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1



1



Model



The economy is initially in a state of nature denoted by s0 . Thereafter, it is hit by a series of stochastic i.i.d. shocks to entry costs and productivity. Every variable determined at time t is indexed by the history of shocks that have occurred up to t, denoted by st . Let S t be the set of possible state histories. The probability of observing a particular history is denoted by Pr (st ).



1.1



Final Goods Sector



At time t, there is a mass N (st ) of di¤erentiated intermediate goods, each produced by a monopolistically competitive …rm. A …rm is indexed by f 2 [0; N (st )]. A …nal goods …rm bundles these intermediate goods Y (f; st ), taking as given their price P (f; st ), and sells the output Y (st ) to consumers at the competitive price P (st ). The optimisation problem of the …nal goods …rm is to choose the amount of inputs that maximise pro…ts, i.e. it solves ( ) Z N (st ) t t t t max P s Y s Y f; s P f; s df , t Y (f;s )f 2[0;N (st )]



0



subject to the constant elasticity of substitution (CES) production function t



Y s



=



Z



N (st )



1



t



df



Y f; s



0



!



1



.



The …rst order condition (FOC) gives the following input demand function Y f; st =



P (f; st ) P (st )



Y st .



(1)



Substituting the input demand in the production function yields the price index t



P s



=



Z



N (st )



t 1



P f; s



df



0



1.2



!11



.



Intermediate Goods Sector



Price Setting Pro…t maximisation by …rms takes the form max D f; st = P f; st Y f; st



P (f;st )



W st Lc st ,



where W (st ) is the wage rate and Lc (st ) is labour input, subject to, …rst, the production function Y f; st = Z st Lc st ,



(2)



where the exogenous variable Z (st ) denotes productivity and, second, the input demand function (1). The replacing labour input Lc (st ) in the wage bill using (2), the pro…t maximisation problem becomes maxt



P (f;s )



W (st ) Y f; st . Z (st )



P f; st



The …rst order condition is @D (f; st ) = Y f; st + P f; st @P (f; st )



W (st ) @Y (f; st ) = 0. Z (st ) @P (f; st )



Using the input demand function (1) and rearranging, we obtain Y f; st



P f; st



W (st ) Z (st )



P (f; st ) P (st ) 2



Y (st ) = 0, P (f; st )



Y f; st



W (st ) Z (st )



P f; st 1=



Y (f; st ) = 0, P (f; st )



W (st ) Z (st ) P (f; st )



1



.



The optimal price is a constant markup over marginal cost, W (st ) . 1 Z (st )



P f; st =



(3)



Firm pro…ts are a constant fraction of …rm revenue, D f; st =



1



P f; st Y f; st .



(4)



Firm Entry Each period, the entire stock of …rms depreciates. Starting up a …rm requires labour services Lf (st ). Let F (st ) denote the exogenous sunk entry cost, in the form of e¤ective labour units, i.e. F st = Z st Lf st .



(5)



In nominal terms, the entry cost is 1 where



1.3



W (st ) F (st ) , Z (st )



st



(6)



(st ) is the rate at which the government subsidises entry.



Households



Households choose consumption C (st ), money M (st ), riskfree bonds B (st ), state-contingent bonds A (st ; st+1 ), shares S (f; st ) and wages W (st ) to maximise utility 1 P P



t



Pr st



U C st



V L st



,



t=0 st



subject to three constraints. First, the budget constraint X W st M st + B st + Q st+1 jst A st ; st+1 +



Z



st+1 jst



N (s



t



)



S f; st



st



1



0



W (st ) F (st ) df Z (st )



X st ,



(7)



where X (st ) is a monetary transfer from the government and next period’s wealth is given by W st+1



= M st + R st B st + A st ; st+1 Z N (st ) + S f; st D f; st df 0



+



st W st L st



P st C st



T st ,



where R (st ) is the gross return on riskfree bonds, (st ) is a proportional labour income subsidy and T (st ) are lump sum taxes. Second, the cash-in-advance constraint (CIA) P st C st



M st .



Third, labour demand given by L h; st =



W (h; st ) W (st )



3



L st .



(8)



The no-Ponzi scheme condition is 2



lim Q sT js0 4B sT +



T !1



3



X



Q sT +1 jsT A sT ; sT +1 5



sT +1 jsT



0.



(9)



Substituting out money holdings using the CIA constraint (holding with equality), the household problem is to choose C (st ), B (st ), A (st ; st+1 ), S (f; st ) and W (st ) to maximise the Lagrangian L given by L =



1 P P



t



Pr st



U C st



V L st



t=0 st



+



st



X



st+1 jst



W st



P st C st



B st Z N (st )



Q st+1 jst A st ; st+1



S f; st



39 = W (st ) F (st ) t 5 , df + X s ; Z (st )



st



1



0



where next period’s wealth is given by t+1



t



W s



t



= R s B s



t



+ A s ;s



t+1



+



Z



N (st )



S f; st D f; st df



0



st W st L st



+



T st ,



and (st ) is a normalised Lagrange multiplier, i.e. each date t and state st .



(st ) =



(st ) =



t



Pr (st ) . There is one FOC for



FOC Consumption @L = @C (st )



t



Pr st



)



UC st st =



st P st



=0



UC (st ) P (st )



(10)



FOC Risk-free Bonds Since risk-free bonds B (st ) pay a return in every state st+1 , we need to weight each state by its probability and sum the payo¤s. @L @B (st )



= =



t



t



Pr st Pr st



P



st + st +



st+1 jst



P



@W st+1 @B (st )



t+1



Pr st+1



st+1



t+1



Pr st+1



st+1 R st .



st+1 jst



As R (st ) is known (constant) at t, we can take it out of the summation to obtain P st = R st Pr st+1 jst st+1 . st+1 jst



FOC State-contingent Bonds State-contingent bonds A (st ; st+1 ) pay a return only in one state st+1 . @L = @A (st ; st+1 ) )



t



Pr st



st Q st+1 jst +



Q st+1 jst =



Pr st+1 jst



4



t+1



Pr st+1



st+1 (st )



st+1 = 0



(11)



FOC Shares Shares S (f; st ) pay a return in every state st+1 , thus we need to weight each state by its probability and sum the payo¤s. Dividends are paid out one period after share purchase. @L @S (f; st )



=



t



Pr st



st



1



st



=



t



Pr st



st



1



st



)



P W (st ) F (st ) + t Z (s ) st+1 jst



P W (st ) F (st ) = Z (st ) t+1 s jst



st



1



P W (st ) F (st ) + t Z (s ) st+1 jst



Use the relation Q st+1 jst =



(st+1 )



Pr st+1 jst



Pr st+1



st+1



t+1



Pr st+1



st+1 D f; st



st+1 D f; st (st )



Pr st+1 jst



to get



(st )



P W (st ) F (st ) = Q st+1 jst D f; st . t Z (s ) t+1 t s js



st



1



@W st+1 @S (f; st )



t+1



Further, since D (f; st ) is known (constant) in t, we can take it out of the summation to obtain



Using the arbitrage relation



Using D (f; st ) =



W (st ) F (st ) = D f; st Z (st )



st



1 P



st+1 jst



t t 1 P (s )Y (s ) N (st )



1 R(st ) ,



Q st+1 jst =



st+1 jst



Q st+1 jst .



we …nd



W (st ) F (st ) D (f; st ) = . Z (st ) R (st )



st



1



P



to replace pro…ts yields the free entry condition st



1



W (st ) F (st ) 1 P (st ) Y (st ) = . Z (st ) R (st ) N (st )



(12)



The entry cost must equal …rm pro…ts adjusted for the cost of holding money. FOC Wages We should index each worker by h 2 [0; 1], given that workers have monopoly power over their labour services. However, because we consider only symmetric equilibria and for ease of notation, we drop the h-subscript here. Note that the individual worker takes the entry cost (6) as given when setting his wage rate. Imperfectly competitive labour market and ‡exible wages @L @W (st )



)



t



=



Pr st VL st



=



t



Pr st



VL st



=



t



Pr st



VL st



P @L (st ) + t @W (s ) st+1 jst



P L (st ) + t W (s ) st+1 jst P L (st ) + W (st ) st+1 jst



VL (st ) = W (st )



Using the identity Pr st+1 jst =



Pr(st+1 ) Pr(st )



1



t+1



Pr st+1



W st =



@W st+1 @W (h; st )



t+1



Pr st+1



st+1



st



t+1



Pr st+1



st+1



st L st (1



st



P



st+1 jst



and



st+1



(st ) R(st )



=



Pr st+1 Pr (st )



P



st+1 jst



5



@L (st ) W st @W (st ) )



st+1



Pr st+1 jst



VL (st ) R (st ) . 1 (st ) (st )



L st +



st+1 from (11), we get



Now use



(st ) =



UC (st ) P (st )



from (10) and rearrange to get W (st ) 1 = P (st ) R (st )



st



VL (st ) . 1 UC (st )



(13)



The intratemporal marginal rate of substitution between labour and consumption, times the wage markup 1 , must equal the after-tax real wage adjusted for the cost of holding money. Imperfectly competitive labour market and sticky wages Given that we want to maximise period-t value of nominal wealth next period, we need to divide by R (st ). ( ) t+1 P st+1 @W st+1 @L t+1 t+1 t t+1 @L s = Pr s js VL s + @W (st+1 ) st @W (st+1 ) R (st+1 ) @W (st+1 ) st+1 jst ( P L st+1 t+1 = Pr st+1 jst VL st+1 W (st+1 ) st+1 jst " #) st+1 @L st+1 t+1 t+1 t+1 t+1 + s L s VL s W s + R (st+1 ) @W (st+1 ) ) ( t+1 P st+1 t+1 t+1 t+1 t+1 t t+1 L s + (1 ) s L s = Pr s js VL s W (st+1 ) R (st+1 ) st+1 jst



The wage set today is



t+1



W s



=



1



and so the preset wage is t



W s



Since



(st ) =



UC (st ) P (st ) ,



=



P



1



W h; s



=



1



Pr st+1 jst VL st+1 L st+1 t+1



(s ) Pr (st+1 jst ) R(s (st+1 ) L (st+1 ) t+1 )



st+1 jst



this becomes t



st+1 jst



P



P



st jst



P



st jst



P



1



Pr (st jst



st jst



P



st jst



1



Pr st jst



1



1



1



1)



Pr st jst



Pr (st jst



1)



VL (st ) L (st )



(st ) R(st )



1



(st ) L (st )



.



VL (st ) L (st )



UC (st ) R(st )P (st )



(st ) L (st )



Summary of Household Optimality Conditions FOC riskfree bonds



UC (st ) = R st P (st )



P



st+1 jst



FOC state-contingent bonds Q st+1 jst =



Pr st+1 jst



FOC shares



UC st+1 P (st+1 )



UC st+1 =P st+1 UC (st ) =P (st )



W (st ) F (st ) D (f; st ) = Z (st ) R (st )



st



1



Pr st+1 jst



FOC wages (‡exible) st



W (st ) 1 = P (st ) R (st )



VL (st ) 1 UC (st )



FOC wages (sticky) t



W s



=



1



P



P



st jst



st jst 1



1



Pr st jst



Pr (st jst 6



1)



1



VL (st ) L (st )



UC (st ) R(st )P (st )



.



(st ) L (st )



.



(14)



This last equation can alternatively be written as P



W st =



1 st jst



where



1



Government



1



st



UC (st ) R(st )P (st )



st = P



st jst



1.4



Pr st jst



1



Pr (st jst



VL (st ) R (st ) P (st ) UC (st ) (st )



(st ) L (st ) UC (st ) R(st )P (st )



1)



(st ) L (st )



,



.



The government …nances an entry subsidy (st ) and a labour income subsidy (st ) with lump sum taxes collected in the goods market. In addition, it makes a monetary transfer X (st ) to the household in the asset market …nanced by an expansion of the money stock, M s (st ) M s st 1 . Thus, the government budget constraint is given by M s st +



st



W (st ) F (st ) + Z (st )



st



1 W st L st = M s st



The law of motion for the money stock is given by M s (st ) = M s st



1.5



1



1



+ T st + X st .



+ X (st ).



Market Clearing



Labour L (st ) is used to produce consumption goods and to produce entrants: L st = N st



Lc st + Lf st



.



Using (2) and (5), labour market clearing requires Z st L st = N st



Y f; st + F st



.



(15)



The market clearing conditions for …nal goods, the two types of bonds, shares and money are, respectively, Y st = C st ,



(16)



B st = A st ; st+1 = 0, S f; st = 1, t



M s



=M



s



(17)



t



s ,



at every date t = 0; 1; 2; : : :, and in every state st 2 S t .



1.6



Returns to Product Diversity and Marginal Rate of Transformation



Under symmetry, the aggregate price index is P st = P f; st N st



1 1



.



(18)



Y f; st .



(19)



The production function of the …nal goods …rm reduces to Y st = N st



1+



1 1



Using (4), (18), (19) and (16), …rm pro…ts can be expressed as a fraction of total consumption expenditure divided by the number of active …rms: D f; st =



1 P (st ) C (st ) . N (st )



(20)



Next, we derive an aggregate production function for this economy by combining the production function of the …nal goods …rm (19) with the production function of the intermediate goods …rms (2), Y st = N st



1 1



7



Z st LC st ,



(21)



where LC (st ) = N (st ) Lc (st ) denotes the total labour input used in the production of goods. From (21) we see that 1 1 represents the degree of returns to product diversity. If 1 1 > 0 , > 1, there are increasing returns to product diversity. As ! 1, i.e. as the elasticity of substitution between inputs into …nal good production increases, the degree of increasing returns to product diversity diminishes. See also Kim (2004). Di¤erentiating (21) with respect to labour LC (st ), we have @Y (st ) = N st @LC (st )



1 1



Z st . 1



The N (st ) producers active in the economy transform one labour unit into N (st ) 1 Z (st ) units of the …nal good Y (st ). Notice that in the standard model with an exogenous level of government consumption and a constant number of …rms, the marginal rate of transformation (MRT) is simply equal to productivity Z (st ). Then the social and private marginal rates of substitution are the same. Here, the social 1 MRT contains the endogenous term N (st ) 1 relating to the increasing returns to product diversity. Raising the number of …rms by one unit gives rise to a positive externality on total output.



1.7



Imperfectly Competitive Equilibrium



An imperfectly competitive equilibrium is a set of prices f P st ; P f; st ; Q st+1 jst ; R st ; W st



g1 , f 2[0;Nt ];st 2S t t=0



allocations f(Y st ; Y f; st ; Lc st ; Lf st )f 2[0;Nt ];st 2S t g1 t=0 , f C st ; N st ; L st



g1 , f 2[0;Nt ];st 2S t t=0 g1 , f 2[0;Nt ];st 2S t t=0



f M st ; B st ; A st ; st+1 ; S f; st and policies f T st ; X st ;



st ;



g1 , st 2S t t=0



st



such that: 1 t 1. Given the prices f(P (st ) ; P (f; st ))f 2[0;Nt ];st 2S t g1 t=0 and total consumption demand fY (s )st 2S t gt=0 , t 1 the sequences fY (f; s )f 2[0;Nt ];st 2S t gt=0 maximise the pro…ts of the …nal goods …rm. t 1 2. Given the prices f(P (st ) ; W (st ))st 2S t g1 t=0 and demand fY (f; s )f 2[0;Nt ];st 2S t gt=0 , the sequences t 1 fP (f; s )f 2[0;Nt ];st 2S t gt=0 maximise the pro…ts of the intermediate goods …rms.



3. Given the prices f P st ; Q st+1 jst ; R st



g1 , st 2S t t=0



labour demand fL (st )st 2S t g1 t=0 and policies f(T st ; X st ;



st ;



st )st 2S t g1 t=0 ,



the sequences f(C st ; W st )st 2S t g1 t=0 , fM st ; B st ; A st ; st+1 ; S f; st )f 2[0;Nt ];st 2S t g1 t=0 solve the household problem. 4. All markets clear.



8



2



First Best Allocation



The First Best problem is as follows: max



1 X X



1



f(C(st );L(st );N (st ))st 2St gt=0 t=0



t



Pr st



U C st



V L st



,



st



subject to the resource constraint 1



Z st L st = N st



C st + N st F st .



1



(22)



The resource constraint (22) is derived by substituting the …nal goods production function under symmetry (19) in the labour market clearing condition (15). Let t Pr (st ) (st ) be the Lagrange multiplier on (22). We write the Lagrangian problem as max



min



1



f(C(st );L(st );N (st ))st 2St g



t=0



f (st )st 2S t g1 t=0



LF B ,



where LF B



=



1 X X t=0 st



st



+ First order conditions:



t



Pr st



h



Z st L st



@LF B = @C (st )



t



@LF B = @L (st ) @LF B = @N (st )



t



U C st



Pr st t



1



N st



st N st



VL st + 1



st



1



C st



1



n UC st



Pr st



Pr st



V L st



st Z st 1



N st



1



1



C st



N st F st



1 1



o



io



.



= 0,



= 0, F st



= 0:



The First Best allocation satis…es (22) as well as VL (st ) = N st UC (st ) 1



F st =



1



Z st ,



1



1



N st



(23)



1



1 C st . (24) 1 Equation (23) is an intrasectoral e¢ ciency condition. It states that the marginal rate of substitution between labour and consumption, VL (st ) =UC (st ), must equal the marginal rate of transformation of 1 labour into consumption, N (st ) 1 Z (st ). Equation (24) is an intersectoral e¢ ciency condition. It states that the cost (in e¤ective labour units) of producing one additional …rm, F (st ), must equal the reduction in the number of e¤ective labour units required in the production of goods,



1 1



1



N st



1



1



C st ,



i.e. the e¢ ciency gain, brought about by this extra …rm. Let us de…ne two wedges, an intrasectoral wedge (st ) and an intersectoral wedge . The …rst is de…ned as the ratio of the marginal rate of substitution between labour and consumption to the marginal rate of transformation, st



VL (st ) =UC (st ) Z (st ) N (st )



1



.



1



The second is the di¤erence between the marginal product of new …rms in goods production and their marginal cost, in terms of labour units, st



1



1



1 N (st ) C (st ) t 1 Z (s )



N (st ) F (st ) . Z (st )



In the First Best allocation, the two wedges are constant. In particular, 9



FB



(st ) = 1 and



FB



(st ) = 0.



2.1



Log-Linear Utility



We assume log consumption utility and linear labour disutility, such that UC (st ) = C (st ) VL (st ) = 1. Then (23) becomes 1 1 C (st ) N (st ) . 1= t Z (s )



1



and (25)



The right hand side of (25) is the number of hours devoted to the production of goods. Thus, (25) states that in the First Best, labour employed in goods production is constant and equal to 1. We can write the First Best allocation recursively as follows 1



N st =



Z (st ) ; 1 F (st ) 1



C st = N st



Z st ;



1



L st =



1



.



The number of …rms N (st ) is proportional to productivity Z (st ) and inversely proportional to the entry cost F (st ). The factor of proportionality is the degree of increasing returns to product diversity 1 t t 1 . Given the number of …rms, consumption C (s ) is increasing in productivity Z (s ). Expressing consumption as a function of exogenous variables only, we have t



C s



=



1



1 1) F (st )



(



1



Z st



1



Thus, consumption is increasing in productivity Z (st ), with elasticity 1 . It is decreasing in the entry 1 cost F (st ), with elasticity 1. Labour is constant at 1 and in government spending, with elasticity 1.



2.2



Constant Relative Risk Aversion Utility



Note that labour is constant only in the log utility case. Consider constant relative risk aversion (CRRA) utility where UC (st ) = C (st ) . Then the First Best allocation satis…es the intrasectoral e¢ ciency condition 1 1 N (st ) t C s = , (26) Z (st ) as well as the intersectoral e¢ ciency condition (24) and the resource constraint (22). Using (26) in (24) and in (22) we get 1 1 N st F st = Z st C st ; (27) 1 L st = C st



1



+



N (st ) F (st ) . Z (st )



Now plugging (27) into (28) we get L st =



1



1



C st



.



Finally, combining (26) and (27) to solve for N (st ) we have the following recursive system: t 1+



1



1



N s



1



C st = L st =



=



1



N (st ) Z (st ) 1 10



1



Z (st ) , 1 F (st ) 1



C st



1



! 1



1



, :



(28)



3



Optimal Policy Problem



3.1



Present Value Budget Constraint



Under the assumption of complete contingent claims markets, one can write the consumer budget constraint in present value form. First, weight each equation (7) by the period-0 value of wealth in state st , Q st js0 . Second, sum the resulting equations across states and dates, using the no-Ponzi game condition (9). Doing so eliminates bond holdings from the budget constraint. Finally, substitute the cash-in-advance constraint (8), holding with equality, to eliminate money holdings. The resulting present value household budget constraint is W s0



>



1 P Q st js0 P ( )



R st P st C st 2 t N (s ) 1 P R P Q st js0 4 S f; st 1 + t=1 st



3.2



st W st L st + T st



R(st )



t=0 st



N (st



R



W (st ) F (st ) df Z (st )



t



s



0



1



) S f; st



1



D f; st



0



Imperfectly Competitive Equilibrium: Compact Form



More compactly, we can de…ne an imperfectly competitive symmetric equilibrium as a set of prices n o1 P st ; P f; st ; Q st+1 jst ; Q st+1 js0 ; R st ; W st st 2S t , t=0



allocations



and policies



n



such that:



n



C st ; N st ; L st



T st ; M s st ;



st 2S t



st ;



st



o1



t=0



st 2S t



,



o1



t=0



,



1. the household present-value budget constraint is satis…ed, 0 +



1 P Q st js0 P ( )



t=0 st 1 P P



t=1 st



R(st )



Q st js0



R st P st C st N st



1



st W st L st + T st W (st ) F (st ) Z (st )



st



1



P st



1



C st



(30) 1



,



2. the resource constraint is satis…ed1 , 1



Z st L st = N st



1



C st + N st F st ,



3. the following equilibrium conditions are satis…ed P f; st =



W (st ) ; 1 Z (st )



(31)



Q st+1 js0 = Q st js0 Q st+1 jst ; P



st+1 jst



Q st+1 jst =



1 ; R (st )



P st = P f; st N st



(33)



1 1



;



M s st = P st C st ; 1



st



(32)



W (st ) F (st ) P (st ) C (st ) = , t Z (s ) R (st ) N (st )



(34) (35) (36)



1 If the resource constraint and the household budget constraint are satis…ed, the government budget constraint is satis…ed by Walras’Law.
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1



(29) 3



df 5 .



as well as



W (st ) = P (st )



st



VL (st ) R st , 1 UC (st )



(37)



under ‡exible wages or t



W s



=



1



under sticky wages.



P



P



st jst



st jst



1



1



Pr st jst



Pr (st jst



1)



1



VL (st ) L (st )



UC (st ) R(st )P (st )



(st ) L (st )



,



(38)



The resource constraint (22) is derived by substituting the …nal goods production function under symmetry (19) in the labour market clearing condition (15). We derive (30) using the market clearing condition for shares (17) and the expression for …rm pro…ts (20) in the present value household budget constraint (29). Substituting the goods market clearing condition (16) in the …rst order condition for shares (12) yields the free entry condition (36). The planner is free to set a path for lump-sum taxes T (st ) to satisfy (30), while the variables P (f; st ), Q st+1 js0 , Q st+1 jst , P (st ) and M s (st ) adjust to satisfy (31) to (35). The remaining equilibrium conditions restricting the planner problem are (36) and (37) under ‡exible wages or (38) under sticky wages.



4



Optimal Policy under Flexible Wages



4.1



Implementability Condition and Planner Problem 1



The set of implementable allocations for (C (st ) ; L (st ) ; N (st ))st 2S t t=0 is restricted by the implementability condition Z (st ) UC (st ) (st ) C (st ) VL st , (39) = 2 1 [1 (st )] F (st ) R (st ) N (st ) and the resource constraint (22) for any path of the interest rate R (st ) 1, the labour income tax (st ) and the entry subsidy (st ). Equation (39) is derived by combining the free entry condition (12) with the wage setting equation (13) to eliminate W (st ), and rearranging. Let t Pr (st ) ' (st ) be the Lagrange multiplier on the implementability constraint (39). Disregarding the distortionary tax instruments, the planner problem is as follows max



min



1 t t f(R(st );C(st );L(st );N (st ))st 2S t g1 t=0 f( (s );'(s ))st 2S t gt=0



LOf ,



where LOf



=



1 P P



t



t=0 st



+



Pr st



V L st



h



st t



+' s



1



1 C st Z st L st N st " Z (st ) UC (st ) (st ) C (st )



[1



subject also to the constraint that R (st )



4.2



U C st



2



(st )] F (st ) R (st ) N (st )



i



N st F st t



1



VL s



#)



,



1; 8st , 8t.



Optimal Interest Rate Policy



The interest rate policy problem under ‡exible wages is to choose a path for the interest rate R (st ) to maximise LOf . The …rst order condition is @LOf = @R (st )



2



t



Pr st ' st



Z (st ) UC (st ) (st ) C (st ) [1



Of



3



(st )] F (st ) R (st ) N (st )



1



.



@L Of We have that @R(s , decreases as we increase the interest rate t ) < 0. Welfare, as summarised by L t t R (s ). It follows that R (s ) should be as low as possible. Given the lower bound of 1 on the gross
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interest rate, this implies that the Friedman Rule, R (st ) = 1, is optimal. As can be seen from (13), the money distortion a¤ects the intra-temporal labour-leisure tradeo¤ decision. It drives a wedge between the marginal rate of substitution between consumption and labour and the marginal rate of transformation. The higher R (st ), the greater is this wedge. It follows that the interest rate should be equal to its lowest possible value. Notice that under the Friedman Rule, the cash-in-advance constraint is no longer binding and hence the level of real money holdings is not determined. To avoid this indeterminacy, we consider equilibria in which the interest rate approaches 1.



4.3



Optimal Allocations under the Friedman Rule



Under the Friedman Rule, the planner problem is written as follows: max



min



1 t t f(C(st );L(st );N (st ))st 2S t g1 t=0 f( (s );'(s ))st 2S t gt=0



LOf F ,



where LOf F



1 P P



=



t



t=0 st



st



+



+ ' st



Pr st



h



U C st



Z st L st



V L st 1



N st



1



C st



Z (st ) UC (st ) (st ) C (st ) [1 (st )] F (st ) N (st )



N st F st 1



VL st



.



i



Note: we assume that utility is separable in consumption and labour, such that VLC = VCL = UCL = ULC = 0. First order conditions: @LOf F @C (st )



t



=



n UC st



Pr st



+' st @LOf F = @L (st )



t



@LOf F @N (st )



VL st +



t



=



1



Z (st ) (st ) UCC st C st + UC st (st )] F (st ) N (st )



[1



Pr st



1



st N st



Pr st



' st



st Z st



1



st



1



' st



1



N st



1



Z (st ) UC (st ) (st ) C (st ) 2



(st )] F (st ) N (st )



[1



)



1 1



VLL st



C st



= 0,



= 0;



F st



= 0.



Rearranging and combining the …rst and the third FOC with the implementability constraint (39) gives UC st =



1



st N st



1



VL (st ) UCC st C st + UC st 1 UC (st ) C (st )



' st



VLL (st ) VL (st ) , 1 VL (st ) Z (st )



st = 1 + 't st ' (st ) (st )



1



VL st =



1 1



,



N st



1 1



C st



N st F st



Wedges We now derive the optimal intersectoral and intrasectoral wedges under ‡exible wages. Substituting out (st ) in …rst and third FOC, we get t



VL (s ) =UC (s ) Z (st ) N (st )



1 + ' (st )



t



1



VL (st ) 1 UC (st )C(st )



=



1+



1
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f



UCC (st )C (st ) UC (st )



(st )



+1 ,



1



1



' (st ) 1 N (st ) F (st ) = , Z (st ) 1 + f (st )



1 N (st ) C (st ) 1 Z (st )



where f



VLL (st ) . 1 VL (st )



st = ' st



Thus, the optimal wedges under ‡exible wages are VL (st ) 1 UC (st )C(st )



1 + ' (st ) f



t



s



=



f



1+ f



st =



UCC (st )C (st ) UC (st )



f



,



(st )



' (st ) 1+



+1



1



(st )



(40)



.



(41)



Making use of the implementability condition, we may alternatively write these wedges as follows 1 + ' (st ) f



st =



f



[1



f



1+ st =



' (st )



UCC (st )C (st ) UC (st )



Z (st ) (st ) (st )]F (st )N (st )



,



(st )



UC (st )C (st ) Z (st ) (st ) (st )]F (st )N (st ) VL (st ) f t 1+ (s )



[1



+1



.



Log-Linear Utility 1



2



We assume log consumption utility such that UC (st ) = C (st ) and UCC (st ) = C (st ) . We also assume linear labour disutility such that VL (st ) = 1 and VLL (st ) = 0. Then f (st ) = 0 and the optimal allocation under ‡exible wages satis…es C (st )



1



1



= 1,



1



Z (st ) N (st )



1



N (st ) F (st ) = ' st Z (st )



1 N (st ) C (st ) t 1 Z (s )



1



,



as well as (22) and 1



N st =



[1



(st ) Z (st ) . (st )] F (st )



We can write this system recursively as follows. Endogenous variables: C (st ), N (st ), L (st ), ' (st ). Exogenous variables: F (st ), Z (st ). Policy variables (st ), (st ). Parameters: , . 1



N st =



[1



(st ) Z (st ) ; (st )] F (st )



C st = Z st N st 1



L st = 1 + ' st =



[1



1 1



(42)



1 1



;



(43)



(st ) ; (st )] L st



(44) .



The number of …rms N (st ) moves one-to-one with the labour income subsidy (st ), with the entry subsidy (st ), and with productivity Z (st ). It is a negative function of the wage markup 1 , the elasticity of substitution between goods and the entry cost F (st ), with elasticity 1. A higher product market distortion (a lower price elasticity of demand for goods, ) increases the …rms’ pro…t share 1 and therefore creates an incentive to enter the market. Labour is increasing in the entry subsidy (st )
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and in the labour income subsidy (st ). It is decreasing in the wage markup substitution . Writing consumption in terms of exogenous variables we have t



C s



=



[1



in the elasticity of



1



(st ) (st )] F (st )



1



1,



1



Z st



1



.



Consumption is decreasing in the wage markup 1 , in the elasticity of substitution between goods 1 t t and the entry cost F (s ), with elasticity 1 , and increasing in the labour income subsidy (s ), with 1 t t elasticity 1 > 0. Further, C (s ) is increasing in productivity Z (s ), with elasticity 1 > 0. Given the cash-in-advance constraint, real money balances are equal to consumption. From (13), we can back out the real wage as C (st ) W (st ) = . P (st ) (st ) Writing the real wage in terms of exogenous variables we have the following: W (st ) = P (st )



1 [1



1 (st )] F (st )



1 1



Z st



1



st



2 1



.



Hence, the real wage in the optimal allocation under ‡exible wages is decreasing in the wage markup 1 and in the entry cost F (st ), with elasticity 1 , in the elasticity of substitution between goods 1: 1 t t It is increasing in the entry subsidy (s ), with elasticity 1 , and in productivity Z (s ), with elasticity 2 t 1 , and decreasing in the labour subsidy (s ) with elasticity 1 < 0. Writing real pro…ts in terms of exogenous variables only, we …nd 1 D (f; st ) = Z st P (st )



1



1



1



(st ) F (st ) [1 (st )]



2 1



.



Real pro…ts are increasing in productivity Z (st ), with elasticity 1 1 and in the entry cost F (st ), with elasticity 2 1 . Pro…ts are decreasing in the wage markup (st ), and the 1 , the entry cost subsidy 2 t labour income subsidy (s ), all with elasticity 1 < 0. Pro…ts are also decreasing in the elasticity of 1 substitution between goods , with elasticity 1 . Firm output is given by Y f; st =



1 1



(st ) (st )



F st .



Firm output is positively related to the wage markup 1 , to the degree of substitution between intermediate inputs and the entry cost F (st ), with elasticity 1. It is negatively related to the labour income subsidy (st ), and the entry subsidy (st ), with elasticity 1. If tax policy is absent, i.e. if (st ) = 1 and (st ) = 0, the optimal ‡exible-wage allocations are given by 1 Z (st ) N Of st = , F (st ) 1



C Of st = Z st N st LOf st = 1 +



1



1



,



:



Labour and the number of …rms are suboptimally low, i.e. N Of (st ) < N F B (st ) and LOf (st ) < LF B (st ). @C (st ) With a suboptimally low number of …rms, consumption is also below its First Best level, since @N (st ) > 0.



4.4



Fiscal Policy



Distortionary Fiscal Policy The wedge between the optimal ‡exible-wage allocation and the First Best allocation is constant and the optimal gross labour income subsidy (st ) equals the joint markup 1 1 . Alternatively, we can use the optimal entry subsidy 1 1(st ) = 1 1 , such that 1 (st ) = 1 1 . For example, setting = 3:8 and = 10, the optimal gross labour income subsidy in steady state is = 1:51. Alternatively, 1 the First Best can be attained with an optimal entry subsidy of = 1 1:5 = 0:33, i.e. 33% of the entry cost should be …nanced by the government. 15



Lump Sum Entry Subsidy In this section we shut o¤ all distortionary …scal policies, i.e. we set (st ) = 0 and (st ) = 1. Instead, we assume that there exists a lump sum entry subsidy of SE (st ), …nanced with lump sum taxes on the household, such that the nominal entry cost becomes W (st ) F (st ) Z (st )



SE;t .



Denote this new entry cost by FG (st ). The government budget constraint, in nominal terms, becomes M s st + SE;t +



st



1 W st L st = M s st



1



+ T st + X st .



The only equilibrium condition a¤ected is the …rst order condition for shares, which becomes FG st =



D (f; st ) . R (st )



(45)



Combining (45) with the pro…t function (20), the free entry condition becomes FG st =



P (st ) C (st ) . R (st ) N (st )



(46)



The policy maker can choose SE;t and hence the entry cost to satisfy the free entry condition (46), which is no longer a¤ected by the wage rate. Then the only remaining constraint is the resource constraint and the policy problem is identical to the First Best problem.
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Optimal Policy under Sticky Wages



5.1



Implementability Condition and Planner Problem



Solve the free entry condition (36) for the price level to get P st =



(st )] W (st ) F (st ) R (st ) N (st ) Z (st ) C (st )



[1



Plugging this into the sticky-wage equation (14) to eliminate P (st ) we obtain P t t 1 VL (st ) L (st ) st jst 1 Pr s js 1= . P UC (st )Z(st )C(st ) t t t t 1) 1 st jst 1 Pr (s js [1 (st )]F (st )R2 (st )N (st ) (s ) L (s ) Note that we have cancelled W (st ), which is given in t expectations, we have X UC (st ) Z (st ) C (st ) Pr st jst 1 [1 (st )] F (st ) R2 (st ) N (st ) t t 1



1. Rearranging, and using the law of iterated st L st



1



s js



VL st L st



= 0.



(47)



This is the implementability condition (IC) under sticky wages. The constraints of the policy problem are the implementability constraint (47) and the resource constraint (22). Because the IC under sticky wages (47) is the expected value of the IC under ‡exible wages (39), and the resource constraint is binding in both cases, it follows that the optimal allocation under ‡exible wages is contained in the set of implementable allocations under sticky wages. It remains to be checked whether this allocation is optimal under sticky wages. Let t ' st 1 Pr (st ) be the Lagrange multiplier on the constraint (47). Then the planner problem is as follows min LOs , max 1 1 t t t t f(R(s );C(s );L(s );N (s ))st 2S t gt=0 f( (st );'(st



1 ))



st 2S t gt=0



where the Lagrangian is given by LOs



=



1 P P



t=0 st



+



+



st



t



Pr st h



1 P P



t=0 st



1



U C st



Z st L st t



' st



1



P st



N st Pr st



V L st 1 1



[1



C st



N st F st



io



UC (st ) Z (st ) C (st ) (st )] F (st ) R2 (st ) N (st ) 16



st L st



1



VL st L st



,



1



with '0 s



5.2



= 0.



Optimal Interest Rate Policy



Os The interest rate policy problem under sticky wages is to choose fR (st )st 2S t g1 . The t=0 to maximise L First Order Condition is



@LOs = @R (st ) such that



5.3



@LOs @R(st )



t



2



Pr st ' st



1



2 [1



UC (st ) Z (st ) C (st ) (st )] F (st ) R3 (st ) N (st )



st L st ,



< 0 and therefore the Friedman Rule is optimal.



Optimal Allocations under the Friedman Rule



Under the Friedman Rule, the planner problem is written as follows: max



min 1



t t f(C(st );L(st );N (st ))st 2S t g1 t=0 f( (s );'(s



))st 2S t g1 t=0



LOsF ,



where the Lagrangian is given by LOsF



1 P P



=



t



Pr st



t=0 st



+



1 P P



t=0 st



with ' s



1



h



st



+



U C st



Z st L st t



' st



1



N st F st



UC (st ) Z (st ) C (st ) [1 (st )] F (st ) N (st )



Pr st



st



1



C st



io



st L st



1



VL st L st



= 0. First Order Conditions:



@LOsF @C (st )



t



=



=



1



Pr st



Pr st



st N st



1 1



Z (st ) (st ) L st (st )] F (st ) N (st )



[1



UCC st C st + UC st



0,



t



=



Pr st VL st +



+ t ' st =



t



Pr st UC st



+ t ' st



@LOsF @L (st )



1



N st



P



1



V L st



1



t



Pr st



st Z st



UC (st ) Z (st ) C (st ) (st ) [1 (st )] F (st ) N (st )



Pr st



1



VLL st L st + VL st



0, @LOsF @N (st )



t



=



Pr st t



=



' st



1



st 1



1



1



1 C st F st 1 UC (st ) Z (st ) C (st ) (st ) t 2L s [1 (st )] F (st ) N (st )



Pr st



N st



0.



Rearranging and cancelling terms, we get 1



UC st =



st N st



VL st =



st Z st + ' st 1 1



N st



1



1 1



C st



' st 1



1



[1



Z (st ) (st ) L st (st )] F (st ) N (st )



UC (st ) Z (st ) C (st ) (st ) [1 (st )] F (st ) N (st ) N st F st =



1



UCC st C st + UC st VLL st L st + VL st



' st 1 UC (st ) Z (st ) C (st ) (st ) L st . (st ) [1 (st )] F (st ) N (st )



17



,



,



,



Wedges (st ) = [1 +



Solving the second equation for wedges under sticky wages, t



VL (s ) =UC (s ) 1



Z (st ) N (st ) 1



1 + ' st



t



s



(st )]



1



and substituting, we obtain the optimal



Z (st ) (st ) t (st )]F (st )N (st ) L (s )



1 [1



=



1+



1



1 N (st ) C (st ) 1 Z (st )



VL (st ) Z(st )



s



UCC (st )C (st ) UC (st )



+1 ,



(st )



' st 1 N (st ) F (st ) UC (st ) Z (st ) C (st ) (st ) = L st , Z (st ) 1 + s (st ) [1 (st )] F (st ) N (st ) VL (st )



where s



st = 't st



VLL (st ) L st + 1 VL (st )



1



UC (st ) Z (st ) C (st ) (st ) 1 [1 (st )] F (st ) N (st ) VL (st )



1



.



Thus, the optimal wedges under sticky wages are 1 + ' st s



t



s



1 [1



Z (st ) (st ) (st )]F (st )N (st )



=



s



s



1+ st =



' st



1 [1



UCC (st )C (st ) UC (st )



+ 1 L (st ) ,



(st )



UC (st )C (st ) Z (st ) (st ) L (st ) (st )]F (st )N (st ) VL (st ) . 1 + s (st )



(48)



(49)



Under what conditions does the ‡exible-wage optimal allocation coincide with the sticky wage optimal allocation? To answer this question, we need to compare the optimal wedges under ‡exible wages, (40) and (41), with those under sticky wages, (48) and (49). Only if L (st ) = 1 (the case of …xed labour supply) does the ‡exible-wage allocation satisfy the …rst order conditions under sticky wages. Then f (st ) = s (st ) = 0 and the optimal wedges coincide. Under ‡exible wages, the Friedman Rule is optimal and implements the unique allocation given by (42) to (44). The optimal allocation is una¤ected by the money supply policy. The size of the money stock a¤ects only (and pins down) the nominal variables P (st ), P (f; st ), W (st ) and D (f; st ). This is the nominal indeterminacy under ‡exible wages as explained in Adão et al (2003). Under sticky wages, the Friedman Rule is again optimal. At the Friedman Rule, there are multiple implementable allocations associated with di¤erent money supplies, which all satisfy the implementability condition. Within the set implementable allocations, the policy maker picks the optimal one, which in general does not coincide with the ‡exible-wage allocation. Log-Linear Utility We assume log consumption utility and linear labour disutility. The optimal allocation under sticky wages satis…es the four-equation system C (st ) Z (st ) N (st ) 1



1



1 N (st ) C (st ) t 1 Z (s )



=



1 1



1 1+



st = ' st



(st )



' st N (st ) F (st ) = Z (st )



where s



s



1



1



[1



,



1



1



(50) Z (st ) t F (st )N (st ) L (s ) , + s (st )



Z (st ) (st ) (st )] F (st ) N (st )



,



together with the resource constraint (22) and the implementability constraint X



Pr st jst



1



for C (st ), L (st ), N (st ), ' st



1



st jst



1



[1



Z (st ) (st ) L st (st )] F (st ) N (st )



. 18



1



L st



= 0,



(51)



In the following, I show that if hours, consumption and entry were below their ‡exible-wage levels, both the intra- and intersectoral wedge would be higher than under ‡exible wages, which cannot be optimal. Recall that the optimal ‡exible-wage allocations are given by () to (). Suppose that the optimal policy under sticky wages implies that hours, consumption and entry are below their optimal Of Of Os ‡exible-wage levels in response to expansionary (‘high’) shocks: LOs (h) t (h) < Lt (h), Ct (h) < Ct Of Os and Nt (h) < Nt (h). In particular, rearrange the last inequality as 1 Zt (h) , Ft (h)



NtOs (h) < NtOf (h) =



(52)



to obtain the total number of e¤ective labour units employed in …rm entry, NtOs (h) Ft (h) < Zt (h)



1



.



(53)



The inequality (52) also implies that st (h) < 0, since 't 1 > 0. Then from (50) we have that the optimal intrasectoral wedge under sticky wages is above unity, st (h) > 1 (recall that the ‡exible-wage intrasectoral wedge is unity: ft (h) = 1), which we can rearrange to obtain that the total number of e¤ective labour units employed in goods production exceeds 1, 1



1 CtOs (h) NtOs (h) > 1. Zt (h)



(54)



Thus, (53) and (54) imply that less labour is employed in …rm entry and more in goods production, relative to the ‡exible-wage economy. This implies that the optimal intersectoral wedge under sticky wages must exceed that under ‡exible wages, st (h) > ft (h).
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Entry Cost in Terms of Final Output



I now assume that the exogenous entry cost is given in terms of …nal output instead of e¤ective labour units as in the benchmark model. The new entry cost to set up a single …rm is denoted by Fo (st ). The …nal goods market clearing condition changes to Y st = C st + N st Fo st .



(55)



Total output comprises consumption purchases and entry costs. Real …rm pro…ts are given by D (f; st ) P (f; st ) = P (st ) P (st )



W (st ) Z (st ) P (f; st )



1



Y f; st .



Replacing the price ratio P (f; st ) =P (st ) using the de…nition of the price index, and substituting …rm 1+ 1 1 Y (f; st ), this output Y (f; st ) using the symmetric …nal goods production function Y (st ) = N (st ) becomes D (f; st ) W (st ) Y (st ) = 1 . t t t P (s ) Z (s ) P (f; s ) N (st ) Then, replacing total output Y (st ) using the …nal goods market clearing condition (55), we get D (f; st ) = P (st )



1



W (st ) Z (st ) P (f; st )



C (st ) + Fo st N (st )



.



(56)



The household budget constraint (in nominal terms) becomes X W st M st + B st + Q st+1 jst A st ; st+1 +



Z



st+1 jst



N (s



t



)



S f; st



1



st



P st Fo st df



X st .



0



The …rst order condition for shares is therefore 1



st



P st Fo st = 19



D (f; st ) . R (st )



(57)



Rearranging (57) and replacing real …rm pro…ts by (56) we get the (general) free entry condition: st



1



Fo st R st =



W (st ) Z (st ) P (f; st )



1



C (st ) + Fo st N (st )



.



(58)



The government budget constraint reads M s st +



st P st N st Fo st +



st



1 W st L st = M s st



1



1+



+ T st + X st .



1



1 Y (f; st ) with the inCombining the symmetric …nal goods production function Y (st ) = N (st ) t t t t termediate …rms’ production function N (s ) Y (f; s ) = Z (s ) L (s ) we have the economy’s aggregate production function, 1 1 Z st L st . (59) Y st = N st



Combining equations (55) and (59), respectively goods market clearing and the aggregate production function, yields the aggregate resource constraint 1



N st



1



Z st L st = C st + N st Fo st .



(60)



The remaining equilibrium conditions are unchanged.



6.1



First Best Allocation



The First Best problem is as follows max



f



(C(st );L(st );N (st ))



st 2S t



1 X X



1



gt=0 t=0



t



Pr st



U C st



V L st



,



st



subject to the resource constraint (60). Let t Pr (st ) (st ) be the Lagrange multiplier on the resource constraint. We write the Lagrangian problem as max 1 f(C(st );L(st );N (st ))st 2St gt=0 f



min



(st )st 2S t g1 t=0



B LF o ,



where B LF o



1 X X



=



st



t=0



st



+ First order conditions



Pr st



h



N st



B @LF o = @C (st )



B @LF o = @L (st ) B @LF o = @N (st )



t



t



t



Pr st



Pr st



U C st 1 1



t



n



V L st



Z st L st



Pr st



UC st



VL st + 1



st



1



C st



st



st N st 1



N st



N st Fo st



1



1



io



.



= 0; 1 1



Z st



Z st L st



o



= 0,



Fo st



= 0.



Rearranging, we get UC st = VL st = Fo st =



st , 1



st N st



1 1



N st



1



1



1
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Z st ;



Z st L st .



(st ) we have the three-equation system



Combining the …rst and the second FOCs to eliminate VL (st ) = N st UC (st )



1



1 1



Z st ;



(61)



Fo st = N st



1 1



1 1



1



N st



1



1



Z st L st ,



(62)



Z st L st = C st + N st Fo st .



(63)



to determine C (st ), N (st ) and L (st ). The intrasectoral e¢ ciency condition (61) is the same as in the benchmark model: the marginal rate of substitution (MRS) between labour and consumption must equal the marginal rate of transformation (MRT) of labour into output. Neither the MRS nor the MRT depends on the speci…cation of the entry cost. The intersectoral e¢ ciency condition (62) is, however, di¤erent from the benchmark. It states that the cost (in terms of consumption units) of setting up an additional …rm, Fo (st ), must equal the gain in …nal output that the extra …rm gives rise to, i.e. the marginal product of a …rm or the derivative of (59) with repect to N (st ). As in the benchmark model, we de…ne the optimal intrasectoral wedge as the ratio of the marginal rate of substitution to the marginal rate of transformation, VL (st ) =UC (st ) t . o s 1 N (st ) 1 Z (st ) The optimal intersectoral wedge is the di¤erence between the marginal product of (all) new …rms in goods production and their marginal cost, in terms of consumption units



o



t



s



N (st )



1



Z (st ) L (st ) C (st )



N (st ) Fo (st ) . C (st )



1



FB o



In the …rst best, the optimal wedges are constant. In particular,



(st ) = 1 and



FB o



(st ) = 0.



Log-linear Utility Under log consumption utility and linear labour disutility, the intrasectoral e¢ ciency condition becomes 1



C st = N st



1



Z st .



(64)



Combining the intersectoral e¢ ciency condition (62) and the resource constraint (63) to eliminate L (st ) we …nd 1 N st Fo st = C st + N st Fo st . 1 Rearranging as ( 2) N st Fo st = C st , and combining with (64) to eliminate C (st ) we get (



2) N st Fo st = N st



1 1



Z st .



Finally, we solve for N (st ) to get N st



2 1



1



=



Z (st ) . 2 Fo (st )



(65)



Solving the intersectoral e¢ ciency condition (62) for L (st ) gives L st = (



1)



2 1



Fo (st ) N (st ) Z (st )



.



Using the solution for the number of …rms (65) to eliminate N (st ), this simpli…es to L (st ) = Collecting the equilibrium conditions, we have the recursive system NoF B st =



1



Z (st ) 2 Fo (st )



CoF B st = N st B LF st = o
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1 1



1 2.



1 2



,



(66)



Z st ;



(67)



1 . 2



(68)



Labour is constant in the First Best allocation, which is a consequence of the log utility assumption. Note that labour is unambiguously higher here than in the benchmark model: 1 > 2



B LF st = o



= LF B st .



1



When entry costs are speci…ed in units of consumption, the number of …rms in the First Best responds more to productivity shocks and to entry cost shocks than in the benchmark model. The elasticities are 1 1 1, respectively. In steady state, the 2 and 2 , which is greater (in absolute terms) than 1 and number of …rms is higher than in the benchmark model and there consumption is also higher.



6.2



Flexible Prices and Wages



We …rst consider the case with ‡exible prices and wages, before turning to the sticky-price environment. W (st ) Given the optimal price P (f; st ) = 1 Z(st ) , the free entry condition under ‡exible prices becomes st



1



Fo st R st =



C (st ) + Fo st N (st )



1



.



(69)



Imperfectly Competitive Equilibrium A (symmetric) equilibrium is de…ned as a set of prices n P st ; P f; st ; Q st+1 jst ; Q st+1 js0 ; R st ; W st



allocations



and policies



n



such that:



n



C st ; N st ; L st



T st ; M s st ;



st 2S t



st ;



st



o1



t=0



st 2S t



st 2S t



o1



t=0



,



,



o1



t=0



,



1. the household present-value budget constraint is satis…ed, 0 +



1 P Q st js0 P ( )



t=1 st



R st P st C st



R(st )



t=0 st 1 P P



Q st js0



N st



st



1



st W st L st + T st P st Fo st



1



P st



1



C st



1



,



2. the resource constraint is satis…ed2 , N st



1 1



Z st L st = C st + N st Fo st ,



3. the following equilibrium conditions are satis…ed, st



W (st ) = P (st )



VL (st ) R st , 1 UC (st )



Q st+1 js0 = Q st js0 Q st+1 jst , P 1 Q st+1 jst = , R (st ) st+1 jst P st = P f; st N st



1



1



,



M s st = P st C st , 1



st



Fo st R st = P f; st =



1



C (st ) + Fo st N (st )



,



W (st ) : 1 Z (st )



2 If the resource constraint and the household budget constraint are satis…ed, the government budget constraint is satis…ed by Walras’Law.
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Lump-sum taxes T (st ) are set so as to satisfy the present value household budget constraint, while the variables W (st ), Q st+1 js0 , Q st+1 jst , P (st ), M s (st ) and P (f; st ) adjust to satisfy the …rst six optimality conditions. The remaining equilibrium conditions restricting the planner problem are the free entry condition (69) and the resource constraint (60). Notice that here, the wage setting scheme does not matter for the optimal allocations. I.e. if there is wage stickiness, this does not restrict the set of implementable allocations for the policy maker. This is because the wage rate no longer enters the free entry condition and therefore does not a¤ect the investment margin. From the wage setting condition we see that the optimal labour subsidy (st ) o¤sets the wage markup (st ) does not appear in any other optimality conditon. Since labour is not needed 1 . The variable for …rm entry, the labour income subsidy cannot a¤ect that margin. The only policy variable left with which we can a¤ect the investment margin is the entry subsidy (st ). Implementability Condition and Planner Problem 1



The set of implementable allocations for (C (st ) ; L (st ) ; N (st ))st 2S t t=0 is restricted by the free entry condition (69) and the resource constraint (60) for any path of the interest rate R (st ) 1. Let t Pr (st ) ' (st ) be the Lagrange multiplier on the free entry condition. The planner problem is as follows max min LOf o , 1 1 t t t t t t f(R(s );C(s );L(s );N (s ))st 2S t gt=0 f( (s );'(s ))st 2S t gt=0



where LOf o



=



1 P P



t=0 st



+



st



+ ' st



t



Pr st



h



N st



U C st 1 1



V L st



Z st L st



C st



C (st ) + Fo st N (st )



1



N st Fo st st



1



i



Fo st R st



.



Optimal Interest Rate Policy The interest rate policy problem is to choose a path for the interest rate f(R (st ) maximise LOf o . The …rst order condition is @LOf o = @R (st ) Because



@LOf o @R(st )



t



Pr st ' st



st



1



Fo st .



< 0, the Friedman Rule is optimal.



Optimal Allocations under the Friedman Rule Under the Friedman Rule, the planner problem is written as follows: max



min



1 t t f(C(st );L(st );N (st ))st 2S t g1 t=0 f( (s );'(s ))st 2S t gt=0



F LOf , o



where F LOf o



=



1 P P



t=0 st



+



st



+ ' st



t



Pr st



h



N st



t



Pr st



1



U C st 1 1



Z st L st



C (st ) + Fo st N (st )



V L st C st



N st Fo st



1



st



st +



' (st ) N (st )



Fo st



First order conditions: F @LOf o = @C (st )



UC st



23



= 0;



i



.



1)st 2S t g1 t=0 to



F @LOf o = @N (st )



t



F @LOf o = t @L (s ) (



Pr st



t



n



Pr st 1



st



1



VL st + 1



N st



1



1



1



st N st



1



Z st L st



Z st



o



Fo st



= 0;



' st



C (st ) 2



N (st )



)



= 0.



Rearranging, we have UC st =



' (st ) , N (st )



st



(70)



1



1 VL st = st N st Z st , " # 1 1 N (st ) 1 Z (st ) L (st ) N (st ) Fo (st ) t s : 1 C (st ) C (st )



' (st ) = N (st )



(71) (72)



Wedges We write these …rst order conditions in terms of wedges relative to the First Best e¢ ciency conditions (61) and (62). First, solve (71) for (st ), substitute in (70) and (72) rearrange to get VL (st ) =UC (st ) N (st )



1



Z (st )



=1+



Z (st ) L (st ) C (st ) 1



1



' (st ) , N (st ) UC (st )



'(st ) N (st ) Fo (st ) N (st )UC (st ) = . t) C (st ) 1 + N (s'(s t )U (st ) C



1



N (st )



1



1



Therefore, the optimal wedges under ‡exible prices and wages are as follows f o



' (st ) , N (st ) UC (st )



st = 1 +



f o



st =



1



'(st ) N (st )UC (st ) t) + N (s'(s t )U (st ) C



.



Log-Linear Utility We assume log consumption utility and linear labour disutility. Equation (70) becomes C (st ) . (73) 1 = st C st ' st N (st ) Using the resource constraint (60) in (72) to replace N (st ) ' st



C (st ) = N (st )



1



st



1



1 1



Z (st ) L (st ) gives



C st + (2



) N st Fo st



.



(74)



Combining (73) and (74) to eliminate ' (st ), we can write 1 = (st )



C st



1 1



C st + (2



) N st Fo st



.



Rearranging, 1 (st )



C st



1 = 2



N st Fo st .



(75)



Rewriting the free entry condition (69) and imposing the Friedman Rule, we have C st =



1



st



N st Fo st .



We can eliminate C (st ) in (75) and in the resource constraint (60) to get 1 N st



1 1



st



+ 1 N st Fo st =



Z st L st =



1 24



st



1 (st )



1 , 2



+ 1 N st Fo st .



(76)



Together, these equations imply 1 , 2



L st =



(77)



1



where we have replaced 1= (st ) with N (st ) 1 Z (st ) using (71) with VL (st ) = 1. Plugging (77) into (76), we derive the number of …rms. Collecting equilibrium conditions, we have the following recursive system 2 1 1 Z (st ) 1 = , N st [1 (st )] + 1 2 Fo (st ) C st =



st



1



N st Fo st ,



1 : 2 Comparing this with the First Best allocation (66), (67) and (68), we notice that labour in the optimal allocation under ‡exible prices and wages is constant and equal to its First Best level. Suppose the government does not subsidise entry and so (st ) = 0. Then the number of …rms in the optimal allocation is smaller than in the First Best L st =



2 1



N st



1 +1



=



1



Z (st ) < 2 Fo (st )



1



Z (st ) = NoF B st 2 Fo (st )



2 1



.



The entry subsidy that raises the number of …rms to its First Best level is one that satis…es 1 = 1. (st )] + 1



[1 Thus, the optimal entry subsidy is



st =



2



.



Suppose that the elasticity of substitution between goods varieties is calibrated as = 3:8. Then the government …nances nearly half of the …rms’entry costs. Under this subsidy, the consumption level in the optimal allocation is First Best: C st = (



2) N st Fo st = N st



1 1



Z st = C F B st .



To conclude, when entry costs are speci…ed in terms of …nal output, we can replicate the First Best using a proportional entry subsidy …nanced with lump sum taxes.



6.3



Sticky Prices



In the following, I assume that the exogenous entry cost is given in terms of …nal output and that now prices are sticky. For convenience, I maintain the assumption of a monopolistically competitive labour market. Under sticky prices, the price setting problem becomes maxt



P



P (f;s ) st jst



1



Pr st jst



1



P f; st



W (st ) Z (st )



Y f; st ,



and the associated …rst order condition reads 0=



P



st jst



1



Pr st jst



1



Y f; st + P f; st



W (st ) Z (st )



@Y (f; st ) . @P (f; st )



Substituting the derivative of demand w.r.t. the price, this becomes " P W (st ) P (f; st ) 0= Pr st jst 1 Y f; st P f; st Z (st ) P (st ) st jst 1



# Y (st ) . P (f; st )



Using the input demand function (1), we can write 0=



P



st jst



1



Pr st jst



1



Y f; st



P f; st
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W (st ) Z (st )



Y (f; st ) . P (f; st )



Writing out the sum, 0 = (1



P



)



st jst



1



Pr st jst



1



P



Y f; st +



st jst



1



Pr st jst



1



and solving for the optimal price, we …nd t
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=
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st jst



1



P
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W (st ) Z(st ) (f; st )



Y (f; st )
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1



W (st ) Y (f; st ) , Z (st ) P (f; st )



1



1) Y



.



Finally, substituting out …rm output using the intermediate …rms’production function N (st ) Y (f; st ) = Z (st ) L (st ), we get the optimal price, t



P f; s



=



P



st jst



P



1



st jst



W (st )L(st ) N (st ) Z(st )L(st ) t t 1 Pr (s js ) N (st )



Pr st jst



1



1



1



.



This last equation can alternatively be written as P



P f; st =



1 st jst



with p



1



Pr st jst



1



p



st



W (st ) Z (st )



Z (st )L(st ) N (st )



st = P



st jst



1



Pr (st jst



t t 1 ) Z(s )L(s ) N (st )



,



(78)



.



Imperfectly Competitive Equilibrium



The de…nition of equilibrium is identical to the previous section, except for the free entry condition and the price setting equation, which become 1



st



Fo st R st =



W (st ) Z (st ) P (f; st )



1



as well as



P f; st =



1 st jst



1



Pr st jst



1



p



st



,



W (st ) , 1 Z (st )



P f; st = P



C (st ) + Fo st N (st )



W (st ) Z (st )



,



p



st = P



st jst



Z (st )L(st ) N (st ) 1



Pr (st jst



t t 1 ) Z(s )L(s ) N (st )



,



under ‡exible prices and under sticky prices, respectively. The equilibrium conditions restricting the planner problem are the resource constraint (60) and the free entry condition (58), while the price P (f; st ) adjusts according to the respective scheme. Implementability Condition and Planner Problem We now derive the implementability condition (IC) under ‡exible prices and that under sticky prices, by combining the respective price setting condition with the free entry condition. We …rst rearrange the free entry condition as follows, 0 1 W (st ) @ [1 (st )] Fo (st ) R (st ) A = 1 P f; st . (79) C(st ) t) Z (st ) + F (s t o N (s )



Substituting out the nominal wage in the ‡exible price equation (3) using (79), and cancelling the product price P (f; st ), yields the IC under ‡exible prices: 0 1 t t t (s )] Fo (s ) R (s ) A @1 [1 = 1. (80) C(st ) t 1 t + Fo (s ) N (s )
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Substituting out the nominal wage in the sticky price equation (78), and again cancelling the product price P (f; st ), yields the IC under sticky prices: 8 0 19 < t t t P [1 (s )] Fo (s ) R (s ) A= t @ Pr st jst 1 1 . 1= p s t) C(s t ; : 1 st jst 1 t + Fo (s ) N (s )



(st ), rearranging, and using the law of iterated expectations, this becomes 2 0 1 3 t t t t t t t P [1 (s )] F (s ) R (s ) Z (s ) L (s ) Z (s ) L (s ) o @1 A 5 = 0. Pr st jst 1 4 C(st ) t 1 N (st ) N (st ) st jst 1 t + Fo (s )



Plugging in



p



(81)



N (s )



Because the implementability condition under sticky prices (81) is the expected value of the implementability condition under ‡exible prices (80), and the resource constraint is binding in both cases, it follows that the optimal allocation under ‡exible prices is contained in the set of implementable allocations under sticky prices. 1 Under sticky prices, the set of implementable allocations for (C (st ) ; L (st ) ; N (st ))st 2S t t=0 is restricted by the implementability condition (81) and the resource constraint (60) for any path of the interest rate R (st ) 1. Let t ' st 1 Pr (st ) be the Lagrange multiplier on the constraint (81). Then the planner problem is as follows max



min
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where the Lagrangian is given by LOs o
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= 0.



Optimal Interest Rate Policy The interest rate policy problem is to choose a path for the interest rate f(R (st ) maximise LOs o . The …rst order condition is @LOs o = @R (st ) Because



@LOs o @R(st )



t



Pr st ' st



1)st 2S t g1 t=0 to



[1 (st )] Fo (st ) Z st L st . 1 C (st ) + Fo (st ) N (st )



1



< 0, the Friedman Rule is optimal.



Optimal Allocations under the Friedman Rule Under the Friedman Rule, the planner problem is written as follows: max



min 1
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1



= 0. First Order Conditions:
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Rearranging, and cancelling terms, we have UC st N st



1 1
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VL st = N (st )
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(st ) and rearranging yields the optimal intrasecos
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(st ), we …nd the optimal intersectoral wedge,
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Rearranging the third FOC and substituting out
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Wedges Combining the …rst two FOC to eliminate toral wedge, VL (st ) 1 1 N (st ) 1 Z (st ) s o
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