









	
 Home

	 Add Document
	 Sign In
	 Create An Account














[image: PDFKUL.COM]






































	
 Viewer

	
 Transcript













SOOCHOW JOURNAL OF MATHEMATICS



Volume 29, No. 4, pp. 393-405, October 2003



ON UNIFORMLY CONVEX SPIRAL FUNCTIONS AND UNIFORMLY SPIRALLIKE FUNCTIONS BY V. RAVICHANDRAN, C. SELVARAJ AND RAJALAKSHMI RAJAGOPAL Abstract. We introduce and study the class of uniformly α-spiral functions and two other related classes of functions.



1. Introduction Let A denote the class of all analytic functions f (z) deﬁned on the unit disk  = {z; |z| < 1} normalized by f (0) = 0, f  (0) = 1. Further, by S ∗ (α) we shall denote the class of starlike functions of order α in ∆; in particular, S ∗ (0) = S ∗ is the familiar class of starlike functions. Also the function f ∈ A is spirallike if 



−iα zf



e



Re



 (z) 



f (z)



>0



for all z ∈  and for some α with |α| < π/2. The function is convex spirallike if zf  (z) is spirallike. The function f is uniformly convex (starlike) if for every circular arc γ contained in  with center ζ ∈  the image arc f (γ) is convex (starlike with respect to f (ζ)). The class of all uniformly convex (starlike) functions is denoted by U CV (U ST ). Note that [2, 3] 



f  (z) f ∈ U CV ⇐⇒ Re 1 + (z − ζ)  f (z) 



(z − ζ)f  (z) f ∈ U ST ⇐⇒ Re f (z) − f (ζ)







≥ 0,



z, ζ ∈ ,







≥ 0,



z, ζ ∈ .
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These classes were introduced and studied by A. W. Goodman [2, 3]. Rønning [6] and Ma and Minda [4] have proved the following one variable characterization for functions in U CV : Theorem 1. Let f ∈ A. Then f ∈ U CV if and only if 



zf  (z) Re 1 +  f (z)







    zf (z)    , z ∈ . >  f (z) 



(3)



Since the Alexander type result f ∈ U CV if and only if zf  ∈ U ST failed ([9]), the class Sp = {f : f = zF  , F ∈ U CV }



(4)



was introduced by F.Rønning [6] to verify whether Sp ⊂ U ST . Later he proved (see [8]) that neither Sp ⊂ U ST nor U ST ⊂ Sp . In this paper, we introduce two geometrically deﬁned classes similar to the classes of uniformly convex and uniformly starlike functions and obtain their analytic characterization and study their properties. 2. Uniformly α-Spirallike Functions Let Γw be the image of an arc Γz : z = z(t), (a ≤ t ≤ b) under the function w = f (z) and let w0 be a point not on Γw . Note that the arc Γw is starlike with respect to w0 if arg(w − w0 ) is a nondecreasing function of t. This condition is equivalent to Im



f  (z)z  (t) ≥ 0 (a ≤ t ≤ b). f (z) − w0



Similarly the arc Γw is α-spirallike with respect to w0 if arg



z  (t)f  (z) f (z) − w0



lies between α and α + π ([1]). Definition 1. The function f (z) is uniformly α-spirallike if the image of every circular arc Γz with center at ζ lying in  is α-spirallike with respect to f (ζ).
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The class of all uniformly α-spirallike functions is denoted by U SP (α). We have the following analytic description of U SP (α) which is analogous to the class U ST . Theorem 2. Let |α| < π2 . A function f ∈ A belongs to U SP (α) if and only if







− ξ)f  (z) f (z) − f (ξ)



−iα (z



Re e







≥ 0,



z = ξ,



z, ξ ∈ ∆.



Proof. Describe Γz by z(t) = ξ + reit , t ∈ [0, 2π]. Then z  (t) = i(z − ξ). Now f ∈ U SP (α) if and only if 



z  (t)f  (z) α ≤ arg f (z) − f (ξ) Since







z  (t)f  (z) arg f (z) − f (ξ)



we have or











≤ α + π.











i(z − ξ)f  (z) = arg f (z) − f (ξ)   π (z − ξ)f  (z) = + arg 2 f (z) − f (ξ)    π −iα (z − ξ)f (z) = + α + arg e 2 f (z) − f (ξ) 



(z − ξ)f  (z) π − ≤ arg e−iα 2 f (z) − f (ξ) 



− ξ)f  (z) f (z) − f (ξ)



−iα (z



Re e







≤



π 2







≥ 0.



Next we prove an equivalent form of Theorem 2 in terms of Hadamard prod ∞ n n uct. If f (z) = ∞ n=0 an z and g(z) = n=0 bn z are analytic in , then the ∞ Hadamard product of f and g is f ∗ g = n=0 an bn z n . In particular, if f is a normalized analytic function in , then for all β, γ, 0 ≤ |β| ≤ 1, 0 ≤ |γ| ≤ 1, β = γ, z 1 f (βz) = f ∗ , β 1 − βz z f (βz) − f (γz) =f ∗ β−γ (1 − βz)(1 − γz) and
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zf  (βz) = f ∗



z . (1 − βz)2



Theorem 3. Let f ∈ A. Then f ∈ U SP (α) if and only if 



Re eiα



z (1−βz)(1−γz) z f ∗ (1−βz) 2



f∗







≥ 0.



Proof. Let w = βz and ξ = γz. Since z (1−βz)(1−γz) z f ∗ (1−βz) 2



f∗



we have



 iα



Re e



z (1−βz)(1−γz) z f ∗ (1−βz) 2



f∗



=



f (βz)−f (γz) β−γ zf  (βz)



=



f (w)−f (ξ) (w−ξ)/z zf  (w)



=



f (w) − f (ξ) , (w − ξ)f  (w)











= Re eiα



f (w) − f (ξ) (w − ξ)f  (w)







and the result follows from this equation. Another useful form of the above result is in term of dual set: U SP (α) = V ∗ where 



V=







z βe−iα − iδ z g(z) = 1 − (1 − γz)(1 − βz 2 ) e−iα − iδ 



     |β| = |γ| = 1, δ is real 



and V ∗ = {f ∈ A|(f ∗ g)(z) = 0 for g ∈ V}. In the following theorem, we obtain a suﬃcient condition for functions to be in U SP (α): Theorem 4. If f ∈ A satisfies 



iα f



Re e



 (w) 



f  (z)



≥ 0,



z, w ∈ ∆



then f ∈ U SP (α). Further if f ∈ U SP (α), then for all w, z ∈ , we have Re



   f (w) 1/2



f  (z)



≥ 0.
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Proof. Note that 



1 1 f (z) − f (ζ) 1 . = f  (tz + (1 − t)ζ)dt e−iα (z − ζ) f  (z) e−iα f  (z) 0  1 iα  e f (w) dt when w = tz + (1 − t)ζ. = f  (z) 0



By hypothesis,







Re and hence Re



eiα f  (w) f  (z)







≥0



f (z) − f (ζ) 1 ≥0 e−iα (z − ζ) f  (z)



which is equivalent to 



− ζ)f  (z) f (z) − f (ζ)



−iα (z



Re e







≥ 0.



This implies f ∈ U SP (α). For the second part, let f ∈ U SP (α). Then we have 



Re e−iα which is equivalent to



Re



Hence







≥0



   e−iα (z − ζ)f  (z)  π  arg ≤ .  f (z) − f (ζ)  2



Also



and therefore



(z − ζ)f  (z) f (z) − f (ζ)



f (z) − f (ζ) ≥0 − ζ)f  (z)



e−iα (z



    arg f (z) − f (ζ)  ≤ π .  −iα  e (z − ζ)f (z)  2



        12     1  arg f (w)  = arg f (w)     f  (z) f  (z)    2   1  f (w) − f (z) 1 (w − z)e−iα f  (w)  = arg  2 (w − z)e−iα f  (z) f (w) − f (z) 
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e−iα (w − z)f  (w)  1  f (w) − f (z) 1 + arg = arg  2 (w − z)e−iα f  (z) f (w) − f (z)  















1 f (w) − f (z) 1  1  e−iα (w − z)f  (w)  ≤ arg + arg   2 (w − z)e−iα f  (z)  2  f (w) − f (z)  1 π π 1 π ≤ ( )+ ( )= . 2 2 2 2 2 3. Uniformly Convex α-Spiral Functions We say that the arc Γw is convex α-spirallike if arg



  z (t)



z  (t)



+



z  (t)f  (z) f  (z)







lies between α and α + π. Definition 2. The function f (z) is uniformly convex α-spiral function if the image of every circular arc Γz with center at ζ lying in  is convex α-spirallike. The class of all uniformly convex α-spiral functions is denoted by U CSP (α). We now give an analytic description of U CSP (α) analogous to the class U CV : Theorem 5. A function f (z) ∈ A is in U CSP (α) if and only if 







Re e−iα 1 +



(z − ζ)f  (z) f  (z)







≥ 0,



z = ζ,



z, ζ ∈ .



Proof. Let f (z) ∈ U CSP (α). Then we have α ≤ arg



  z (t)



z  (t)f  (z) + z  (t) f  (z)







≤α+π



where the curve Γz is given by z(t) = ζ +reit , 0 ≤ t ≤ 2π. Then f (z) ∈ U CSP (α) if and only if







α ≤ arg i + Since







arg i +



i(z − ζ)f  (z) f  (z)



i(z − ζ)f  (z) f  (z) 











=



≤ α + π.



π (z − ζ)f  (z) + arg 1 + 2 f  (z)
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we have f ∈ U CSP (α) if and only if 







Re e−iα 1 +



(z − ζ)f  (z) f  (z)
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≥ 0,



z = ζ,



z, ζ ∈ .



We now prove a single variable characterization of the class U CSP (α). Theorem 6. A function f (z) ∈ A is in U CSP (α) if and only if 







Re e−iα 1 +



zf  (z) f  (z)







    zf (z)  , f  (z) 



≥ 



z ∈ .



Proof. If f ∈ U CSP (α), then we have 



−iα







Re e



(z − ζ)f  (z) 1+ f  (z)







≥ 0,



z = ζ,



z, ζ ∈ ,



or equivalently 



−iα







zf  (z) 1+  f (z)



Re e











≥ Re



  −iα ζf (z) e f  (z)



for every z = ζ ∈ . Choose ζ = eiβ z such that 



Re Then we have







  −iα ζf (z) e f  (z)







Re e−iα 1 +



zf  (z) f  (z)







    zf (z)   . =  f (z)      zf (z)  , f  (z) 



≥ 



z ∈ .



Conversely assume 



that the above inequality is satisﬁed. Let ζ ∈  be ar(z−ζ)f  (z) −iα 1 + f  (z) is harmonic function in , it is enough bitrary. Since Re e to prove that    (z − ζ)f  (z) −iα 1+ ≥0 Re e f  (z) for all z ∈  for which |z| > |ζ|. Now 







Re e−iα 1 +



zf  (z) f  (z)







    zf (z)   f  (z)     −iα ζf  (z)    > e f  (z)   



≥ 



≥ Re e−iα







ζf (z) . f  (z)
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This completes the proof. The class of functions F (z) = zf  (z), f (z) ∈ U CSP (α) is a subclass of the spirallike functions and we denote it by SPp (α). In fact, the function f (z) ∈ A is in SPp (α) if and only if 



Re e−iα



zf  (z) f (z)







   zf (z)



≥ 



f (z)



 



− 1 , z ∈ .



Geometrically it means that zf  (z)/f (z) lies in the parabolic region Ωα = {w : Re{e−iα w} > |w − 1|}. In fact, if w ∈ Ωα , then Re{e−iα w} ≥ cos2 α and therefore the functions in the class SPp (α) are α-spirallike of order cos2 α . Theorem 7. A function f ∈ A is in SP (α) if and only if zf  (z) ≺ eiα [cos αP (z) − i sin α] f (z) (≺ denotes subordination) where P (z) is the function that maps  onto Ω0 : √ 2 1+ z 2 √ . P (z) = 1 + 2 log π 1− z



Proof. The proof follows since f ∈ SPp (α) is equivalent to Re



    e−iα zf (z) + i sin α  f (z) 



cos α



Let



   e−iα zf  (z) + i sin α    f (z) − 1 , ≥    cos α 







Ra =



a − 12 √ 2a − 2



1 2 3 2






z ∈ .



3 2



≤ a < 3.



Clearly the disk |w − a| < Ra is contained in the parabolic region Ω = Ω0 . Thus we have the following suﬃcient condition for a function to be in SPp (α): Theorem 8. Let 1/2 < a < 3 and Ra be defined as above. If f ∈ A satisfies     zf (z)  iα   − (a cos α − i sin α)e  f (z)  ≤ Ra cos α,



then f ∈ SPp (α).
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As a result, we have f ∈ U CSP (α) if      1 + zf (z) − (a cos α − i sin α)eiα  ≤ Ra cos α.    f (z)



The class U CSP (0) is the class U CV of uniformly convex functions. In fact, every function in the class U CSP (α) is related to the class of uniformly convex functions as shown in the following: Theorem 9. Let f (z) ∈ A and s(z) be defined by f  (z) = (s (z))e



iα



cos α



.



Then f (z) ∈ U CSP (α) if and only if s(z) ∈ U CV . Proof. This result follows since 1+



zs (z) s (z) 



e−iα 1 + =



zf  (z) f  (z)







+ i sin α .



cos α



We now prove a two variable characterization of the function in the class SPp (α) in the following: Theorem 10. The function f is in SPp (α) if and only if 







Re e−iα (z − ζ)



f  (z) ζ + f (z) z







≥0



for all ζ = z, z, ζ ∈ . 



Proof. Since f (z) is in SPp (α) if and only if 0z f (z) z dz ∈ U CSP (α), the result follows from the two variable characterization for the class U CSP (α). Now we prove a convolution condition for a function to be in the class U CSP (α). Theorem 11. The function f ∈ A is in U CSP (α) if and only if for all complex numbers β, γ with |β| ≤ 1 and |γ| ≤ 1 and for all z ∈ , Re



 iα iα 2   e−iα f ∗ (1+e )z+(e (β−2γ)−β)z  3 (1−βz) 



f∗



z (1−βz)2







≥ cos α.
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Proof. The function f ∈ A is in U CSP (α) if and only if 



−iα







Re e



(z − ζ)f  (z) 1+ f  (z)







= 0.



The result follows after replacing z by βz and ζ by γz and writing zf  (βz) and zf  (βz) as convolution with the functions z/(1 − βz)2 and 2z 2 /(1 − βz)3 respectively. We omit the details. Theorem 12. The function f (z) = z + an z n is in SPp (α) if and only if |an | ≤



cos α . n(1 + cos α) − 1



Proof. The function f (z) = z + an z n ∈ SPp (α) if and only if        zf (z)    ≤ Re e−iα zf (z) , − 1  f (z)  f (z)



|z| < 1.



(5)



It suﬃces to prove (5) for |z| = 1. Let |an | = r and an z n−1 = reiθ . Then the equation (5) becomes      (n − 1)reiθ  iθ   −iα 1 + nre .   ≤ Re e  1 + reiθ  1 + reiθ



(6)



Simplifying and separating the real part of the expression on the right hand side of the equation (6), we get 



1 + nreiθ Re e−iα 1 + reiθ







=



[1 + (n + 1)r cos θ + nr 2 ] cos α + sin α(n − 1)r sin θ . (1 + r 2 + 2r cos θ)



Therefore the equation (6) gives (n − 1)r ≤



[1 + (n + 1)r cos θ + nr 2 ] cos α + sin α(n − 1)r sin θ 1



(1 + r 2 + 2r cos θ) 2



.



(7)



The minimum for the expression in the right hand side of the above equation occurs at θ = π and this minimum value is cos α(1 − nr). Therefore the necessary and suﬃcient condition for f (z) = z + an z n to be in SPp (α) is that (n − 1)r ≤ cos α(1 − nr).
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Solving this equation for r = |an |, we have cos α . |an | ≤ (1 + cos α)n − 1 Since f ∈ U CSP (α) if and only if zf  (z) ∈ SPp (α), we have the following: Corollary 1. The function f (z) = z + an z n is in U CSP (α) if and only if cos α . |an | ≤ n[n(1 + cos α) − 1] Remark 1. If we take α = 0 in Theorem 12, we have Theorem 2 of [6]. Theorem 13. Let fi (z) ∈ SPp (α), i = 1, 2, . . . , n and F (z) be given by F (z) = n



where αi ≥ 0 and



i=1 αi



1+ 







0 i=1



z



dz



≤ 1. Then F (z) ∈ U CSP (α).



Proof. Since



we have



  z n  fi (z) αi



Re e−iα 1 +



n zfi (z) zF  (z)  = , α i F  (z) fi (z) i=1



zF  (z) F  (z)







= ≥



n  i=1 n 







αi Re e−iα



zfi (z) fi (z)







    zfi (z)   − 1 αi  f (z) i



i=1    n  zfi (z)   −1  ≥  αi   fi (z) i=1    zF  (z)  . ≥   F (z) 



In the following Theorem 15, we prove a convolution result for the classes SPp (α) and U CSP (α). Let Rα be the class of prestarlike functions of order α consisting of functions f ∈ A satisfying z ∈ S ∗ (α) for α < 1 f∗ (1 − z)2−2α 1 f (z) > for α = 1. Re z 2
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We need the following result to prove our ﬁnal result: Theorem 14.([10]) If f ∈ Rα and g ∈ S ∗ (α), then for any analytic function H(z) in U , f ∗(Hg) f ∗g (U ) ⊆ Co(H(U )), where Co(H(U )) denotes the closed convex hull of H(U ). Theorem 15. Let β = min|z|=1 Re(P (z)eiα ) cos α+sin2 α. Let g(z) ∈ Rβ . If f (z) ∈ SPp (α), then (f ∗ g)(z) ∈ SPp (α). If f (z) ∈ U CSP (α), then (f ∗ g)(z) ∈ U CSP (α). Proof. We ﬁrst note that if f (z) ∈ SPp (α), then zf  (z) ≺ cos αeiα P (z) − ieiα sin α f (z) 



(z) ≥ β. Therefore SPp (α) ⊂ S ∗ (β). and therefore Re zff (z) Let zf  (z) . H(z) = f (z)



Using Theorem 14, it follows that (g ∗ Hf )(z) ∈ CoH(U ). (g ∗ f )(z) Since



(g ∗ zf  )(z) (g ∗ Hf )(z) z(g ∗ f ) (z) = = , (g ∗ f )(z) (g ∗ f )(z) (g ∗ f )(z)



we have (g ∗ f )(z) ∈ SPp (α). The second part follows since f (z) ∈ U CSP (α) if and only if zf  (z) ∈ SPp (α).
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