, which is an extension of Z by Gm . The mixed realization T(M ) is the extension of T(Z) by T(Gm ) in the category of motives parametrized by the point 2 of Gm (Q), i.e. through the bijection Gm (Q) ∼ = Ext1 (T(Z), T(Gm )) the extension T(M ) corresponds to the point 2 of Gm (Q). Denote by E = (EH , EdR , E` , Iσ,dR , Iσ,` ) the following mixed realization over Spec(Q): • EdR = TdR (M ). In particular, EdR = Q ⊕ Q is the trivial extension of Q by Q; • EH = TH (M ). In particular, the lattice EZ underlying EH is generated by (log 2, 1), (2πi, 0) and it is a non trivial extension of Z by Q(1) • E` = Z` (1) ⊕ Z` is the trivial extension of Z` by Z` (1) for the Galois action Gal(Q/Q);
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• IH,dR : EH ⊗Q C ∼ = EdR ⊗Q C is the comparison isomorphism underlying the mixed realization T(M ); • IH,` : EH ⊗Q Q` ∼ = E` is the comparison isomorphism defined sending (log 2, 1) to 1 ∈ Z` and (2πi, 0) to exp( 2πi ln ) ∈ Z` (1). This mixed realization E is an extension of T(Z) by T(Gm ) in the category MR(Q) which isn’t defined by a 1-motive extension of Z by Gm . References [BK07] L. Barbieri-Viale and B. Kahn, On the derived category of 1-motives, arXiv:0706.1498v1 [math.AG], 2007. [Bl87] A. Beilinson, Height pairing between algebraic cycles, Contemp. Math., vol. 67, 1987, pp. 1–24. [Be10] C. Bertolin, Extensions of Picard stacks and their homological interpretation, J. of Algebra, vol. 331 Iss.1, 2011. [BLR90] S. Bosch, W. L¨ utkebohmert, M. Raynaud, N´ eron Models, Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], 21. SpringerVerlag, Berlin, 1990. [By83] J.-L. Brylinski, 1-motifs et formes automorphes (th´ eorie arithm´ etique des domaines des Siegel), Pub. Math. Univ. Paris VII 15, 1983. [D73] P. Deligne, La formule de dualit´ e globale, Th´ eorie des topos et cohomologie ´ etale des sch´ emas, Tome 3. S´ eminaire de G´ eom´ etrie Alg´ ebrique du Bois-Marie 1963–1964 (SGA 4). Lecture Notes in Mathematics, Vol. 305. Springer-Verlag, Berlin-New York, 1973, pp. 481587. ´ [D74] P. Deligne, Th´ eorie de Hodge III, Inst. Hautes Etudes Sci. Publ. Math. No. 44, 1974, pp. 5–77. [D89] P. Deligne, Le groupe fondamental de la droite projective moins trois points, Galois groups over Q (Berkeley, CA, 1987), Math. Sci. Res. Inst. Publ., 16, Springer, New York, 1989, pp. 79–297. [Gi71] J. Giraud, Cohomologie non ab´ elienne, Die Grundlehren der mathematischen Wissenschaften, Band 179. Springer-Verlag, Berlin-New York, 1971. ´ [G66] A. Grothendieck, Etude locale des sch´ emas et des morphismes de sch´ emas, Troisime partie, ´ Inst. Hautes Etudes Sci. Publ. Math. No. 28, 1966, pp. 5–225. [G71] A. Grothendieck, Revˆ etements ´ etales et groupe fondamental, SGA 1, Lecture Notes in Mathematics, Vol. 224. Springer-Verlag, Berlin-New York, 1971. [Q73] D. Quillen, Higher algebraic K-theory I, Lecture Notes in Mathematics, Vol. 341, SpringerVerlag, Berlin-New York, 1973, pp. 85–147. ` di Torino, Via Carlo Alberto 10, I-10123 Torino Dip. di Matematica, Universita E-mail address: [email protected]
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