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Abstract Duggan and Schwartz (Soc Choice and Welfare 17:85–93, 2000) have proposed a generalization of the Gibbard–Satterthwaite Theorem to multivalued social choice rules. They show that only dictatorial rules are strategyproof and satisfy citizens sovereignty and residual resoluteness. Citizens sovereignty requires that each alternative is chosen at some preference profile. Residual resoluteness compels the election to be single-valued when the preferences of the voters are “similar”. We propose an alternative proof to the Duggan and Schwartz’s Theorem. Our proof highlights the crucial role of residual resoluteness. In addition, we prove that every strategy-proof and onto social choice correspondence concentrates the social decision power in the hands of an arbitrary group of voters. Finally, we show that this result still holds in a more general framework in which voters report their preferences over sets of alternatives. 1 Introduction Real-life social choice processes often result in the selection of a set of alternatives. Sometimes, voters’ preferences are not informative enough to select a unique outcome and, although the intention is to choose a single winner, a tie is declared. In other cases, the intention of the process is not to obtain a
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final outcome but, simply, a drawing of the set of outcomes, pending a final resolution. Social choice processes that admit multi-valued outcomes can be modeled as social choice correspondences. Of course, social choice correspondences are subject to similar incentive problems to those that affect single-valued social choice rules. Our concern is the possibility of constructing social choice correspondences that never provide incentives for the voters to manipulate the social choice by misrepresenting their preferences. The classic result of Gibbard (1973) and Satterthwaite (1975) asserts that if the domain of preferences is unrestricted, then the only non-manipulable (or strategy-proof ) single-valued social choice rules are the dictatorial ones. Following this negative result, in recent years several authors (Duggan and Schwartz 2000;1 Barberà et al. 2001; Benoît 2002; Ching and Zhou 2002) have studied the possibility of constructing non-manipulable social choice correspondences. These authors propose different definitions of manipulability for social choice correspondences. These differences arise from different (explicit or implicit) assumptions about how agents’ preferences on alternatives are extended to sets of alternatives. Among these works, DS introduce a weak notion of non-manipulability. Yet, they attain the most negative result. Only dictatorial social choice correspondences are non-manipulable and satisfy two mild conditions on their range, citizens sovereignty and residual resoluteness. Citizens sovereignty requires that each alternative is selected at some profile of preferences. Residual resoluteness requires the social choice to be single-valued when all voters but one report identical preferences, and the remaining voter’s preferences only differ from those of the others in the order of the pair of alternatives that are ranked first. Although both conditions seem mild, residual resoluteness may be quite stringent for small societies. A first aim of this paper is to shed some light on the role played by residual resoluteness in DS’s theorem. We present an alternative proof for the DS’s theorem that makes explicit the strength of residual resoluteness. In addition, using the same techniques, we provide necessary conditions for non-manipulability and onto-ness.2 We show that non-manipulable and onto social choice correspondences concentrate the decision power in the hands of an arbitrary group of voters. Specifically, every alternative that is ranked first by a member of this group of voters is included in the chosen set. Moreover, when these voters agree on the first-ranked alternative no other alternative is selected.3 Although we do not obtain a complete characterization, the result offers interesting insights. Firstly, this result allows us to test the robustness of DS’s theorem. On the other hand, as DS’s strategy-proofness definition is weak, we obtain other results on non-manipulability of social choice correspondences as corollaries to our result. 1 Henceforth, we refer to Duggan and Schwartz (2000) as DS. 2 A social choice correspondence satisfies onto-ness if all single alternatives can be elected at some



configuration of preferences. 3 The first condition is stated as an impossibility result in a preliminary version of DS, Duggan and



Schwartz (1993).
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Finally, following the approach proposed by Barberà et al. (2001), we analyze the manipulability of social choice rules for which voters express their preferences over sets of alternatives. This framework is identical to that of Gibbard and Satterthwaite. However, as voters’ preferences over sets are restricted to be consistent with voters’ preferences over alternatives, we cannot require the social choice rule to operate on a universal domain. Although the domain of preferences over sets that we analyze is rather restrictive, the results are still negative and in the line of DS’s results. The remainder of the paper is organized as follows. In the next section we introduce notation, basic definitions, and DS’s theorem. In Sect. 3, we introduce our alternative proof of DS’s Theorem, and provide necessary conditions for strategy-proofness and onto-ness. In Sect. 4, we analyze the consequences of introducing a stronger notion of strategy-proofness. In Sect. 5, we present the alternative framework in which voters are allowed to express their preferences over sets of alternatives. In the concluding section, we further relate our work to the existing literature. 2 Definitions and the Duggan–Schwartz’s theorem 2.1 Voters, alternatives and preferences over alternatives Let N = {1, . . . , n} be a society consisting of a finite set of at least 2 voters, n ≥ 2 . Let A = {x, y, z, . . .} be a finite set of at least three alternatives, #A ≥ 3. Let P denote the set of linear orders over A.4 We call an element of P a preference. Each voter i ∈ N is equipped with a preference Pi ∈ P. We associate a weak preference relation Ri to each Pi ∈ P in the natural way. For each x, y, z ∈ A, we write Pi = x, y, z, . . . to mean that for each w ∈ A\{x, y, z}, x Pi y Pi z Pi w. A utility function ui is a mapping from A to R. A utility function ui represents the preference Pi if for each x, y ∈ A, x Pi y if and only if ui (x) > ui (y) . Let A denote the set of all non-empty subsets of A. For each X ∈ A and each Pi ∈ P, max (X, Pi ) and min (X, Pi ) refer, respectively, to the first-ranked and the last-ranked alternatives of X according to Pi . For each X ∈ A and each Pi ∈ P, Pi |X refers to the restriction of Pi to X. For each X ∈ A, we write Pi ∈ P(X) if for each x ∈ X and each y ∈ A\X , x Pi y. We call P ∈ P N a preference profile. For each I ⊂ N and each P ∈ P N , PI refers to the restriction of P to the members of I.5 Analogously, P−I refers to the restriction of P to the voters in N \ I. 2.2 Preferences over Sets of Alternatives Let D be the set of all orders on A. We denote by i an element of D, and we call it a preference over sets. Although we assume strict preferences over 4 An order on A is a complete, transitive and reflexive binary relation on A. A linear order on A is a antisymmetric order on A. 5 Abusing notation, for each X ∈ A we write P ∈ P I (X) , if for each i ∈ I , P ∈ P(X). i I
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alternatives, we do not rule out the possibility of indifference among sets. For each i ∈ D, i refers to the strict component of i , while ∼i refers to its associated indifference relation. Voters’ preferences over sets are required to be consistent with their preferences over alternatives. For  each X ∈A, a probability assessment over X is a mapping λX : X −→ (0, 1 , such that x∈X λX (x) = 1. As we interpret sets of alternatives as sets of possible outcomes, we do not consider the possibility of lotteries assigning null probability to some alternative. Let Pi ∈ P. We say the preference over sets i ∈ D is Pi –consistent if • for each x, y ∈ A, either {x} i {y} or {y} i {x}; • and for each X, Y ∈ A, X i Y implies that for each pair of probability assessments over X and Y, λX and λY , there is a utility function ui representing Pi such that:  x∈X



λX (x) ui (x) >







λY (y) ui (y) .



y∈Y



For each Pi ∈ P, let D (Pi ) denote the set of all Pi –consistent preferences over sets.6 2.3 Social choice correspondences and Duggan–Schwartz’s theorem We study social choice rules that select a non-empty set of alternatives for each profile of voters’ preferences over alternatives. A social choice correspondence is a mapping f : P N −→ A. For each social choice correspondence f , Rf denotes the range of f , that is, Rf ≡ {X ∈ A | there is P ∈ P N , f (P) = X}. On the other hand, rf denotes the set of alternatives belonging to some element of the range, that is, rf ≡ {x ∈ A | there is P ∈ P N , x ∈ f (P)}. We are interested in social choice correspondences that provide incentives for voters to reveal their true preferences. A social choice correspondence f is manipulable if there exist i ∈ N , P ∈ P N ,  







Pi ∈ P , and i ∈ D(Pi ) such that f P−i , Pi i f (P) . It is strategy-proof if and only if it is not manipulable. Note that the definition of strategy-proofness for social choice correspondences is indirect. Voters do not reveal their preferences over possible social 6 We have to remark that DS do not provide an explicit analysis of voters’ preferences over sets of alternatives. Instead, the domain of voters’ preferences over sets is implicit in their definition of strategy-proofness.
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choice outcomes—sets of alternatives—but only their preferences over singleton sets. We formally define several conditions that have been already discussed in the introductory section. Let f be a social choice correspondence: • It satisfies citizens sovereignty if for each x ∈ A , there is P ∈ P N such that x ∈ f (P) , that is, rf = A . • It satisfies onto-ness if for each x ∈ A, there is P ∈ P N such that x = f (P) . • It satisfies residual resoluteness if for each j ∈ N , each pair x, y ∈ A , each P¯ ∈ P({x, y}) , and each P ∈ P N , Pi=P¯ for each i ∈ N \ {j} , Pj ∈ P({x, y}) , and Pj |A\{x,y} = P¯ |A\{x,y} , imply f (P) is a singleton. • It is dictatorial is i ∈ N , the dictator, such that for each P ∈ P N ,   if there f (P) = {max rf , Pi } . Onto-ness is stronger than citizen sovereignty since it implies that every singleton set belongs to the range of f . Residual resoluteness does not imply, nor is implied, by onto-ness. However, both conditions imply single-valued social choices at specific preference profiles. Now, we are in position to state DS’s main result. Theorem 1 (Duggan and Schwartz 2000) A social choice correspondence f satisfies strategy-proofness, citizens’ sovereignty, and residual resoluteness if and only if f is dictatorial.7



3 On the Robustness of Duggan–Schwartz’s theorem The main purpose of this section is to analyze the role of residual resoluteness in DS’s theorem. We start by proposing an alternative proof. Our proof follows the intuitive arguments introduced by Schmeidler and Sonnenschein (1978). Later on, we provide necessary conditions for strategy-proofness and onto-ness. The following lemma analyzes the features of the preferences over sets that are consistent with some preference over alternatives. Lemma 1 Let X, Y ∈ A and Pi ∈ P. There is i ∈ D(Pi ) with X i Y if and only if either max (X, Pi ) Pi max (Y, Pi ), or min (X, Pi ) Pi min (Y, Pi ). 7 We have to note that in their original framework, DS admit an arbitrary set of alternatives A



provided that the social choice correspondence always select a countable set of alternatives. The proof of our Theorem 2 applies without any modification to the more general framework, since we do not make use of any induction argument in the set of alternatives. The same argument could apply to the proof of our Theorem 3. However, we state the problem in a finite framework because some interesting rules that would satisfy strategy-proofness in the finite case would not be properly defined as social choice correspondences if there is an infinite set of alternatives.
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Proof Assume that max(X, Pi ) Pi max(Y, Pi ). Let x¯ ≡ max (X, Pi ). Note that, for each pair of probability assessments λX and λY , there is a utility function ui representing Pi , such that: ⎞ ⎛  1 ⎝ ui (¯x) > λY (y)ui (y) − λX (x)ui (x)⎠ . λX (¯x) y∈Y



x∈X\¯x



Rearranging terms, we get: 



λX (x) ui (x) >



x∈X







λY (y) ui (y) .



y∈Y



A parallel argument directly applies to prove the other possibility, min (X, Pi ) Pi min (Y, Pi ). Now, assume max (Y, Pi ) Ri max (X, Pi ) and min (Y, Pi ) Ri min (X, Pi ) . There are two cases: Case a Either X or Y is a singleton. Assume X is a singleton. Let X ≡ {x} . Then, min(Y, Pi ) Ri x . Assume Y is a singleton. Let Y ≡ {y} . Then, y Ri max(X, Pi ) . Hence, in both cases, for each λX , λY and each ui representing Pi , 



λY (y )ui (y ) ≥



y ∈Y







λX (x )ui (x ).



x ∈X



Case b Both X and Y contain more than one alternative. Let y¯ ≡ max(Y, Pi ) and x ≡ min(X, Pi ). Note that for each a ∈ X ∪ Y, y¯ Ri a Ri x. Let λX and λY be such that for some ε < 12 , λX (x) = (1 − ε), and λY (¯y) = (1 − ε). Let ui represent Pi . We prove that 



λY (y)ui (y) ≥



y∈Y







λX (x)ui (x).



(1)



x∈X



Let u i be a utility function representing Pi such that for each a ∈ A, u i (a) = ui (a) − ui (x). Clearly, (1) holds if and only if the following inequality holds:  y∈Y



λY (y)u i (y) ≥







λX (x)u i (x).



(2)



x∈X



The left hand side of (2) is not smaller than (1 − ε)u i (¯y), and the right hand side



is not larger than εu i (¯y). As ε < 12 , (2) holds. Lemma 1 shows that, when comparing two sets of alternatives, a voter equipped with consistent preferences only cares about the alternatives that she ranks first or last in each set according to her original preferences over alternatives. When two sets have the same first-ranked alternative and the same
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last-ranked alternative, we do not allow strict preferences between the two sets. In light of Lemma 1, it becomes clear that for each i ∈ N and each Pi ∈ P, the set of Pi -consistent preferences -D(Pi )- is non-empty. Let Pi ∈ P, the following examples provide several instances of Pi -consistent preferences. Example 1 We say that  ∈ D is the maximin preference associated to Pi , ≡min (Pi ), if for each X, Y ∈ A, X  Y if and only if min(X, Pi ) Ri min(Y, Pi ) . Example 2 We say that  ∈ D is the maximax preference associated to Pi ,  ≡min (Pi ) , if for each X, Y ∈ A, X  Y if and only if max(X, Pi ) Ri max(Y, Pi ). Example 3 We say that 



∈ D is the weakly-leximin preference associated to Pi , 



≡lmin (Pi ) , if for each X, Y ∈ A, X 



Y ⇔ 







max(X, Pi ) = max(Y, Pi ) and max(X, Pi ) Pi max(Y, Pi ), max(X, Pi ) = max(Y, Pi ) and min(X, Pi ) Ri min(Y, Pi ).



Example 4 We say that  



∈ D is the weakly-leximax preference associated to Pi ,  



≡lmax (Pi ) , if for each X, Y ∈ A, X  



Y ⇔ 







max(X, Pi ) = max(Y, Pi ) and max(X, Pi ) Pi max(Y, Pi ), max(X, Pi ) = max(Y, Pi ) and min(X, Pi ) Ri min(Y, Pi ).



From Lemma 1, we obtain the following corollary. Corollary 1 A social choice correspondence f is strategy-proof if and only if for each i ∈ N, each P ∈ P N , and each Pi ∈ P:     max (f (P) , Pi ) Ri max f P−i, Pi , Pi and  min (f (P) , Pi ) Ri min f P−i , Pi , Pi . Corollary 1 characterizes the class of strategy-proof social choice correspondences. Note that, as for many pairs of sets, voters are not allowed to have strict preference for one over the other, DS’s definition of strategy-proofness is indeed weak. Different domains of preferences over sets would lead to DS’s notion of manipulability. For instance, a domain of preferences over sets only consisting of all maximin and maximax preferences would suffice.8 At this point, we introduce additional conditions on social choice correspondences. 8 Another example is the domain of preferences proposed by Barberà et al. (1984). Klaus and



Storcken (2002) apply that domain of preferences over sets to the analysis of non manipulable location of multiple public projects.
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A social choice correspondence f is unanimous on the range if for each x ∈ rf and each P ∈ P N , max(rf , Pi ) = x for each i ∈ N implies f (P) = {x} . Let m ∈ N , m < n2 . A social choice correspondence f is (n − m) –unanimous on the range if for each x ∈ rf , each J ⊆ N , and each P ∈ P N , if J contains at least (n − m) members and for each j ∈ J , max rf , Pj = x , then f (P) = {x} . Note that for (n−m)-unanimity on the range to be meaningful, the restriction m < n2 has to be included. If not, there would be preference profiles for which two non-overlapping groups of n − m voters could impose their first-ranked alternative. For each I ⊆ N, each X ∈ A, and each P ∈ P N , the top-set of X at P for I – top (X, P)– denotes the minimal (with respect to inclusion) set of alternatives in X such that every voter in I prefers every alternative in top (X, P) to the remaining alternatives in X \ top(X, P). Of course, top(A, P) is always well defined as a social choice correspondence, and we dub it the top-set correspondence. The following lemma relates strategy-proofness and residual resoluteness to unanimity on the range. Lemma 2 If a social choice correspondence f satisfies strategy-proofness and residual resoluteness, then, for each P ∈ P N , f (P) ⊆ top(rf , P). Proof Let x ∈ A. Let P ∈ P N be such that for each i, j ∈ N, Pi = Pj . Let     x ≡ max rf , Pi . As x ∈ rf , there exists P ∈ P N , such that x ∈ f P . By     



, P1 R1 max f P , P1 = x. Then, strategy-proofness, max f P1 , P−1  



. Repeating the argument as many times as necessary, x ∈ f (P). x ∈ f P1 , P−1



By residual resoluteness, f (P) is a singleton. Then, f (P) = {x}. Let P∗ ∈ P N   ∗ be such that for each i ∈ N, max  rf , Pi = x. By strategy-proofness, min(f (P1∗ , P−1 ), P1∗ ) R∗1 min f (P), P1∗ = x. Repeating the argument as many times as necessary, f (P∗ ) = {x}. Therefore, if f satisfies strategy-proofness and residual resoluteness, then f satisfies unanimity on the range. Next, assume, to the contrary, that there are x ∈ A and P ∈ P N such that x∈ / top(A, P) , but x ∈ f (P) . Let x ∈ A and P ∈ P N be such that x ∈ top(A, P) , and for each i ∈ N , max(A, Pi ) = x . By strategy-proofness, min(f (P), P1 ) R1 min(f (P1 , P−1 ), P1 ). Hence, min(f (P1 , P−1 ), P1 ) ∈ / top(A, P). Repeating itera/ tively the same argument as many times as necessary, we obtain min(f (P ), Pn ) ∈ top(A, P), which violates unanimity on the range.



From Lemma 2, we see that strategy-proofness and residual resoluteness together imply that every singleton set consisting of an alternative in rf belongs to Rf . Lemma 3 proves that (n − 1)-unanimity on the range is incompatible with strategy-proofness.9 9 Theorem 1 in Benoît (2002) states a stronger version of Lemma 3. (See Sect. 6.)
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Lemma 3 No strategy-proof social choice correspondence satisfies (n − 1)-unanimity on the range. Proof Assume, to the contrary, that the social choice correspondence f is strategy-proof and (n − 1)-unanimous on its range. First, assume that f is not (n − 2)-unanimous on its range. Then, there exist x, z ∈ rf and P ∈ P N such that for each i = 1, . . . , n − 2 , max(A, Pi ) = x , but z ∈ f (P) . Let y ∈ A\{x, z} and let P ∈ P N be such that for each i = 1, . . . , n − 2 , Pi = x, z, y, . . . , and 



= Pn = z, x, y, . . . . By iterated application of strategy-proofness, we have Pn−1 that z ∈ f (P) implies z ∈ f (P ) . Next, let P



∈ P N be such that for each 



= y, z, x, . . . , and Pn



= x, z, y, . . . . i = 1, . . . , n − 2 , Pi



= x, y, z, . . . , Pn−1 By (n − 1)-unanimity, f (P



) = {x} . Let P 



∈ P N be such that for each 











= z, x, y, . . . . i = 1, . . . , n − 2 , Pi 



= y, x, z, . . . , Pn−1 = y, z, x, . . ., and PN 







∗ N Again, by (n − 1)-unanimity, f (P ) = {y} . Now, let P ∈ P ({x, y, z}) be such that for each i = 1, . . . , n − 2 , Pi∗ = Pi



, and for j = n − 1, n , Pj∗ = Pj 



. By Lemma 2, f (P∗ ) ⊆ {x, y, z} . By iterated application of strategy-proofness, / f (P∗ ) . Analogously, f (P 



) = {x} implies y ∈ / f (P∗ ) . f (P



) = {y} implies z ∈ ∗ N ˆ ˆ Then, f (P ) = {x}. Let P ∈ P be such that for each i = 1, . . . , n − 2 , Pi = Pi . By ∗ ˆ = {x} . As Pˆ = (P



iterated application of strategy-proofness, f (P) −(n−1) , Pn−1 ), ˆ Pˆ n−1 ) = x , which violates strategy-proofness. max(f (P ), Pˆ n−1 ) Pˆ n−1 max(f (P), Hence, f is (n − 2)-unanimous on its range. Using parallel arguments iteratively, we can prove that for some m ∈ N, m > n2 , f is (n − m)-unanimous on its range, which by the definition of (n − m)unanimity on the range is not possible.



We can now state our version of DS’s main Theorem. Theorem 2 Let f be a social choice correspondence with #rf ≥ 3. Then, f satisfies strategy-proofness and residual resoluteness if and only if f is dictatorial. Proof It is immediate that dictatorial social choice correspondences satisfy strategy-proofness and residual resoluteness. Thus, we focus on the converse statement. The proof proceeds through a series of steps. First, we focus on two-voter societies and on preference domains for which voters agree on three alternatives on top. Second, we extend the result to arbitrary preference profiles. Finally, we extend the result to arbitrary societies with an induction argument on the numbers of voters. Step 1 Let N = {i, j} and {x, y, z} ⊆ rf . Let P¯ ∈ P({x, y, z}) . Let P¯ ⊆ P({x, y, z}) denote the domain of preferences over alternatives such that for each Pi ∈ P¯ , Pi ∈ P({x, y, z}) , and P |A\{x,y,z} = P¯ |A\{x,y,z} . Following arguments in Schmeidler and Sonnenschein (1978), we present in Fig. 1 the 6 × 6 grid that contains the social choice outcomes for the 36 preference profiles on P¯ {i,j} . By Lemma 2, for each P ∈ P¯ {i,j} , f (P) ⊆ {x, y, z}. Also by Lemma 2, f is unanimous on its range. By residual resoluteness, f is single-valued at several preference profiles.
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Fig. 1 Theorem 2, the two-voter and three-alternative case



(The corresponding boxes 1, 3, 8, 11, 13, 15, 22, 24, 26, 29, 34, and 36 are marked with stars.) By strategy-proofness,     min f Pi1 , Pj3 , Pj3 R3j min f Pi1 , Pj1 , Pj3 = x. Then, as x Pj3 z , z ∈ / f (Pi1 , Pj3 ) . We indicate this implication by inserting −z in the bottom right corner of box 3. Analogously, x cannot be chosen in boxes 18, 23, 24, 28, 33, and 34 (and we mark the corresponding boxes with −x); y cannot be chosen in boxes 5, 11, 12, 25, 26, and 32 (and we write −y); and z cannot be chosen in 4, 9, 13, 14, and 19 (which we signal with −z). Next, by residual resoluteness, f (Pi1 , Pj3 ) is a singleton. We have two symmetrical possibilities, either f (Pi1 , Pj3 ) = {x} or f (Pi1 , Pj3 ) = {y}. Without loss of generality, assume that f (Pi1 , Pj3 ) = {y}. By strategy–proofness, we have that min(f (Pi1 , Pj4 ), Pj4 ) R4j min(f (Pi1 , Pj3 ), Pj4 ) = y. Then, f (Pi1 , Pj4 ) = {y}. By strat/ egy–proofness, y = max(f (Pi1 , Pj3 ), Pi1 ) R1i max(f (Pi2 , Pj3 ), Pi1 ). As x Pi1 y, x ∈ f (Pi2 , Pj3 ). Moreover, as z ∈ / f (Pi2 , Pj3 ), we get f (Pi2 , Pj3 ) = {y}. By strategy–proofness, min(f (Pi2 , Pj4 ), Pj4 ) R4j min(f (Pi2 , Pj3 ), Pj4 ), then f (Pi2 , Pj4 ) = {y}. Note that
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min({x, y, z}, Pi2 ) = y, then, by strategy-proofness, for each Pi ∈ P, f (Pi , Pj3 ) = f (Pi , Pj4 ) = {y}. Thus, for each P ∈ P 2 such that max(A, Pj ) = y, f (P ) = {y}. Using parallel arguments, as y = min(f (Pi2 , Pj4 ), Pj6 ) Pj6 x , by strategy-proofness, x ∈ / f (Pi2 , P6 ) . Then, f (Pi2 , P6 ) = {z} . Analogously, for each P



∈ P¯ {i,j} j



j



such that z = max(A, Pj



) , f (P



) = {z} . Similarly, for each P 



∈ P¯ {i,j} such that max(A, Pj 



) = x , we obtain f (P 



) = {x} . Thus, for each P ∈ P {i,j} , we ¯ (If we had assumed have that f (P) = max(A, Pj ) . Then, j is a dictator on P. f (Pi1 , Pj3 ) = {x} , then we would have obtained that voter i is the dictator.)



Step 2 Note that if n = 2 and #A = 3, then we have proven the result. Now we extend the result to arbitrary preference profiles. Let N = {i, j} and assume #A > 3 . Let {x, y, z} ⊂ rf and P¯ ∈ P({x, y, z} . Define the domain P¯ ⊆ P({x, y, z}) as in the previous step. We prove that if i dictates on the do¯ then i dictates on the domain P({x, y, z}).10 Let P ∈ P({x, y, z}){i,j} and main P, 



P ∈ P¯ {i,j} be such that max(A, Pi ) = max(A, Pi ) = x , and min({x, y, z}, Pj ) = x . ¯ then f (P ) = {x} . By Lemma 2, f (Pi , Pj ) ⊆ {x, y, z} . Note that i dictates on P, By strategy-proofness, we have that max(f (P ), Pj ) Rj max(f (Pi , Pj ), Pj ) . Then, f (Pi , Pj ) = {x} . By strategy-proofness, min(f (Pi , Pj ), Pi ) R i min(f (P), Pi ) . Thus, f (P) = max(rf , Pi ) . We now prove that the same voter dictates when both voters place the same three alternatives on top. Assume, to the contrary, that there are four alternatives x, y, z, w ∈ rf such that i dictates on P({x, y, z}), j dictates on P({x, y, w}). Let P ∈ P({x, y, z, w}){i,j} be such that Pi = x, y, z, w, . . ., Pj = y, x, z, w, . . .. Then, f (P) = {x}. Let P ∈ P({x, y, z, w}){i,j} be such that Pi = x, y, w, z, . . ., Pj = y, x, w, z, . . .. Then, f (P ) = {y}. By Lemma 2, f (Pi , Pj ) ⊆ {x, y}. By strategy–proofness, we have that min(f (Pi , Pj ), Pi ) R i min(f (P), Pi ) = x . Then, f (Pi , Pj ) = {x} . However, as f (P ) = {y} , min(f (P ), Pj ) Pj min(f (Pi , Pj ), Pj ) = x, which violates strategy-proofness. Finally, we check that the voter who dictates on every domain P({x, y, z}) also dictates on P. Assume, to the contrary, that there are x ∈ rf , and P ∈ P {i,j} such that max(rf , Pi ) = x , and f (P) = {x}. Then, there is z ∈ rf \ {z} , such that z ∈ f (P). Let Pj ∈ P {i,j} be such that Pj = z, x, y, . . . . By strategy–proofness, max(f (Pi , Pj ), Pj ) R j max(f (P), Pj ), Pj ) = z . Then, z ∈ f (Pi , Pj ) . Let Pi ∈ P be such that Pi = x, y, z, . . .  . As i dictates on P({x, y, z} , f (P ) = {x} . Note that x = min(f (Pi , Pj ), Pi ) Pi min(f (Pi , Pj ), Pi ) , which violates strategy-proofness. Step 3 We conclude by presenting the induction argument on the number of voters. Induction Basis There is m ≥ 2 such that for all n ≤ m, if f satisfies strategyproofness, residual resoluteness, and #rf ≥ 3, then f is dictatorial. We have already proved that the statement holds for n = 2 . Now, we show that it holds for n = m + 1 . 10 The arguments in this step mimic Schmeidler and Sonnenschein (1978).
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Let f be an n-voters social choice correspondence that satisfies strategy-proofness and residual resoluteness. Let the auxiliary social choice correspondence h1 : P {1,2} −→ A be such that for each P{1,2} ∈ P {1,2} , h1 (P1 , P2 ) ≡ f (P1 , P2 , . . . , P2 ) . As f satisfies unanimity on the range and residual resoluteness, h1 satisfies residual resoluteness and its range contains more than two alternatives. As f is strategy-proof, voter 1 cannot manipulate h1 . Moreover, for each P ∈ P {1,2} and each P2 ∈ P ,     max (f (P1 , P2 , . . . , P2 ) , P2 ) R2 max f P1 , P2 , P2 , . . . , P2 R2 · · ·     · · · R2 max f P1 , P2 , . . . , P2 , P2 ,     min (f (P1 , P2 , . . . , P2 ) , P2 ) R2 min f P1 , P2 , P2 , . . . , P2 R2 · · ·     · · · R2 min f P1 , P2 , . . . , P2 , P2 .     Then, we have that max (h1 (P1 , P2 ) , P2 ) R2 max h1 P1 , P2 , P2 and analogously min (h1 (P1 , P2 ) , P2 ) R2 min (h1 (P1 , P2 ) , P2 ) . Hence, voter 2 cannot manipulate h1 , and h1 is strategy-proof. As h1 satisfies the induction hypotheses, h1 is dictatorial. Let us check that if 1 is a dictator  for h1 , then she is a dictator for f . Let  P1 , P2 ∈ P be such that max rf , P1 = min rf , P2 . Let P1 , P−1 ∈ P N . By strategy-proofness,         max f P1 , P2 , . . . , P2 , P2 R 2 max f P1 , P2 , P2 , . . . , P2 R 2 · · ·   · · · R 2 max f (P1 , P2 , . . . , Pn ) , P2 ,         min f P1 , P2 , . . . , P2 , P2 R 2 min f P1 , P2 , P2 , . . . , P2 R 2 · · ·   · · · R 2 min f (P1 , P2 , . . . , Pn ) , P2 .       As h1 (P1 , P2 ) = max rf , P1 , f P1 , P−1 = max rf , P1 . Thus, 1 is a dictator for f . Analogously, for each i ∈ N, let the auxiliary social choice correspondence hi : P {i,i+1} −→ A be such that for each P{i,i+1} ∈ P {i,i+1} ,     hi Pi , Pi+1 ≡ f Pi+1 , . . . , Pi , Pi+1 , . . . , Pi+1 . Note that either there is i∗ ∈ N who is a dictator for hi∗ (and then for f ) or, when n − 1 voters’ preferences agree, f chooses their first-ranked alternative. This later possibility implies that f is (n − 1)-unanimous on its range, which, by Lemma 3, violates strategy-proofness, a contradiction.



Our proof of DS’s theorem highlights the role played by residual resoluteness. In small societies, we only need to assume that a singleton is selected at a non-unanimous profile to obtain the negative result. Residual resoluteness
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implies that the social choice is a singleton for many non-unanimous preference profiles. At this point, we investigate which strategy-proof social choice correspondences are ruled out by residual resoluteness. A prominent example of a social choice correspondence is the Pareto correspondence. It is defined as follows. For each P ∈ P N , Par (P) = {x ∈ A | there is no y ∈ A, such that y Pi x for all i ∈ N}. It is easy to see that the Pareto correspondence is strategy-proof. Clearly, for each i ∈ N and each P ∈ P N , max(A, Pi ) ∈ Par(P) . Hence, for each Pi ∈ P , max(Par(P), Pi ) Ri max(Par(P−i , Pi ), Pi ) . On the other hand, if for some Pi ∈ P, min(Par(P), Pi ) = min(Par(P−i , Pi ), Pi ) , then there is z ∈ Par(P−i , Pi ) such that min(Par(P), Pi ) Pi z and also z Pi min(Par(P), Pi ) . Thus, min(Par(P), Pi ) Ri min(Par(P−i , Pi ), Pi ). The following class of social choice correspondences play a crucial role in the sequel. A voter i ∈ N is a vetoer for the social choice correspondence f if for each x ∈ A and each P ∈ P N , max (A, Pi ) = x implies x ∈ f (P) . A social choice correspondence f is oligarchical if there exists a group of voters S ⊆ N who are vetoers for f and for each x ∈ A and each P ∈ P N , f (P) ⊆ top (A, PS ) . Under an oligarchical social choice correspondence the social choice always includes the alternatives that are ranked first by some vetoer. Moreover, whenever the vetoers unanimously agree on a first-ranked alternative, this alternative is uniquely elected. A dictatorial social choice correspondence is clearly oligarchical. For a dictatorial social choice correspondence, only one voter is a vetoer. The Pareto correspondence is also oligarchical. For the Pareto correspondence, every voter is a vetoer. Theorem 3 Let f be a social choice correspondence with #rf ≥ 3. If f satisfies strategy-proofness and onto-ness, then f is oligarchical. Proof Note first that Lemma 1 remains valid. Similar arguments to those used in the proof of Lemma 2 show that every strategy-proof and onto social choice correspondence is unanimous on its range. We follow the same strategy as for the proof of Theorem 2. We analyze first two-voter societies. Then, we extend the result to arbitrary societies applying induction arguments on the number of voters. Step 1 Let N = {i, j} and {x, y, z} ⊆ rf . Let P¯ ∈ P({x, y, z} . Let P¯ ⊆ P({x, y, z}) denote the domain of preferences over alternatives such that for each Pi ∈ P¯ , Pi ∈ P({x, y, z}) , and P |A\{x,y,z} = P¯ |A\{x,y,z} . The arguments made for the proof of Theorem 2 imply: • If f selects one alternative at a non-unanimous profile, then f is dictatorial ¯ on the domain P.
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• If a singleton choice is never attained at non-unanimous profiles, then both ¯ Furthermore, applying similar voters are vetoers for f at the domain P. arguments to Lemma 2, whenever the two voters agree on their first-ranked alternative, no other alternative is selected. Then, f is oligarchical on the ¯ domain P. ¯ then she is a Step 2 We now prove that if one of the voters ia a vetoer on P, vetoer on P. ¯ then the arguments in the proof of Theorem 2 apply If f is dictatorial on P, to prove that f is dictatorial on P. Hence, we assume that f is not dictatorial ¯ Using similar arguments to those on P¯ and both voters are vetoers for f on P. used in the proof of Theorem 2, we prove that for each {x, y, z} ∈ A both voters are vetoers for f at P({x, y, z} . Now, we prove that they are vetoers for f on P. Let x, y, z ∈ A and P ∈ P {i,j} be such that Pi = x, y, z, . . ., Pj = y, x, z, . . . . As i and j are vetoers on P({x, y, z}) , f (P) = {x, y}. Let Pj ∈ P be such / f (Pi , Pj ) . By strategy-proofness, f (P) = {y} . that max(A, Pj ) = y . Assume, x ∈ 



Then, there is z ∈ f (Pi , Pj ) , y Pi z . Let Pi be such that max(A, Pi ) = y . By unanimity on the range, f (Pi , Pj ) = {y} . However, y P1 min(f (Pi , Pj ) , which violates strategy-proofness. Then, x ∈ f (Pi , Pj ) . Now, by strategy-proofness, for each Pi ∈ P , such that max(A, Pi ) = x , x ∈ f (Pi , Pj ) . Repeating the argument for j, we prove that both voters are vetoers for f . Step 3 Next, we extend the result to an arbitrary number of voters. Induction Basis There is m ≥ 2 such that for all n ≤ m, if f satisfies strategyproofness and onto-ness, and #rf ≥ 3, then there is a set S ⊆ N, such that for each x ∈ A, and each P ∈ P N : (i) If for some i ∈ S, max (A, Pi ) = x, then x ∈ f (P) . (ii) If for each i ∈ S, max (A, Pi ) = x, then f (P) = {x}. We have already proved that the statement holds for n = 2. We now show that it holds for n = m + 1 , Let i ∈ N . Let the auxiliary (n − 1)–voter social choice correspondence gi : P N\{i+1} → A be such that for each P−(i+1) ∈ P N\{i+1} ,   gi P−(i+1) ≡ f (P1 , . . . , Pi , Pi , . . . , Pn ) . That is, gi is the restriction of f to the profiles in which voters i and i + 1 report the same preferences. By the arguments in the induction step of Theorem 2, gi satisfies strategy-proofness. As f satisfies unanimity on the range, gi satisfies onto-ness. Then, gi satisfies the conditions of the induction hypothesis. We consider three cases: Case a Voter i is not a vetoer (i ∈ / S). Let x ∈ A and k ∈ S . Let P−(i+1) ∈ P N\{i+1} be such that x = max  (A, Pk ) and x = min (A, Pi ) . Then, x ∈ f (P1 , . . . , Pi , Pi , . . . , Pn ) = gi P−{i+1} . As f is
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strategy-proof, for each Pi , Pi+1 ∈ P,



    x = min (f (P1 , . . . , Pi , Pi , . . . , Pn ) , Pi ) Ri min f P1 , . . . , Pi , Pi , . . . , Pn , Pi . Then, x ∈ f (P−i , Pi ). Repeating the argument, for each Pi ∈ P, x ∈ f (P−i , Pi ), which proves (i). A parallel argument applies to prove (ii). Case b Voter i is a dictator ({i} = S). Let P−{i,i+1} ∈ P N\{i,i+1} . Let the auxiliary two-voter social choice correspondence hP−{i,i+1} : P {i,i+1} −→ A be such that for each P{i,i+1} ∈ P {i,i+1} ,     hP−{i,i+1} Pi , Pi+1 ≡ f Pi , Pi+1 , P−{i,i+1} . As i is a dictator for gi , hP−{i,i+1} satisfies onto-ness. As f is strategy-proof, hP−{i,i+1} also is. Hence, hP−{i,i+1} satisfies the induction hypotheses. Then, either i (or i + 1) is a dictator for hP−{i,i+1} , or i and i + 1 are vetoers for hP−{i,i+1} . It remains to prove that if i is a vetoer for P−{i,i+1} , then i is a vetoer for each P−{i,i+1} ∈ P N\{i,i+1} . Assume, to the contrary, that there exist a voter   



k ∈ N \ {i, i + 1} and profiles P−{i,i+1} , P−{i,i+1} = Pk , P−{i,i+1,k} ∈ P N\{i,i+1} such that i is a vetoer for hP−{i,i+1} , but i is not a vetoer for hP



. Let −{i,i+1}   Pi , Pi+1 ∈ P be such that max (A, Pi ) = min (A, Pk ) = max A, Pi+1 . As i is , a vetoer for hP−{i,i+1} , max (A, Pi ) ∈ f (P) . As i is not a vetoer for hP



−{i,i+1}       max(A, Pi ) ∈ / f P−k , Pk . Thus, min f P−k , Pk , Pk Pk min (f (P) , Pk ) , which violates strategy-proofness. Repeating the argument as many times as necessary, we obtain the desired result. Case c Voter i is a vetoer for gi ({i}  S). Let S ≡ S\{i} . An already familiar argument applies to show that for each x ∈ A, and each P ∈ P N , max (A, Pk ) = x for some k ∈ S implies x ∈ f (P) . We provide first a complete argument for three-voter societies. Let N = {1, 2, 3}, and define the auxiliary two-voter social choice correspondences g1 and g2 as g1 (P1 , P3 ) = f (P1 , P1 , P3 ) and g2 (P1 , P2 ) = f (P1 , P2 , P2 ). By the induction hypotheses, we have two possibilities: Case c.1 There is j ∈ N \{i}, such that j is not a vetoer for gj . Then, the arguments in Case a apply directly. Case c.2 Voters 1 and 3 are vetoers for g1 , and 1 and 2 are vetoers for g2 . As every voter i is a vetoer for some auxiliary correspondence gi , the chosen set includes every alternative that is first-ranked by some voter, which proves (i). Item (ii) follows directly from unanimity on the range. 



Now, we complete the induction argument. Let P−(S ∪{i,i+1}) ∈ P N\(S ∪{i,i+1}) and k ∈ S . Let the social choice correspondence hP−(S ∪{i,i+1}) : P {i,i+1,k} → A be such that for each P{i,i+1,k} ∈ P {i,i+1,k} , hP−(S∪{i,i+1}) (P{i,i+1,k} ) ≡ f (PS , Pi , Pi+1 , P−(S ∪{i,i+1}) ) ,
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where for each j, k ∈ S , Pj = Pk . By the arguments in the induction step of Theorem 2, hP−(S ∪{i,i+1}) satisfies strategy-proofness. As S ∪ {i} are vetoers for gi , hP−(S ∪{i,i+1}) satisfies ontoness. Hence, hP−(S ∪{i,i+1}) satisfies the induction hypotheses. As S ∪ {i} are vetoers for gi , either S ∪ {i}, S ∪ {i + 1}, or S ∪ {i + 1}, or S ∪ {i, i + 1} are vetoers for hP−(S ∪{i,i+1}) . Repeating the arguments we used in Case b, we obtain that if i (or / and i + 1) is a vetoer for hP−(S ∪{i,i+1}) , then i (or / and i + 1) is a vetoer for f . Mimicking the arguments in the proof of Lemma 2, we obtain that for each P ∈ P N , f (P) ⊆ top(A, PS ).



At first glance, Theorem 3 offers rather disappointing conclusions. There do exist non-dictatorial social choice correspondences that satisfy strategy-proofness and onto-ness. However, it is only at the cost of concentrating the decision power in the hands of an arbitrary group of voters. Hence, the weak notion of strategy-proofness presented by DS does not avoid the negative message of the Gibbard-Satterthwaite Theorem. A final remark is in order. Theorem 3 presents necessary (but not sufficient) conditions for strategy-proof and onto social choice correspondences. There are oligarchical social choice correspondences that are not strategy-proof. For instance, the top-set correspondence is oligarchical but it is not strategy-proof.11 Moreover, Theorem 3 does not imply that voters who are not vetoers cannot affect the social choice. This is shown by the following example. Example 5 Let N = {1, 2, 3}, A = {x, y, z}, and let f be such that for each P ∈ PN:   



if max (A, P3 ) ∈ Par P{1,2} , ∪i∈N max (A, Pi ) f (P) = max (A, P1 ) ∪ max (A, P2 ) otherwise. The social choice correspondence f is strategy-proof and onto. Note that voter 3 is not a vetoer but her preferences are relevant for the social choice. 4 A characterization result Theorem 3 does not provide a characterization of the family of strategy-proof and onto social choice correspondences. Nevertheless, as DS’s definition of strategy-proofness for social choice correspondences is not very stringent, Theorem 3 is still quite useful. Indeed, we can derive other existing negative results in the literature as corollaries to Theorem 3. In order to illustrate this point, we introduce a slight weakening of DS’s definition of manipulability. Basically, we incorporate the possibility that a voter 11 Let N = {1, 2} and A = {x, y, z} . Let P , P , P ∈ P be such that P = x, z, y , P = y, x, z 2 1 2 2 1 and P2 = x, y, z . Then, top(A, (P1 , P2 )) = {x, y, z} and top(A, (P1 , P2 )) = {x} . Note that x = min(top(A, (P1 , P2 )), P2 ) P2 z = min(top(A, (P1 , P2 )), P2 ) . Hence, voter 2 can manipulate.
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with preferences over alternatives x, y and z, Pi = x, y, z may have strict preference for {x, y, z} against {x, z}, or for {x, z} against {x, y, z}.12 For each Pi ∈ P, we say the preference over sets i ∈ D is weakly Pi -consistent if • For each x, y ∈ A, either {x} i {y} or {y} i {x}, • For each X, Y ∈ A, X i Y implies that one of the following cases holds: • max (X, Pi ) Pi max (Y, Pi ) , • min (X, Pi ) Pi min (Y, Pi ) , • either X = [max (Y, Pi )∪min (Y, Pi )], or Y = [max (X, Pi ) ∪ min (X, Pi )] . For each Pi ∈ P, D+ (Pi ) denotes the set of all weakly Pi -consistent preferences over sets. We provide an appropriate definition of strategy-proofness for correspondences for this new domain of preferences over sets. The social choice correspondence f is weaklymanipulable if there are i ∈ N ,  P ∈ P N , Pi ∈ P , and i ∈ D+ (Pi ) , such that f P−i , Pi i f (P) . Conversely, f is strongly strategy-proof if f is not weakly manipulable. Note that for each X, Y ∈ A , Pi ∈ P , if there exists i ∈ D(Pi ) such that X i Y , then there is  i ∈ D+ (Pi ) , with X  i Y . The converse statement is not necessarily true. Hence, strong strategy-proofness implies strategyproofness. The following theorem characterizes strongly strategy-proof and onto social choice correspondences. First, we define a special case of oligarchical social choice correspondences. The social choice correspondence if there are i, j ∈ N such   f is bidictatorial that for each P ∈ P N , f (P) = max rf , Pi ∪ max rf , Pj . Theorem 4 Let f be a social choice correspondence with #rf ≥ 3. Then, f satisfies strong strategy-proofness and onto-ness if and only if f is either dictatorial or bidictatorial. Proof Dictatorial and bidictatorial social choice correspondences are clearly strongly strategy-proof and onto. Thus, we focus on the converse statement. Let f be a social choice correspondence that satisfies strong strategy-proofness and onto-ness. As every strongly strategy-proof social choice correspondence is strategy-proof, Theorem 3 applies. Then, f is oligarchical. Let S ⊆ N be the set of vetoers for f . Assume, to the contrary, that there exist three different vetoers, j, k, l ∈ S . Let x, y, z ∈ A . Let P ∈ P N be such that Pj = x, y, z, . . . , and for each i ∈ N \ {j} , Pi = y, x, z, . . . . By Theorem 3, f (P) = {x, y}. Let Pk ∈ P be such that Pk = y, z, x, . . .. By Theorem 3, {x, y} ⊆       f P−k , Pk ⊆ {x, y, z}. If f P−k , Pk = {x, y, z}, then there is k ∈ D+ Pk , such that f (P) = {x, y} k {x, y, z}, which violates strong strategy-proofness. Hence, f P−k , Pk = {x, y}. Let Pk



∈ P be such that Pk



= z, y, x, . . . . By     Theorem 3, f P−k , Pk



= {x, y, z} . Note that there is  k ∈ D+ Pk , such that 12 This possibility is proposed in Barberà (1977b).
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    f P−k , Pk



 k f P−k , Pk , which violates strong strategy-proofness. Hence, #S ≤ 2 . If #S = 1 , then f is clearly dictatorial. Hence, let i, j ∈  let S = {i, j} .  N and Let x ∈ A and P ∈ P N be such that max (A, Pi ) = max A, Pj = x . By TheoN rem 3,  = {x} . Let x, y ∈ A and P ∈ P be such that max (A,  Pi ) = x and  f (P) max A, Pj = y . Let Pi , Pj ∈ P be such that max A, Pi = x , max A\{x}, Pi = y ,   and Pi |A\{y} = Pi |A\{y} , while for voter j, max A, Pj = y , max A\{y}, Pj = x ,  and Pj |A\{x} = Pj |A\{x} . By Theorem 3, f Pi , Pj , P−{i,j} = {x, y} . By strong strategy-proofness,     min f Pi , Pj , P−{i,j} , Pi Ri min f Pi , Pj , P−{i,j} , Pi = y.   Then, min f Pi , Pj , P−{i,j} , Pi = y .



  Now, assume f Pi , Pj , P−{i,j} \{x, y} = {∅} . Then, there is i ∈ D+ (Pi )   such that f Pi , Pj , P−{i,j} i f Pi , Pj , P−{i,j} , which violates strong strategy proofness. Hence, f Pi , Pj , P−{i,j} = {x, y}. Repeating the argument for voter   j, f (P) = {x, y} = max (A, Pi ) ∪ max A, Pj .



5 An alternative approach: reporting preferences over sets Throughout the previous analysis, voters are equipped with preferences over sets of alternatives. However, we assume that the social choice only depends on voters’ preferences over singletons. In this section, we follow a more general approach introduced in Barberà et al. (2001). We consider the possibility of devising voting rules that select a set of alternatives for each profile of voters’ preferences over sets. This framework coincides with the Gibbard–Satterthwaite framework because voters express their preferences over the outcome of the social choice. However, the negative result of Gibbard–Satterthwaite Theorem does not apply since preferences over sets of are restricted to be consistent with a preference over alternatives. In this section, we impose a further restriction on the domain of consistent preferences. For each X ∈ A , let X denote the set of non-empty and countable subsets of X. Let A1 ⊂ A denote the set of all singletons in A. For each collection of subsets C ⊆ A and each i ∈ D , max(C, i ) and min(C, i ) denote, respectively, the first-ranked and the last-ranked sets in C according to i . Let D˜ ⊂ ∪Pi ∈P D(Pi ) be the domain of consistent preferences over sets such that for each i ∈ D˜ and each {x}, {y} ∈ A1 , {x} i {y} implies {x} i {x, y} i {y} . ˜ we exclude the possiBasically, by restricting our attention to the domain D, bility of voters equipped with maximin or maximax preferences. The following ˜ remarks present the most relevant features of D.
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Remark 1 Let i ∈ D˜ . Then, • For each X ∈ A , max(X , i ), min(X , i ) ∈ (A1 ∩X ) , • For each X ∈ A , X ∼i max(X , i ) ∪ min(X , i ) . Remark 2 For each X ∈ A , there is i ∈ D˜ such that for each X ∈ X and each Y∈ / X , X i Y . We call ∈ D˜ N a profile of preferences over sets. For each I ⊂ N and each ∈ D˜ N , I refers to the restriction of P to the members of I. Abusing notation, −I refers to the restriction of  to the voters in N \ I . A social choice function over sets ϕ is a mapping ϕ : D˜ N → A . Note that a social choice correspondence is a social choice function satisfying a strong invariance requirement. A social choice correspondence yields the same outcome for every pair of profiles of preferences over sets for which the preferences over A1 coincide. Now, we introduce the counterpart definitions of strategy-proofness and unanimity for this more general framework. Let ϕ be a social choice function over sets: • It is manipulable on the domain D˜ if there are i ∈ N , ∈ D˜ N , and  i ∈ D˜     such that ϕ −i ,  i i ϕ  . We say that ϕ is strategy-proof on D˜ if it is ˜ not manipulable on D.   ˜N • It is unanimous if for each  X ∈ A and each ∈ D , max A, i = X for each i ∈ N implies ϕ  = X . As voters report preferences over the outcome of the social choice, reported preferences contain the necessary information to check the profitability of any possible misrepresentation. Then, strategy-proofness is defined without ambiguity.   For each i ∈ N and each −i ∈ D˜ N\{i} , the option set for voter i, oi −i , is the set of outcomes available to i through the choice of some preference when the remaining voters report the preferences −i .13 That is,     ˜ such that ϕ −i , i = X}. oi −i = {X ∈ A | there is i ∈ D, ˜ N\{i} Abusing  D  , we denote  by  notation, for each C ⊆ A and each −i ∈ oi −i , C the sets in C available to voter i. That is, oi −i , C = oi −i ∩ C . ˜ then for Remark 3 If a social choice function over sets ϕ is strategy-proof on D, each i ∈ N and each ∈ D˜ N , ϕ() ∈ max(oi (−i ), i ) . Our next result, Theorem 5, is parallel to Theorem 3, but it is stated in a more general environment. Before stating Theorem 5, we adapt the concept of oligarchical social choice correspondences to social choice functions over sets. 13 Option sets were firstly introduced in Barberà (1983).
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A social choice function over sets ϕ is oligarchical is there is a non-empty set of voters S ⊆ N such that for each x ∈ A and each ∈ D˜ N :     (i) If for some i ∈ S , max A, i = {x} , then x ∈ ϕ   . (ii) If for each i ∈ S , max A, i = {x} , then x = ϕ  . Theorem 5 If a social choice function over sets ϕ is strategy-proof on D˜ and unanimous, then ϕ is oligarchical. Proof Our proof follows Barberà et al. (2001). We first focus on two-voters societies and investigate the structure of voters’ option sets. Let N = {i, j} . Let ϕ be a social choice function over sets that satisfies strategy-proofness on D˜ and unanimity. We first identify the singleton sets   available to each voter. That is, we study the structure of the sets oi j , A1 . Note that, by unanimity and   Remark 3, for each i ∈ D˜ , max A, i ∈ oj (i ) .       







˜ Claim  1 For  each i , i ∈ D such that max A, i = max A, i , oj i , A1 = oj i , A1 .   







˜ be such that max A, i = Proof       Let a, a ∈ A (with a = a ) and let i , i ∈ D max A, i = {a}. Assume, to the contrary, that {a } ∈ oj i , A1 \oj  i , A1 . Let j ∈ D˜ be such that   for each X ∈ A\ {a}, {a, a }, {a } ,



{a } j {a, a } j {a} j X .



By Remark 3, ϕ(i , j ) = max(oj (i ), j ) = {a } . By unanimity, {a} ∈ oj ( i ) . Then, by Remark 3, ϕ( i , j ) is either {a} or {a, a } . In both cases, ϕ( i , j ) i ϕ(i , j ) , which violates strategy-proofness and proves the claim.



    Claim 2 For each i ∈ D˜ , either oj i , A1 = max(A, i ) or oj i , A1 = A1 . Proof Assume, to the contrary, that there exist a, a ∈ A , and i ∈D˜ such that   



/ {a, a } , while {a} ∈ oj i , A1 , and {a } ∈ / oj i , A1 . By max A, i = {ai } ∈ Claim 1, we can assume that i is such that for each X ∈ A\({ai }, {ai , a }, {a }) ,



{ai } i {ai , a } i {a } i X .



Let j ∈ D˜ be such that   for each Y ∈ A\ {a}, {a, a }, {a } ,



{a } j {a, a } j {a}  Y .



As {a } ∈ / oj (i ) and by Remark 3,   ϕ i , j is either {a} or {a, a }.



(3)



  By unanimity, {a } ∈ oi j . Then, by Remark 3, ϕ(i , j ) is either {ai } or



{ai , a } , which contradicts (3) and proves the claim.
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Now, we show that if voter i’s option set contains all singletons for some preference of voter j, then it contains all singletons for every preference of voter j.   



˜ ˜ Claim  3 If there is i ∈ D such that oj i , A1 = A1 , then for each i ∈ D , oj i , A1 = A1 .   



˜ Proof Let  a ∈A. Let i , i ∈ D be such that oj i , A = max(A, i ) = {a}, while oj i , A = A. By Claim 1, we can assume without loss of general  ity that i ) = {a} = min(A,  i ). Let j ∈ D˜ be such that max A, j =    max(A, 







min A, i . By Remark 3, ϕ(   i , j ) = min(A, i ), while ϕ i , j = 



min(A, i ). Then, ϕ i , j i ϕ i , j , which violates strategy-proofness and proves the claim.



  Note that if for each i ∈ D˜ , oj i , A1 = A1 , then voter j’s first-ranked set is always included in voter j’s option set. Then, the social choice always consists of voter j’s first-ranked set, and voter j is a dictator. The same argument applies to voter i. Hence, either one of the voters is a dictator or the only singleton in the option set of one voter is the set ranked first by the other voter. That is:   For each ∈ D˜ {i,j} , oi j , A1  = max(A, j )and oj i , A1 = max(A, i ).



(*)



In the following claim, we investigate the possibility that ϕ is not dictatorial.   Claim 4 Let (*) hold. Then, for each i ∈ D˜ and each X ∈ oj i , max(A, i ) ⊆ X . Proof Assume, to the contrary, that there are X ∗ ∈ A and i ∈ D˜ such that   ∗ X ∈ oj i but max(A, i )  X ∗ . Without loss of generality, we can assume that there is no X ∈ oj (i ) such that max(A, i )  X , and X ⊂ X ∗ . By (*), X ∗ is not a singleton. Let {a} ≡ max(X ∗ , i ) . Let j ∈ D˜ be such that ∗ / X ∗ , X j Y . Note max(A, j ) = {a}  for  each X ∈ X , and each Y ∈  , while ∗ that X = max oj i , j . Hence, by Remark 3,   ϕ i , j = X ∗ .



(4)



Note also that i ∈ D˜ is an ordering. Then, by Remark 1,        {a} = max X ∗ , i i max X ∗ , i ∪ min X ∗ , i ∼i X ∗ .



(5)



  Finally, by  (*), ∗{a} ∈ oi j . By Remark 3 and strategy-proofness, (5) implies 



ϕ i , j i X , which contradicts (4) and proves the claim. Thus, if (*) holds, then every element of oi (j ) includes the set that is ranked first by j . Analogously, every element of oi (j ) includes the set that is ranked     first by i . Then, for each ∈ D˜ {i,j} , max A, i ∪ max(A, j ) ⊆ ϕ() , which
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proves part (i) of the definition of an oligarchical social choice function over sets. As we focus on two-voter societies, part (ii) of the definition of an oligarchical social choice function over sets follows directly from unanimity. The proof for larger societies uses an induction argument. It is parallel to the induction step of Theorem 3, and we omit it.







6 Related literature The study of the manipulability of social choice correspondences started with the seminal contribution of Pattanaik citePat, followed by Gärdenfors (1976), Kelly (1977), Barberà (1977a,b), and Feldman (1979b). All these works present weak definitions of strategy-proofness but their results are obscured by a number of additional conditions. These conditions range from rationalizability in Pattanaik (1973), Barberà (1977b), Feldman (1979b), and Kelly (1977), to Condorcet consistency in Gärdenfors (1976) or a strong version of monotonicity in Barberà (1977a). Our work is closely related to Feldman (1979a), and Feldman (1980). Feldman (1979a) shows that the Pareto correspondence is strategy-proof when preferences over sets are consistent with the maximin or the maximax criteria. Feldman’s (1980) analyzes decision schemes that map profiles of preferences into even-chance lotteries over alternatives. This author proves a bidictatorial result for unanimous and strategy-proof decision schemes. This result follows from Theorem 4. For every decision scheme d, we can construct a social choice correspondence fd by associating to each preference profile the support of the value taken by d at such profile. If d is strategy-proof, then for each i ∈ N , each P ∈ P N , each Pi ∈ P , and each ui representing Pi , 



x∈fd (P) ui (x)



#fd (P)



 ≥ 



x ∈fd (Pi ,P−i ) ui (x ) . #fd (Pi , P−i )



(**)



It is not difficult to see that if fd is weakly manipulable, then d is not strategy-proof. Let i ∈ N, P ∈ P N , and Pi ∈ P . Let P = (P−i , Pi ) . If i can weakly manipulate fd at the profile P by reporting the preference Pi , then there are four possibilities: Case a max(fd (P ), Pi ) Pi max(fd (P), Pi ) . Let x¯ ≡ max(fd (P ), Pi ) . Note that there is ui representing Pi such that ⎞ ⎛



)  (P #f d ⎝ ui (x)⎠ − ui (¯x ) > #fd (P) x∈fd (P)



which rearranging terms, violates (**).



 x ∈(fd (P )\{¯x })



ui (x ),
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Case b min(f (P ), Pi ) Pi min(f (P), Pi ) . Let x˜ ≡ min(f (P), Pi ) . Note that there is ui representing Pi such that, ⎞ ⎛  #fd (P ) ⎝  ui (˜x) < ui (x), ui (x )⎠ − #fd (P) x ∈fd (P ) x∈(fd (P)\{˜x}) which violates (**).   Case c fd (P) = max(fd (P ), Pi ) ∪ min(fd (P ), Pi ) . Note that there is ui representing P− i such that ui (max(fd (P), Pi )) = 1 , ui (min(fd (P), Pi )) = 0 , and for each x ∈ fd (P ) \ fd (P) , ui (x) > 12 , which violates (**).   Case d fd (P ) = max(fd (P), Pi ) ∪ min(fd (P), Pi ) . Note that there is ui representing  ui (max(fd (P), Pi )) = 1 , ui (min(fd (P), Pi )) = 0 and for each  Pi such that x ∈ fd (P) \ fd (P ) , ui (x) < 12 , which again violates (**). Therefore, if d is unanimous and strategy-proof, then fd is unanimous and strongly strategy-proof, and, by Theorem 4, fd is dictatorial or bidictatorial. As Feldman’s (1980) focuses on decision schemes assigning even-chance lotteries, Theorem 4 implies Feldman’s (1980) result. Ching and Zhou (2002) analyze social choice correspondences and propose a definition of strategy-proofness even stronger than strong strategy-proofness. According to Ching and Zhou (2002), a social choice correspondence is strategyproof if for each i ∈ N , each P ∈ P N , each Pi ∈ P , each probability assessment over A, λA , and each utility function ui representing Pi ,   







x ∈f (Pi ,P−i ) λA (x )ui (x ) x∈f (P) λA (x)ui (x)   ≥ . 



x∈f (P) λA (x) x ∈f (Pi ,P−i ) λA (x ) In their framework, only constant and dictatorial social choice correspondences are strategy-proof. As Ching and Zhou (2002) do not rule out even-chance probability assessments over A, from the arguments in the previous paragraph, Ching and Zhou’s definition of strategy-proofness implies strong strategy-proofness. Then, by Theorem 4, every social choice correspondence that satisfies Ching and Zhou’s strategy-proofness and onto-ness is dictatorial or bidictatorial. It is not difficult to see that bidictatorial social choice correspondences do not satisfy Ching and Zhou’s strategy-proofness.14 As onto-ness rules out constant social choice correspondences, their result almost follows from Theorem 4.15 In a different vein, Campbell and Kelly (2000), Barberà et al. (2001), and Benoît (2002) study the manipulability of social choice function over sets. 14



Let N = {1, 2} , A = {x, y, z} , and let f be a bidictatorial social choice correspondence. Let P1 = x, y, z , P1 = y, x, z , P2 = z, x, y . Let λA = (0.1, 0.4, 0.5) and let u1 represent P1 be such that u1 (x) = 1 , u1 (y) = 0.9 , and u1 (z) = 0 . Clearly, f (P) = {x, z} while f (P ) = {y, z} , but 1 0.1u (x) + 0.5u (z) < 1 0.4u (y) + 0.5u (z) . 1 1 1 1 0.9 0.6



15 Ching and Zhou (2002) also prove a Gibbard–Satterthwaite type result for social choice corre-



spondences when voters’ preferences are restricted to be continuous.
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Barberà et al. (2001) present two domains of preferences that are consistent with expected utility maximization and Bayesian updating. Barberà et al. (2001) assume that each voter assesses a probability over the set of alternatives A, and then associates its conditional probability to each subset. A preference over sets is Conditional Expected Utility Consistent —CEUC— if there is a utility function and a probability assessment over A such that for every two sets X, Y ∈ A , X is preferred to Y if and only if the conditional expected utility associated to X is higher than the conditional expected utility associated to Y. A preference over sets is Conditional Expected Utility Consistent with Equal Probabilities —CEUCEP— if it is CEUC and it is obtained from an even-chance probability assessment over A. Barberà et al. (2001) prove that only dictatorial social choice functions over sets that satisfy unanimity and strategy-proofness on the CEUC domain. On the other hand, a bidictatorial result holds in the CEUCEP domain. Their results and ours are logically independent, since preferences over sets in D˜ are not CEUC. Campbell and Kelly (2000) assume that voters are equipped with leximin consistent preferences over sets. Such a voter compares sets of alternatives paying attention first to the last-ranked alternative on each set and prefers the set with the best last-ranked alternative. If they are the same, then she compares the second-last ranked alternatives and so on. They show that only rules selecting the union-set of the first-ranked alternatives of an arbitrary group of voters satisfy unanimity and strategy-proofness on the leximin domain. Our results and theirs are logically independent, since preferences in D˜ are not leximin consistent. However, for each preference over alternatives, there is only one leximin consistent preference over sets. Then, a social choice function over sets defined in the leximin domain is a social choice correspondence. The reader can check that the arguments in the proofs of Theorems 2 and 3 apply with minimal modifications to provide a direct proof of their main result. Finally, we comment on Benoît (2002). This author presents a more general environment. He only assumes the existence of certain special preferences for which the first-ranked set is a singleton, the second-ranked set is a duple containing the first-ranked set, the third-ranked set is the singleton contained in the second-ranked set, and finally, the last-ranked set is also a singleton. In his framework, strategy-proofness is incompatible with (n − 1)-unanimity. As every preference over sets in D˜ satisfies Benoît’s requirements, Benoît’s definition of strategy-proofness is weaker than ours. However, as this author uses a strong version of unanimity, his results and ours are logically independent. Acknowledgments This paper is part of my Ph.D. Dissertation submitted to the Universitat Autònoma de Barcelona. I am indebted to my advisor Salvador Barberà for his advice and support. I thank the W. Allen Wallis Institute of Political Economy at the University of Rochester, where the revision of this paper was conducted, for their hospitality. I thank Dolors Berga, John Duggan, Jordi Massó, Diego Moreno, Clara Ponsatí, and William Thomson for their useful comments and suggestions. Financial support by Research Grant 1998FI00022 from Comissionat per Universitats i Recerca, Generalitat de Catalunya, Research Project PB-98-870 from Ministerio de Ciencia y Tecnología, Fundación Barrié de la Maza, and Consejería de Innovación, Ciencia y Empresa de la Junta de Andalucía is gratefully acknowledged. Of course, remaining errors are only mine.
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