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On a Class of a-Convex F\rnctions V. Ravichandran and M. Darusl In the present investigation, the authors obtain certain Abstract. differential subordination results for normalized analytic function in the open unit disk by using Miller-Mocanu differential subordination technique. AMS
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1. Introduction Let A be the class of functions of the form



f (r):t + i



(1.1)



anzn



n:2



which are analytic rn the open unit disk a n d l r l< 1 } .



A::{z:zeC



The classesS*(cr) of starlike functions, .9^(o) of ,\-spirallike functions and C^(o)of,\-convexspirallikefunctions,for0So


, s . ( :o-){r r r o ' n\(/ (+' )P) \ ' " )} s ^ ( o ): - { t r o ' n ( r ' ^f +l z$) / t ' . o , , )1 } \ r o'o''r} c ^ ( o ): - { r u o ' n ( , ' ^l , * t \ l ] ) ' ["



\



l.



I'lz) J/
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For two functions / and g analytic in A, we say that the function /(z) is subordinateto g(z) in A and write f 


or



(ze A),



f(r)


if there exists a Schwarz function w(z), analytic in A with u ' ( 0 ): 6



and



lr(r)l < 1



(z e A),



such that f (r) : g(w(z)) (z e A) .



(r.2)



In particular, for any univalent function g, f < g if /(0) : g(0)



and



/(A ) c e(a).



In terms of subordination, the classesS. (a) of starlike functions, ,S)(o) of ,\-spirallike functions and C^ (a) of )-convex spirallike functions can be defined as follows:



(,-A S.(o)



::



^ s ^ ( o :) :



{/*^.



t-



Z" I^ L a


{I r r o



" i x z [ ' - (< 1 )c o ^s r + ( L - 2 q ) z+ i s- i n . \ ] , Ilz)



L-z



)



'1+(L-2a)z,' ''l c^(o):- {f ,o'r'^fr*?f"Q)1 +zsin)]' r-z r L ftl


( t + A z ) l Q + B z()- 1 < B < A < 1 ) ,



7+Az) s.LA,B : -l { t r o , ' # 4 , ( /(t't+BrJ' "l ' r * A z + f sin'\J , s ^ 1 a , r: 1- { f" r o , e ' \ z f ' ( z )< cos ^1* ' p1, f 7d A +z B, ^r + ' ^z:' '-sl i n ) j ' c ^ [ A , B ): - { t r o , r n ^ l : ' f " ( ' ) ) < c.o^'s1^* L t" :+6j w h e r e- 1 < B < A ( 1 a , n dl ^ l < i . RecentlyAl-Oboudiand Hidan[1]haveconsidered a generalclassM Sl[A, B] B < A ( 1, definedby the following:



n f s, lrI,A , B, ,I - { f e€ "A+:: lK{ (( oo,,\A, ,fu( ,r-),),< c o s, !I A +' Bz ,./



']



*esin,\, z e A}
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On a Classol a-Conuer Functions where



cos\#*o K(o,^,/(r)) ': (r'^-CI



(l]l < r l2;0S o < 1)



cos,l + [r #),



M SIIA, B\ and obIn this paper, we define a more general cl,assthan for normalized analytic functain certain differential subordination results technique' tion by using Miller-Mocanu differential subordination - l and o € C' The Definition 1. Let QQ) be analytic in A and @(0) class M"(il is defined bY



) M , ( o ){t,t: €A : ( 1- o # +



' ( r. # )



'ot'l}



It follows from this definition that



+ -?o)z) . 9 . ( o ) : - * , ( t 0t - z / \



s . [ A , B ]i : * t ( # )



Bl :- *o (u^ y"',^#+ srlA, Ms:lA,,B\ :-



i'i" ll)



"""^W) Mo"-'^"".^ (' * e-tx



For convenience,we write



S.(d) :- Mo@) C(il :_ M{il' following lemma: In our present investigation, we shall require the 3.4h, p't32]) Let q(z) 'oia Lemma 1.1 ( cf. Miller and Mocanu[5,[Theorem D I be analytic in a domain be uniaalent in the unit d,isk A, and' 0 q(A) ' Set containing q(A) with 9(w) + 0 when tu e h(z) :- 0(q(')) + QQ)' QQ) :- zq'(z)Q(q(')), and SupPosethat either (t) h(z) is conuer, or (Z) QQ) is starlike uniualent in A'



V. Rauichandran and M. Darus In addition, assumethat



n - - 'QyQl)4 ) o f o r&z ! se' a . If p(r) is analytic with p(0) : q(0), p(A) { D and



8(p(r))* zp'(z)e@Q)) < s(q('))* zq,(z)e@eD,



(1.s)



then p(z) < q(z)



(1.4)



and q(z) is the best dominant.



2. Main Results By appealing to Lemma 1.1, we first prove the following result: Lemma 2.r. Let o + 0 be a compler number. Let q(z) 0 be uniualent in * L^ and let



QQ),: o'!? q(z)



and h(z):- q(z)+ ee).



supposethat either (i,) h(z) is conuex,or (i,i) ee) is starlikeun,iualent1n A. Further assumethat



" { +a + r + +q ,9( z )- # q}( z ) , o ( z A e) I )'



tzr)



If p (z) + o' P r(1) < q(z) * ozq' (z) '. p\z) q(z)



(2' 2)



then p(z) < q(z) and q(z) is the best dominant. Proof. Define the function ,rgand 


and p(w) ': 9.



(2.3)



Then tl and g are analytic in C - {0}. Set



: ,'g:*) QQ) :- zq'(z)e@QD



e.4)



zQ'Q) h ( z ) : : o ( q ( r ) ) + Q Q ) : q ( z ) + c, 6



Q5)



q\z)



a,nd



2t
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By the hypothesis of our Lemma 2.1, we see that either (i) h(z) is convex, oi 1ii; QQ) is starlike univalent in A.From the equation (2.5), we obtain that



- *1 - ze'e)+ o'Q'-Q) zh'(z) lt *'d,i') q(z) q'(z) q(z) L^



(2.6) J



which, in view of (2.a), Yields zh'(z) _ q(z)



ee)



zo"(z\



d + 1 +e ; - 6 '



zq'(z)



(r 7\



\''t)



. From (2.7) and (2.1), we seethat



- (\ ze A ) ' ^1+ 4q9' Q -) 4q 9Q} ,) ) o 'n"{\, 8\ 1( ,r(), .:) }o { q @ + J-""t" When d and p are given by (2.3),the subordination (2.2) becomessubordination (1.3). By appealing to Lemma 1.1, our proof of Lemma 2.1 is tr completed. By making use of Lemma2.I, we now prove the following: Theorem 2.2 Let a, q(z) and,h(z) satisfy the conditions in Lemma 2'1' If f (r) e M"(h), thenf (r) e S.(q)' Proof. Define the function P(z) bY



p(z)::+rP I \z)



(2'8)



(ze A).



Then, from (2.8), we have z ff" ,( t6) __ z f ' ( z ) : rf _ fQ),



z p ' ( z )_ 1 r



ia



which together with (2.8) yields



zp'(2.)_1*4:4. p/\\ z ) + i e ) - r t j e



(2.e)



By using (2.9), we get zf"(z)\ "z 'f rt (rz' \" r ' ( : ( 1- a ) +o(1+-;;) f,(r)/ I\z)'*\^



:



'



,P'(,)f



( 1 - " ) p (z ) + a l p ( , ) + : p(z)) t" p ( z )+ o ' P ' - Q - ) . p(z)



(2.10)
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Since f (r) e M.(b), in view of (2.10), we seethat the subordination (2.2) holds and our result follows from Lemma 2.1. Remark 1. The conditions of Lemma 2.1 is satisfied for o > 0 by any function q(z) provided q(z) maps A onto a region in the right half plane and zq'(z) lqQ) is starlike. By taking q(z) :: r + z, we see that the function q(z) * 0 and the function zq'(z)lq(z): - L L1-Z



is starlike. Further the function



h(z):-l*z+.o'



L t z



satisfies "* z" h Q' (Qz )



1 1 +z



1 : [ l ^ ' ' + 1*z I o



-i*.f* #l



>0



provided



nl_l - 1r I Lt"l alt r' Our Theorem 2.2 for this choice of function q(z) _ 1 * z reducesto C o ro l l a ry 2 .3 . L e tae



C sati sfi ,es



n f r _a1) .112 Llol



rf



-o) (1 +&+"(r.#)*'*z*#



then



l { 9 - r l-l < r



I f(,)



The following result of Ponnusamy and Rajasekaran [6] follows from our Corollary 2.3: Corollary



2.4. If f e A sati,sfies



( 1- o+) E + " ( r . # E ). ' * z * #



(o>o),
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th'en



Vf'e) - rl . r. I I f(')



2'4 is in [S,Theorem5'lc]' Note that a more general form of corollary The function



( 21 1 )



q(z)::'E



m a p s A o n t o t h e c o n v e x r e g i o n | q ( z ) _ z 1 3 . | < 2 l s a n d s a t i sgiven f i e s t hby eco nditions (2'11)' the function q(z) of Lemma 2.r; our Theor"^ 2.2,,'for' reduces to the following:



,f



Corollary 2.5. Let a > 0' I



f (r) then



| " f'(r)



li({



- 2 1' 52 5l



Let



F o r 2 1 31 a 1 1 , w i th z : e i 9, 0 S 0 < 2r' w e 12*2af t h 1 -2m 1.T'



have



1 2 c o s 0- 3 o



< 3al2' In this case'our corolThus h(a) containsthe half-planesh(z) and Rajasekaran[6]: lary 2.5 givesthe following result of Ponnusamy Corollary2.6.Let2l3 :-cr/-L If f e Asatisfi'es



'?' -")r#+'(r.+&)l nfrr then



l'f'(')



li6



21 2



5 l' 5



Let the function q(z) be defined by q(z) ::



t1- Az l+Bz



( - 1< B < A S 1 ) .
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Sincethe function zq'(z)_



q(rl-W



(A- B)z



is starlike, in view of the Remark 1, the function g(z) satisfiesthe conditions of the Lemma 2.1. Hence we have the following: C o r o l l a r y2 . T L e t a ) 0



and_l < B 


If



( r- o )+ P + o ( r * ' f r , ' ( ?r) 1 * 1 ' * o I\z)



\



( A -B ) z



f'(')/'t*Bz'"@,



t h e nf € S . [ A , B ) . Theorem 2.8- Thefunction f (r) e M.(o) i,f and,onry if thefunctiong(z) definedby



f (z):- l: [" LaJo i's in s.($)'



g(t)-'/" atf t )



\ # o) @



(2.12)



(The powers are assume to be prtncipal uarues.)



Proof. From (2.12), we get



g(z): tf @lr-. [rf,(r)]. and hence



, 6 : ( 1- q + & + " ( r . + 8 )



zg'(z)



_ r.,



^ , ,z f



'(z)



/



Our result follows from this equation.
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