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On Numerical Semigroups J. C. R o s a l e s



Communicated by Jean-Eric Pin



Introduction



A numerical semigroup is a subset S of N such that is closed under sums, contains the zero and generates Z as a group. From this definition one obtains (see for example [1]) that S has a conductor C (i.e. the maximum among all the numbers not belonging to S), such conductor is also called the Frobenius number in [2] where the problem ot its computation is formulated as a generalization of a Sylvester problem. On the other hand, the closed relation between numerical semigroups and monomial curves (see for example [1], [3], [4], [5], [6], [7], [9], [10]) makes people move some of terminology in Algebraic Geometry to numerical semigroups. For example the smallest integer greater than zero in S is usually called the multiplicity of S, the cardinal of a minimal system of generators for S is called the embedding dimension of S and a finitely presentation for S is called a relation for S. Let S be a numerical semigroup and S' = S U {C} where C is the conductor of S. Our first aim in this paper is to show Theorems 1.3 and 1.6, which compare the cardinal of a minimal relation for S to the cardinal of a minimal relation for S'. As a consequence of this study, we will give a recurrent method to build the set S ( m ) of all numerical semigroups with multiplicity m . This construction orders the elements of S ( m ) in a tree-like form with root the numerical semigroup genrated by {m, m + 1, m + 2, ..., 2m - 1}. We will see that: if S is a descendant of S', then the conductor of S is greater than the conductor of S I, the embedding dimension of S is less or equal than the embedding dimension of S ~ and the cardinal of a minimal relation for S is less or equal than the cardinal of a minimal relation for S ' . As a consequence of the previus procedure we will obtain an upper bound on the cardinal of a minimal relation of a numerical semigroup. This bound will depend on the multiplicity and the embedding dimension. This bound is not comparable with another given in [8]. Let S be a numerical semigroup with multiplicity equal to embedding dimension. We will call this semigroup MED, because it has maximum embedding dimension in the set S(m). These semigroups are characterized in Theorem 3.1, and they are just the elements in S(m) whose minimal relations have m a x i m u m cardinality. Finally, in Theorem 3.5, we will see that: There is a bijective map between the numerical semigroups with conductor C and multiplicity m, and the MED-semigroups with conductor C + m, multiplicity m and the rest of minimal generators greater than 2m.



ROSALES 0. Terminology and P r e v i o u s R e s u l t s Let (N, + ) be the semigroup of natural numbers. A numerical semigroup is a subset S of N such that is closed under sums, contains the zero and generates Z as group ( Z is the group of the integer numbers). From this definition one obtains (see, for example, [1]) the following results: 1. S has a conductor C , i.e., the m a x i m u m among all the natural numbers not belonging to S. 2. S has an unique minimal (w.r.t. inclusion) system of generators {no < nl < ... < rip}, and that the greatest common divisor of the generators is one. By r : Nr+l - - ~ N we shall mean the semigroup homomorphism defined as r



al, ..., ap) : aono + alnl + ... + avn p



and a the kernel congruence of r Then we have the semigroup isomorphism S ~- l ~ +1/a. In [8] we give an algorithm to determine, a least cardinality relation for a (i.e a subset p of Nv+l x Np+I with the least possible cardinality generating a ) . We shall write a minimal relation for S in shortness. For any n C N we define the graph G,, = (Vn, En) by: V,, = {hi E {no,..., np} s u c h that n - ni C S } E,, = {[ni, nj] such t h a t n -



(hi + n j ) C S; i , j C {0,...,p}; i # j }



Given a graph G, we will represent by N C C ( G ) the number of connected components of G. For any n C N we define pn as follows: 1. If G,, is not connected and G~ = (V~, EL) 1 , ..., G,~ = (V~, E,~) its connected components, then for every 1 < i < r we pick a vertex nk~ E V,~ and a element ai = (a0i, ali, ..., %i) 9 ~p+l such that r = n and ak, i r O. We denine



p, = { ( ~ , ~1), ..., ( ~ , ~1)}. 2. If G,, is connected. We define p,, = 13. The next result follows from [8]:



T h e o r e m 0.1.



P = [.JneN pn is a m i n i m a l relation for a.



9



Given n 9 S and 0 = w(1) < w(2) < ... < w ( n ) the smallest elements of S in respective congruence classes rood n. We denote R S ( n ) = {w(1),w(2),...,w(n)}. The existence of the set R S ( n ) is guaranteed since S has a conductor C. A simple verification shows that:



L e m m a 0.2.



In the above conditions:



1. S 0 {C} is a numerical semigroup. 2.



C



= ~,(n) -- n .
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In this paper we will denote by: 9 S a numerical semigroup with minimal system of generators {no < nl < ... < n~} and conductor C > no.



9 S' the numerical semigroup S U {C}. 9 Gn = (Vn, E , ) the graph associated to n with respect to 6". 9 G" = (VJ, E ' J the graph associated to n with respect to S'.



9 C the proper inclusion. 9 \ the difference of sets.



9 M R S a minimal relation for S. 9 # A the cardinal of A. 1.



A M i n i m a l R e l a t i o n for S' F r o m a M i n i m a l R e l a t i o n for S



Our aim in this section is to compute a minimal relation for 5" from a minimal relation for S. In order to realize our study we will take into account two cases, according to the fact that {no, nl, ..., np, C} is a minimal system of generators for S' or not. 1.1.



I f { n 0 , n i , . . . , n p , C} is a M i n i m a l S y s t e m of G e n e r a t o r s for S ~



L e m m a 1.1.



Let n E S. Then the following conditions are equivalent:



1. NCC(Gn) < NCC(G',,). 2. n E {C + no, ..., C + np, 2C}.



3. NCC(G',,)



=



NCC(G,~)



§



1.



Proof. (1) =~ (2). G,, ~ G t , then n - C E S', and so V,,U {C} C V~'. If Vn U {C} C V', then there exists 0 < i < p such that n - n, E S ' \ S = {C}, and so n = C + n , . If V,,U{C} = V~,then V~\V,, = {C} and so G',, has a c o n n e c t e d component containing only the vertex C, since N C C ( G , ) < NCC(G~). On the other hand, if G~ has a connected component containing only the vertex C, then n-C 6 S' and n - ( C + n ~ ) r S' for all 0 < i < p , so n - C 6 S ' \ S = {C} and therefore n = 2C. (2) => (3). It is clear, taking into account that: 9 G'C+n~ is the graph obtained from Gc+,~ adding the vertices C and hi, and



the edge [C, ni].



9 G~c is the graph obtained from G=c adding the vertex C. (3) ~ (1). Trivial.



9
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ROSALES L e m m a 1.2.



Let n E S . Then the following conditions are equivalent:



1. N C C ( G ~ ) < N C C ( G , ) . 2. n = C + no + ni with ni E {nl,...,np} and with the vertices ni and no in different connected components of G,~. 3. N C C ( G , ) = N C C ( G ' ) + 1. Proof. (1) :=> (2). C,, # 01,, then n - C 9 S', and so V,~ U {C} C V~. If V,, tO {C} C V', then there exists 0 < i < p such that n - nl 9 S ' \ S -- {C}, so n -- C § n l , and we conclude, by Lemma 1.1, that N C C ( G . ) < N C C ( G ' ) , therefore this case is not possible. We are going to see the case V,~ tO {C} = V'. Because n=Cq-s with0~sES ~,then C q - n 0 < n and we can assert that n - n o E S 1,so no E V" and therefore no E V,~ since V, U {C} = V'. Now, E" = E,~ tO {[n,,nj] such that n , , n j E V, and n - (hi + h i ) E S ' \ S } U {[C,n,] such that n, E V, and n - (C + n~) E S'} and if n - (n~ + hi) E S ' \ S , then n = C + n, + n i. So N C C ( G ' ) = N C C ( G " , ) , where C",~ = (V",~,E".) with V"n = V~ and E " , = E , U {[C,n,] such that n, E V, and n - (C + n,) 9 S'}. Since NCC(G,~) > 2 and no E V, we deduce that there exists ni E V,~ such that the vertices n/ and no are in different connected components of G,~ (therefore n - (n, + no) r S). On the other hand, N C C ( C " ~ ) < N C C ( G . ) and we can assert that there exists ni E V, such that the vertices ni and no are in different connected components of Gn and n - ( C + n i ) E S I. So n = C q - n i + s with 0 ~ s E S', since n = C q- nl is not possible by Lemma 1.1. Therefore C q- s > C q- no, moreover Cq-s-n0 = n-n/-no ~ S and so C + s = C - k n 0 . Finally, we have that n = C q-no q-ni. (2) ::> (3/. n = C § and therefore V,,to{C} C V'. Then V" = V.U{C}



(see (1) ~ (2) of Lemma 1.1). E', = E , U {[nj, nk] such that hi, nk E V,, and n - (n i q- nk) E S ' \ S } to {[C, nk] such that n~ E V, and n - ( C q - n k ) E S I} and if n - ( n j q - n k ) E S ' \ S , then n = C + n j + nk. So N C C ( G ' , ) = N C C ( G " , ) , where G",, = ( V " , , , E " , ) with V",~ = V~ and E " , = E , U {[C, nk] such ~hat nk 9 V, and n - (C + nk) 9 S'}. [C, no], [C, nil 6 E",, and therefore N C C ( C " , ) + 1 < NCC(C,~).



we conclude if we prove that, n - ( n o + nk) r S and n - ( C + nk) 9 S', implies that nk = hi. If n - (no + nk) • S and n - (C + nk) 9 S', then n = C q- no + ni = w + n~ = C q - n k q - s with w E R S ( n o ) and s E S I. So w - - C q - n o and n ~ = n / . (3 / => (1). Trivial. 9
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ROSALES Theorem



1.3.



# M R S + 2 < # M R S ' < # M R S + p+ 2. Proof.



By Theorem 0.1, we have that:



#MRS = E



(NCC(Gn)- 1),



.~s\{o}



#MRS'=



E



( N C C ( G t ) - 1).



.es'\{o}



Since S'\S = {C} and G~ is a graph containing only the vertex C, we deduce that:



#MRS'=



E



( N C C ( G : ) - 1).



,,es\{o}



Now, let A = { C + n 0 , C + n l , . . . , C + n v , 2 C } and let B = {n E S such that n = C + no + ni with n~ E {hi, ...,np} and with the vertices no and n~ in different connected components of G,~}. Then,



#MRS'=



E



(NCC(G~) - 1) + E ( N C C ( G : ) - 1)+



nES\(AuBU{O})



nEA



E ( N C C ( G ~ ) - 1). nEB



On the other hand, by Lemma 1.1 and Lemma 1.2, we deduce that:



11 = .eS\(AuBu{o})



Z



(NCC(V~



.eS\(AuBu{o})



E ( N C C ( G ~ ) - 1) = E ( N C C ( G . ) - 1) + p + 2, nEA



nEA



E(NCC(G,~) - 1) > E ( N C C ( G ~ ) - 1) > E ( N C C ( G , ) - 1) - p. n6B



n6B



n6B



So, we conclude that # M R S + 2 < # M R S ' < # M R S + p + 2. 1.2.



I f {n0,nl,...,np, C} is n o t a M i n i m a l S y s t e m of G e n e r a t o r s for S'



Since C > no and no < nl < ... < n p , if {no, n1, ...,np, C} is not a minimal system of generators for S ' , then there exists ni C {nl,n2, ...,np} such that ni = C + s for some s E S ' \ { 0 } , and so n, > C+no. On the other hand, {nt, ...,np} C aS(no) and C + no = max aS(no), then we deduce that ni = n p . Therefore, if {no, n l , . . . , np, C} is not a minimal system of generators for S' we can assert that {no, n l , . . . , np-1, C} is a minimal system of generators for S ~. 311



ROSALES L e m m a 1.4.



Let n 6 S.



Then the following conditions are equivalent:



1. N C C ( G , ) < N e e ( G : ) . 2. n E {C + n l , . . . , C + n p _ l , 2 C } . 3.



NCC(G:)



Proof.



=



NCC(G.) + 1.



(1) ~ (2).



a) Assume n - np ~ S. Since NCC( G,) # NCC( G:) we deduce that n - C E S'. Then n ; 9~ V,, and C C V~ and so V,, U {C} C V2. If V,, U {C} C V~, then there exists ni E {n0,nl, ...,rip_l} such that n - h i E S ' \ S = {C} and so n = C+ni. Moreover, n i r no, since ni = no implies n = C + no = np and this case is not possible because n - n p r S. If V,, U {C} = V', then n = 2C (see (1) ==v (2) of L e m m a 1.1).



b)



Let us show that n - n p E S implies N e e ( G : ) < NCC(G,). Therefore this case is not possible. We will take into account the two following cases: 9 V,,U{G} c V'U{np} implies that there exists ni E {no, ..., r i p - l } such that n = C +hi. Then C + n l - (C+no) = n i - n o 6 S and therefore nl = no. So n = np and N C C ( G , ) = NCC(G',) = 1 since G,~, is the graph contining only the vertex np and G'r~p is the graph with V.' nl~ = {C, n0} and Z'~, = {[e, no]}.



9 V,~U{C} = V~U{np}. Let n3 E {no, nl, ...,np-1}, if n - ( n p + n j ) e S, then n-(e+nj)=n-(np+nj)+no C S' and so [np, nj] E E,~ implies [C, nj] E E~. Let ni,nj 6 {no,nl,...,np-1} with ni r if n - ( n i +nj) C S, then n - ( n i +nj) E S' and so [ni,nj] E E,, implies [ni,nj] 6 E~. Therefore G : is a graph obtained from G,, adding somes edges and changing the name of the vertex np by C. So N e e ( G : ) < N C e ( G , ) . (2) =~ (3). Argument similar to (2) ::~ (3) of Lemma 1.1. (3) ::~ (1). Trivial. L e m m a 1.5.



Let n 6 S. Then the following conditions are equivalent:



1. N e e ( G : ) < N e e ( G , , ) . 2. n E {np + nl,...,np + np_l,2np}. 3. N C C ( G ' ) + 1 = N C G ( G , ) . Proof. (1) ::~ (2). N e e ( G : ) r N C C ( G , ) , then n - C E S'. Moreover, n • n , since if n = np then N C C ( G , ) = N e e ( G : ) = 1 because G,~ is the graph contining only the vertex np and G ~ is the graph with V~ = { e , n0} and E~p = {[e, n0]}. We will take into account the two following cases: 312
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a) Assume n - np C S. Then V, U {O} C V~' U {rip} and we deduce that V n U { C } = V~O{np}. On other hand, since np = C + n 0 , it is clear that G~ is the graph obtained from G,~ by adding somes edges and changing the name of the vertex np by C. Since our interest is concentrated in NCC(G~), it is enough to add the edges [C, ni] with ni C V,\{np} and n - (C+n~) G S'. C E V~ and therefore n = C + s



with 0 ~ s E S'. Then C + n 0



_< n and



n • RS'(no). Thus no 6 V~' and no E V,. If n # 2rip and NCC(G') < NCC(G,,), then there exists nj 6 V,\{np} such that n - (nj + no) • S and n - (C + n~) C S'. So n = n p + nj (by analogous argument that (1) ==~ (2) of Lemma 1.2). b) Let us show that the case n - n p ~ S is not possible. In fact, if n - n p ~ S , then Vn U {C} C_ V~ and we deduce that Vn U {C} = V~. Then n = C + no + n , (by analogous argument that (1) ~ (2) of Lemma 1.2). So n - n p = C + no + n, - n p = n, 6 S which is a contradiction. (2) =~ (3). a) If n =np + nl for some 1 < i < p - 1. Then, the vertices rip, ni and the edge [np, nij is a connected component of G , . n = n p + n, > C + no, then np+ ni ~_RS(no), and so no 6 V,,. It is clear that V, U {C} = V~ U {np} and a simple verification shows that: If VJ, V~, ..., V~ are the sets of vertices corresponding to the distinct connected components of a , and n, 9 Vd and no 9 V : , then (Vd\{np}) U V: U {C}, V,~, ..., V~ are the sets of vertices corresponding to the distinct connected components of O~. b) If n = 2np. Then, the vertex np is a connected component of G , , no 6 V, and



v,, u { c }



=



v" u {,~p}.



A simple verification shows that: If V~,V2t...,V,~ are the sets of vertices corresponding to the distinct connected components of G,, and { n p } = V~ and no 9 V~, then V~ U {C}, V~, ..., V~ are the sets of vertices corresponding to the distinct connected components of G~.



(3) ~ (1). Trivial. T h e o r e m 1.6.



# M R S = #MRS'. Proof.



By Theorem 0.1, we have that:



#MRS = E



( N C C ( G n ) - 1),



.es\{o}



#MRS'=



Z



( N C C ( G ~ ) - 11.



.es'\{o}
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ROSALES Since S ' \ S = {C} and G~ is a graph containing only the vertex C, we deduce that:



#MRS'=



~



(NCC(G')-



1).



,,es\{o}



Now, let A = {C + n l , C +n2,...,C +np_l,2C} and let B = {np+nl,np+n2,...,np+ rip_l, 2rip}. Then,



#MRS' =



~



(NCC(G'~) - 1) + ~-~(NCC(G'~) - 1)+



neS\(AuBu{o})



neA



11 .6B



On the other hand, by Lemma 1.4 and Lemma 1.5, we deduce that:



( N C C ( G t ) - 1) = .6S\(AuBu{O})



X:



( N e e ( G , , ) - 1),



r*6S\(AuBU{O})



~ - ~ ( N C C ( G ' ) - 1) = ~ ( N C C ( G , ) .6A



- 1) + p,



n6A



~ - ~ ( N C C ( C ' ) - 1) = ~ - ~ ( N C C ( G ~ ) - 1) - p n6B



n6B



So, we conclude t h a t # M R S 2.



=



#MRS'.



9



An Upper Bound on the Cardinality of a Minimal Relation



Let us consider the sequence of numerical semigroups:



$1



S



sj+ = sj u (cj}, where Cj is the conductor of Sj. P r o p o s i t i o n 2.1.



With the above terminology:



1. There ezists m 6 N such that S,~ is the numerical semigroup with minimal system of generators {no, no + 1, ..., 2n0 - 1} 2. # M R S , + 2 < #MRS~+I if and only if C, +no 9 RS(no)\{O, nl,n~, ...,np}. Proof. 1. Let S ~ be the numerical semigroup generated by {no, no + 1, ..., 2n0 1}, then S TM = {a 9 N such that x > no} U {0}. Since {x 9 N such that x >_ C + 1} C_ S and S C S ~~ , we deduce that there exist xl, z2, ..., x,~ 9 S~~ such that S TM = S t2 { x l , z 2 , . . . , ~ k } . If we assume that z,, < x,,,_l < ... < z l , then xl = C1, z2 = Ca,...,xm = C,~ and so S,, = S "~ . 2. As a i m m e d i a t e consequence of Theorem 1.6, Ci + no is not a minimal generator of Si. So, it is clear t h a t Gi + no 6 RS(no)\{O, nl,na, ...,np}. Conversely, if C~+no 9 RS(no)\{O, ni, ha, ..., nF}, then C,+no is not a minimal generator of Si and so (by Theorem 1.3) # M R S ~ + 2 
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Let us denote by S TM the numerical semigroup with m i n i m a l system of generators {no, no + 1, ..., 2n0 - 1}. Proposition



2.2. #MRS,, o



_



no(no 1) -



2 Proof.



We denote n~ = no § i for all 0 < i < no - 1. If G , is not connected, it is clear t h a t n = w + n j with w E RS'~~ = {nl, ...,rim_l} and 1 _< j _< no - 1. Moreover the converse is also true i.e. G ~ + ~ k is not connected for all 1 _< j, k _< no - 1: 9 if n# # nk, t h e n the vertices n# and nk and the edge [ni,nk ] are a connected c o m p o n e n t of Gnj+n~. Moreover no is a vertex of G,~j+,,k, because nj + nk RSn~ So G,~j+~ k is not connected. 9 if nj = nk, then the vertex nj is a connected c o m p o n e n t of G2~j. Moreover no is a v e r t e x of G2,~. So G2,,j is not connected. Now if NCC(C,~) = r > 1, there exists a connected c o m p o n e n t containing the v e r t e x no and r - 1 = # { { j , k } such that 1 < j , k < no - 1 and n = n i + nk}. So, # M R S , , ~ : r~(no-1) 9 2



Theorem



2.3.



#MRS



< no(no - 1) -



Proof.



2(n0 - 1 - p ) .



2



Let us consider the sequence of numerical semigroups S =- S 1 , S 2 , ..., S i n _ l , S r a :



S n~



w i t h Si+l = Si U {Ci} where Ci is the conductor of Si. By T h e o r e m 1.3 and T h e o r e m 1.6 we can assert t h a t # M R S i = # M R S i + I or # M R S i  C'. Proposition



Proofl T h e necessary condition is trivial. Conversely, let x be a m i n i m a l generator of S ~ such t h a t 9 > C ' , t h e n it is clear that S~\{x} is a numerical semigroup w i t h c o n d u c t o r x. 9 T h e Proposition 2.4 allows to build recurrently, from the numerical semigroup



S '~ , t h e set of all n u m e r i c a l semigroups with m i n i m u m m i n i m a l generators no, ,-q(no). This construction orders t h e elements in S ( n 0 ) in a tree-like form. It is clear that climbing up into the branches of such tree the semigroups t h a t we get have m o r e and
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ROSALES more greater conductor, less or equal n u m b e r of m i n i m a l generators and less or equal cardinal of their m i n i m a l realations. Let A , D E S(no) such that there exist r 9 H and S0, S1,...,S~ 9 S(no) verifying that Sr = A, So = D and Si+l = Si t2 {Ci} where Ci is the conductor of Si for all 0 < i < r - 1. T h e n A is said to be an ancestor of D and D is a descendant of A. If A ~ D , t h e n A is a proper ancestor of D and D is a proper descendant of A. Let B 9 S(no) such that it has no proper descendant, t h e n B is called a leaf of S(no). 2.5. If B 9 S(no), then B is a leaf of $(no) if and only if B has no minimal generators greater than the conductor of B . 9



Proposition



3.



Numerical



Semigroups With Maximum



Embedding



Dimension



A n u m e r i c a l semigroup S with m i n i m a l system of generators {no < n l < ... < rip} is called MED-semigroup if p + 1 = no. 3.1. Let A be a numerical semigroup with minimum minimal generator no. Then, A is a MED-semigroup if and only if # M R A = ,,o(~o-a) 2 Theorem



Proof. The proof of the necessary condition is analogous to Proposition 2.2. Conversely, by T h e o r e m 2.3 we have that # M R A < ,,0(,,0-1) _ 2(n0 - 1 - p) and --



2



so # M R A = ,,o(,~-1) implies 2(no - 1 - p) = 0. Therefore no = p + 1 and A is a MED-semigroup. 9 3.2. Let S be a numerical semigroup with minimal system of generators {no,nl,...,np} and RS(no) = {0 = w(1) < w(2) < ... < w(no)}. Then the numerical semigroup B generated by {no,w(2) + no, ...,w(no) + no} is a MEDsemigroup.



Proposition



Proof. A s s u m e t h a t there exist i C {2,3, ...,no} and ao,a2, ...,ai-l, ai+l, ...,ano E such that ~ ( i ) +,~o = non0 + a2(~(2) + ~o) + ... + a , _ l ( ~ ( i - 1) + n 0 ) + a , + l ( ~ ( i + 1) + no) + . . . + a,o (w(no)+ no), then w(i) + no = a2w(2) +... + ai_lw(i - 1) + ai+lw(i + 1) + ... + a~ow(no)+ (no + a2 + ... + a,_, + a,+~ + ... + a~o)no. Since w(i) + no r 0 and w(i)+no ~ w ( j ) + n o for all j r i, we deduce that ao+a2+... +ai-l+a,+l+...+a~ >_ 2 and so w(i) - no 9 S which is a contradiction because w(i) 9 RS(no). Therefore {no, w(2) + n0,..., W(no) + no} is a m i n i m a l system of generators for B and so B is a MED-semigroup. 9 As a consequence of the above Proposition we can assert that if C is the conductor of S, t h e n e + no is the conductor of B , since m a x RB(no) = w ( n o ) + no and by L e m m a 0.2 we can assert that the conductor of B is w(no) = C + no. Lemma 3.3. Let X = {0 = w(1),w(2),...,w(no)} be a subset of N such that w(i) ~ w ( j ) ( m o d no) for all 1 < i < j < no, and A the numerical semigroup generated by X U {no}. Then, RA(no) = X if and only if]or any 1 < i , j 


ROSALES Proof. The fact that the first statement implies the second is trivial. Conversely, let i C {1,2,...,no} we are woing to prove that w(i) C RA(no). In fact, let s C A and x E N such that w(i) = zno + s . Since s C A then there exist a l , a 2 , . . . , a ~ e N such that s = a l n o + a 2 w ( 2 ) + . . . + a ~ w ( n o ) and so w(i) = (x + a~)no + a2w(2) + ... + a,~oW(no). Now applying iteratly the second statement we can assert that a2w(2) + ... + a,~oW(no) = w(k) + bno for some 1 < k < no and b e N, and so w(i) = w ( k ) + ( ~ + a l + b ) n o . Therefore w(i) = w ( k ) and z + a l + b = 0 since w(i) ~ w ( j ) ( m o d n o ) for all 1 < i < j < no. So, x = 0 which proves that



w(i) e RA(no).



9



P r o p o s i t i o n 3.4. Let A be a MED-semigroup with minimal system of generators {no < nl < ... < n ~ - l } , and B the numerical semigroup generated by {no,n1 no, . . . , n ~ - i - no}. Then RB(no) = {0, n~ - no, ...,n,0_l - no}. Proof. {no, nl, ..., n,~0_l} is a minimal system of generators for A, then RA(no) = {0, nl,...,nn0_~}, so ni ~ ni(mod no) for all 0 5 i < j < n~o_~. Since the set {no, n1, ...,n,~o-1 } is a minimal system of generators for A, then for any 1 _< i < j _< n,~0-1 there exist 1 < k < nno-1 and t C N\{0} such that ni + n j = tno+ nk or there exists b C [~\{0, 1} such that ni + n i = bn0. Using Lemma 3.3 we can conclude that RB(no) = {0, n l no,..., n,,0-1 - no}. 9 -



There is a bijective map between the numerical semigroups with conductor C and minimum minimal generator no and the MED-semigroups with conductor C + no , minimum minimal generator no and the rest of minimal generators greater than 2n0. T h e o r e m 3.5.



Proof. Let S(no, C) be set of the numerical semigroups with conductor C and m i n i m u m minimal generators no, and let M S ( n 0 , C + no, n l > 2n0) be the set of the MED-semigroups with conductor C + no, m i n i m u m minimal generators no and with the rest of minimal generators greater than 2no. Let @ : S(no, C) --~ MS(no, C + no, nl > 2no) be the map defined in the following form: Given S C S(no, C) with RS(no) = {0 = w(1),w(2),...,w(no)}, we define O(S) as the numerical semigroup generated by {w(1)§ no, w(2)-F no,..., W(no) -Fno}. As a consequence of Proposition 3.2 we have that 0 is a well defined map and as consequence of Proposition 3.4 we have that @ is a bijective map. 9 References
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