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Abstract It is proven that generalized coupled higher-order nonlinear Schro¨dinger equations possess the Painleve´ property for two particular choices of parameters, using the Weiss–Tabor–Carnevale method and KruskalÕs simpliﬁcation. Abundant families of periodic wave solutions are obtained by using the Jacobi elliptic function expansion method with the assistance of symbolic manipulation system, Maple. It is also shown that these solutions exactly degenerate to bright soliton, dark soliton and mixed dark and bright soliton solutions with physical interests. Ó 2005 Elsevier Ltd. All rights reserved.



1. Introduction The nonlinear Schro¨dinger (NLS) equation, which describes the time evolution of a slowly varying envelope, has many applications in various branches of physics. In deriving the NLS equation, higher-order terms have been neglected under appropriate physical assumptions. With the recent developments in optical technology, higher-order corrections to the NLS equation have become necessary and important. One of the higher-order NLS equations is iU t þ U zz þ bjU j2 U  ikU zzz þ cjU j2 U z þ dðjU j2 Þz U ¼ 0; which models the dynamics of a nonlinear pulse envelope in a ﬁber [1]. The last term proportional to d becomes important for short-pulse propagation over long distances. To describe two pulses co-propagating in optical ﬁbers, we need to consider a two-component generalization of the single-component propagation equation [2–5]. For this purpose, we consider a generalized coupled higher-order nonlinear Schro¨dinger (GCHNLS) equations iU t þ U zz þ 2ðjU j2 þ jV j2 ÞU  ik½b1 U zzz þ b2 ðjU j2 þ jV j2 ÞU z þ b3 ðjU j2 þ jV j2 Þz U  ¼ 0; iV t þ V zz þ 2ðjU j2 þ jV j2 ÞV  ik½b1 V zzz þ b2 ðjU j2 þ jV j2 ÞV z þ b3 ðjU j2 þ jV j2 Þz V  ¼ 0; *
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which was derived by Tasgal and Potasek to describe the eﬀects of birefringence on pulse propagation in the femtosecond region [6]. For b1 = 0, Eq. (1) reduces to the coupled hybrid nonlinear Schro¨dinger equations, and these have been derived by Hisakado et al. from the Maxwell equations [7]. In this paper, we study the GCHNLS equations by means of the Painleve´ analysis. Similar attempts have been performed for coupled NLS equations without higher-order terms [8,9]. Recently, Vinoj and Kuriakose [10] have proved the Painleve´ property for the integrable case of Eq. (1), where b1 = 1, b2 = 6 and b3 = 3. Moreover, we study the periodic wave solutions, the bright and dark soliton solutions of Eq. (1), which have not been considered before. These solutions can explain many physical phenomena such as the birefringence property, soliton trapping and daughter wave (‘‘shadow’’) formation in optical ﬁbers. The paper is arranged as follows: In Section 2, we perform the Painleve´ analysis of Eq. (1). It is proven that Eq. (1) possesses the Painleve´ property for two particular choices of parameters. In Section 3, we derive a series of periodic wave solutions, bright and dark soliton solutions of Eq. (1) by using the Jacobi elliptic function expansion method. Section 4 is allotted for conclusions.



2. GCHNLS equations: P-property and integrable choice The integrable classes of coupled NLS equations intrigue researchers for the past few decades due to their rich variety of solutions. The Painleve´ analysis is one of the powerful methods for identifying the integrable properties of nonlinear partial diﬀerential equations. In this section, we apply the Painleve´ test for integrability to Eq. (1), using the so-called WTC-Kruskal algorithm of singularity analysis [11–13]. To apply the Painleve´ analysis, we express U = a, U* = b, V = c, V* = d (where the asterisk represents the complex conjugate). By applying these new variables, Eq. (1) becomes iat þ azz þ 2ðab þ cdÞa  ik½b1 azzz þ b2 ðab þ cdÞaz þ b3 ðab þ cdÞz a ¼ 0;  ibt þ bzz þ 2ðab þ cdÞb þ ik½b1 bzzz þ b2 ðab þ cdÞbz þ b3 ðab þ cdÞz b ¼ 0; ict þ czz þ 2ðab þ cdÞc  ik½b1 czzz þ b2 ðab þ cdÞcz þ b3 ðab þ cdÞz c ¼ 0;



ð2Þ



 id t þ d zz þ 2ðab þ cdÞd þ ik½b1 d zzz þ b2 ðab þ cdÞd z þ b3 ðab þ cdÞz d ¼ 0; pﬃﬃﬃﬃﬃﬃﬃ where i ¼ 1, k 5 0. Eq. (2) is said to possess the Painleve´ property if its solutions are ‘‘single-valued’’ about arbitrary noncharacteristic, movable singularity manifolds. In other words, all solutions of Eq. (2) can be expressed as Laurent series, aðz; tÞ ¼ cðz; tÞ ¼



1 X



aj /ðz; tÞðjþa1 Þ ;



bðz; tÞ ¼



1 X



j¼0



j¼0



1 X



1 X



cj /ðz; tÞðjþa3 Þ ;



dðz; tÞ ¼



j¼0



bj /ðz; tÞðjþa2 Þ ; ð3Þ d j /ðz; tÞðjþa4 Þ



j¼0



with a suﬃcient number of arbitrary functions among aj, bj, cj, dj in addition to /. Moreover, the leading order ak (k = 1, . . . , 4) should be negative integers. In order to make the calculations simpler, we adopt KruskalÕs ansatz / (z, t) = z + w(t). Substituting aðz; tÞ ¼ a0 /a1 ;



bðz; tÞ ¼ b0 /a2 ;



cðz; tÞ ¼ c0 /a3 ;



dðz; tÞ ¼ d 0 /a4



into (2) and balancing the dominant terms, we ﬁnd that a1 ¼ a2 ¼ a3 ¼ a4 ¼ 1;



a0 b0 þ c0 d 0 ¼ 



6b1 . b2 þ 2b3



In order to ﬁnd the resonances that are the powers at which the arbitrary coeﬃcients enter into Laurent series (3), we substitute aðz; tÞ ¼ a0 /a1 þ aj /a1 þj ; a3



cðz; tÞ ¼ c0 / þ cj /



a3 þj



;



bðz; tÞ ¼ b0 /a2 þ bj /a2 þj ; dðz; tÞ ¼ d 0 /a4 þ d j /a4 þj
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into (2) and only retain its most singular terms. Detailed calculations give the following resonance equation:  3 5b þ 22b3 ¼ 0; b41 j3 ðj þ 1Þðj  3Þðj  4Þ j2  6j þ 2 b2 þ 2b3 and so the resonance values are pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 6  36  4ð5b2 þ 22b3 Þ=ðb2 þ 2b3 Þ j ¼ 0; 0; 0; 1; 3; 4; 2



ðoccurring three timesÞ.



As usual, the resonance j = 1 corresponds to the arbitrariness of the singular manifold /(z, t) = 0. Furthermore, the Painleve´ property of Eq. (2) indicates that the other resonances must be nonnegative integers. This requirement leads to the following two possibilities: Case 1: b2 ¼ 2b3 ; Case 2: b3 ¼ 0;



j ¼ 1; 0; 0; 0; 2; 2; 2; 3; 4; 4; 4; 4 j ¼ 1; 0; 0; 0; 1; 1; 1; 3; 4; 5; 5; 5.



Let us ﬁrst consider Case 1. In order to check the existence of a suﬃcient number of arbitrary functions at the resonance values, the truncated Laurent expansions 4 4 X X aðz; tÞ ¼ aj /ðz; tÞðj1Þ ; bðz; tÞ ¼ bj /ðz; tÞðj1Þ ; cðz; tÞ ¼



j¼0



j¼0



4 X



4 X



cj /ðz; tÞðj1Þ ;



dðz; tÞ ¼



j¼0



d j /ðz; tÞðj1Þ



j¼0



are substituted into Eq. (2). From the coeﬃcients of (/4, /4, /4, /4), we get 3b a0 b0 þ c0 d 0 ¼  1 . 2b3



ð4Þ



This shows that any three coeﬃcients among a0, b0, c0, d0 are arbitrary constants which correspond to the resonances j = 0, 0, 0. Collecting the coeﬃcients of (/3, /3, /3, /3), the values of a1, b1, c1, and d1 are obtained explicitly: c1 ¼



ic0 ð2b3  3b1 Þ ; 3kb3 b1



a1 ¼



ið6b3 b1  9b21 þ 4c0 d 0 b23  6b1 c0 d 0 b3 Þ . 6b0 b1 kb23



d1 ¼



id 0 ð2b3  3b1 Þ ; 3kb3 b1



b1 ¼



ib0 ð2b3  3b1 Þ ; 3kb3 b1



Collecting the coeﬃcients of (/2, /2, /2, /2), we obtain    d a2 ¼ 3b0 wðtÞ kb23 b1 þ 6k2 b2 b33 b1 c0 d 0  6k2 b33 b0 c0 d 2 b1  6k2 b33 b0 c2 d 0 b1 þ 18b0 b21 dt  ð6k2 b33 b20 b1 Þ; þ 4b0 b23  18b0 b3 b1 þ 9k2 b2 b23 b21



ð5Þ



ð6Þ



where b2, c2, d2 are arbitrary functions which correspond to j = 2, 2, 2. Proceeding further to the coeﬃcients of (/1, /1, /1, /1), we obtain the resonance condition at j = 3 which is not satisﬁed identically     d R  6b1 ðb3  3b1 Þ 18k2 b2 b23 b21 þ 18b0 b21  12k2 b33 b0 c0 d 2 b1 þ 3b0 wðtÞ kb23 b1  18b0 b3 b1 dt  2 3 2 ðb3 d 0 Þ ¼ 0. ð7Þ þ12k b2 b3 b1 c0 d 0 þ 4b0 b3 Since b0, c0, d0, b2 and w(t) are arbitrary functions, from (7) we have two possibilities: either b1 = 0 or b3  3b1 = 0. In the case of b2 = 2b3 and b1 = 0, Eq. (2) fails the Painleve´ test in the leading order analysis. In the other case of b2 = 2b3 and b3 = 3b1, the coeﬃcients a0, b0, c0, d0, a1, b1, c1, d1, a2 of Laurent series (3) are given by (4)–(6). Furthermore,
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 d a3 ¼  i 6kb2 b1 c20 d 0  18ik2 c3 d 0 b21 b0 c0  6kb1 b0 c20 d 2 þ c0 b0 wðtÞ  9ik2 c3 b21 b0 dt  ð18k2 b21 c0 b20 Þ; þ3c0 kb2 b1 þ 3c2 kb1 b0 b3 ¼ d3 ¼



ið6c0 b0 ðdtd wðtÞÞkb1  2c0 b0 þ 27ik3 c3 b31 b0  9c0 k2 b2 b21  9c2 k2 b21 b0 Þ 27k3 c0 b31



;



ið6ðdtd wðtÞÞkb1 c0 d 0  2c0 d 0 þ 27ik3 c3 d 0 b31  9k2 b21 c2 d 0  9k2 b21 c0 d 2 Þ 27k3 c0 b31



;



and c3 is an arbitrary function which corresponds to the resonance at j = 3. Substituting the values of a1, b1, c1, d1, a2, a3, b3, d3 into the coeﬃcients of (/0, /0, /0, /0) leads to four identities. This indicates that a4, b4, c4, d4 are arbitrary functions which correspond to the resonances at j = 4, 4, 4, 4. As Laurent series (3) admits the suﬃcient number of arbitrary functions, it is concluded that Eq. (2) possesses the Painleve´ property if b2 = 2b3, b3 = 3b1. In a similar way, for Case 2, the truncated Laurent expansions aðz; tÞ ¼



5 X



aj /ðz; tÞðj1Þ ;



bðz; tÞ ¼



j¼0



cðz; tÞ ¼



5 X



5 X



bj /ðz; tÞðj1Þ ;



j¼0



cj /ðz; tÞ



ðj1Þ



j¼0



;



dðz; tÞ ¼



5 X



d j /ðz; tÞðj1Þ



j¼0



are substituted into Eq. (2). Then from the coeﬃcients of (/4, /4, /4, /4), we get a0 b0 þ c0 d 0 ¼ 



6b1 . b2



This shows that any three coeﬃcients among a0, b0, c0, d0 are arbitrary functions which correspond to the resonances j = 0, 0, 0. Collecting the coeﬃcients of (/3, /3, /3, /3), we get the compatibility condition at resonance j = 1, namely, R  4ðb2  6b1 Þb0 ¼ 0.



ð8Þ



Since b0 is an arbitrary function, (8) implies that b2 = 6b1 is a necessary condition for (2) to have the Painleve´ property. Under the parameter constraints b3 = 0 and b2 = 6b1, the leading order analysis gives a0 ¼ 



1 þ c0 d 0 ; b0



a1 ¼



d 0 c1 b0  c0 d 1 b0 þ b1 þ b1 c0 d 0 ; b20



where b0, c0, d0, b1, c1, d1 are arbitrary functions. From the coeﬃcients of (/2, /2, /2, /2)–(/1, /1, /1, /1), one can obtain a b1, c1, d1, b3, b4, b5, c5, d5 as arbitrary functions. As Laurent series (3) admits the suﬃcient number of arbitrary functions, it is concluded that Eq. (2) possesses the Painleve´ property if b3 = 0 and b2 = 6b1. In summary, from the above analysis, it is shown that Eq. (2) possesses the Painleve´ property for two cases: b2 = 2b3, b3 = 3b1 and b2 = 6b1, b3 = 0. It is obvious that these two cases just correspond to the coupled Hirota equation and Sasa–Satsuma equation, respectively. Therefore, the coupled Hirota equation and Sasa–Satsuma equation pass the Painleve´ test for integrability. 3. Periodic wave solutions in terms of the Jacobi elliptic function There are many methods for ﬁnding exact solutions of NPDEs such as the inverse scattering method [14], Ba¨cklund transformation [15], Darboux transformation [16], Hirota bilinear method [17], homogeneous balance method [18], mixing exponent method [19], tanh function method [20], Jacobi elliptic function method [21,22]. Among these methods, the Jacobi elliptic function method provides a straightforward and eﬀective algorithm to obtain periodic wave solutions for a large of nonlinear equations. Recently, much research work has been concentrated on the various extensions and applications of the Jacobi elliptic function method [23,24]. Here we will apply this method to construct periodic wave solutions and one-soliton solutions of Eq. (1).
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The travelling wave solutions of Eq. (1) can be obtained by converting it into a set of ordinary diﬀerential equations (ODEs). This can be done by inserting U ¼ eih1 uðnÞ;



V ¼ eih2 vðnÞ;



n ¼ kðz  c1 tÞ;



hj ¼ pj z þ qj t



ðj ¼ 1; 2Þ



ð9Þ



into Eq. (1). The real and imaginary parts of the resulting complex ODEs of u(n) and v(n), respectively, read ð2 þ kp1 b2 Þðu3 þ uv2 Þ  ðq1 þ p21 þ kp31 b1 Þu þ ðk 2 þ 3k 2 p1 b1 kÞu00 ¼ 0; ð2 þ kp2 b2 Þðv3 þ vu2 Þ  ðq2 þ p22 þ kp32 b2 Þv þ ðk 2 þ 3k 2 p2 b1 kÞv00 ¼ 0; ð2kp1  kc1 þ 3kp21 b1 kÞu0  k 3 kb1 u000  kkb2 ðu2 u0 þ u0 v2 Þ  2kkb3 ðu2 u0 þ uvv0 Þ ¼ 0;



ð10Þ



ð2kp2  kc1 þ 3kp22 b1 kÞv0  k 3 kb1 v000  kkb2 ðu2 v0 þ v0 v2 Þ  2kkb3 ðv2 v0 þ uvu0 Þ ¼ 0; where



0



= d/dn, and k, c1, pj, qj (j = 1, 2) are constants to be determined later.



3.1. Jacobi cosine function solutions First we seek the periodic wave solutions of (10) in the following form: uðnÞ ¼



M X



aj cnj ðn; rÞ;



vðnÞ ¼



j¼0



N X



bj cnj ðn; rÞ;



ð11Þ



j¼0



where r is a modulus (0 < r < 1), aj (j = 0, . . . , M), bj (j = 0, . . . , N) are undetermined constants, M, N are positive integers to be determined. By balancing the highest-order linear terms with the nonlinear terms in Eq. (10), we get M = N = 1. Then expression (11) becomes u ¼ a0 þ a1 cnðn; rÞ;



v ¼ b0 þ b1 cnðn; rÞ;



ð12Þ



where a1 5 0, b1 5 0. With the aid of Maple, substituting (12) into Eq. (10) and equating the coeﬃcients of cn(n, r)j(dn(n, r)sn(n, r))k (k = 0, 1, j = 0, . . . , 3) to zero, one obtains an over-determined system which includes 14 algebraic equations with respect to the unknowns a0, a1, b0, b1, p1, p2, q1, q2, k, c1 (for the sake of conciseness, the algebraic system is not listed here). Solving the over-determined algebraic equations, we get four classes of solutions, namely, qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 2b þ b2 ; ðIÞ p1 ¼ p2 ¼ 0; a0 ¼ b0 ¼ 0; a1 ¼  k 2 r2  b21 ; q1 ¼ q2 ¼ k 2 ð2r2  1Þ; b1 ¼ 3 6 2 2 kk ð2b3 þ b2 Þð1  2r Þ c1 ¼ ; ð13Þ 6 where k and b1 are arbitrary constants. 2 ; kb2



8 b ; b1 ¼ 2 ; b3 ¼ 0; 2 2 6 3k b2 sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 6 ; a1 ¼ l1 rkb2 kb0 6c1 kb2 þ 12 þ k2 b22 k 2 ð2r2  1Þ sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ k2 b22 k 2 ð2r2  1Þ þ 6k2 b22 b20 þ 12 þ 6kb2 c1 b0 b1 b1 ¼ l2 rk ; ; a0 ¼  a1 6c1 kb2 þ 12 þ k2 b22 k 2 ð2r2  1Þ



ðIIÞ p1 ¼ p2 ¼



q1 ¼ q2 ¼ 



where l1 = ± 1, l2 = ± 1, k, c1 and b0 are arbitrary constants. ðIIIÞ b1 ¼



b2 ; 6



b3 ¼ 0;



p1 ¼ 



4 þ kb2 p2 ; kb2



a0 ¼ b0 ¼ 0;



a1 ¼ 



ð14Þ



qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ r2 k 2  b21 ;



12r2 p2 þ 3r2 kp22 b2 þ kb2 k 2 r2 ð1  2r2 Þ ; 6r2 3 3 2 2 2 2 r2 k b2 p32 þ 6r2 k p22 b2  32r2 þ 3k b2 k 2 r2 ð1  2r2 Þðkb2 p2 þ 2Þ q1 ¼ ; 6r2 k2 b22



c1 ¼



q2 ¼ 



kb2 p32 r2 þ 6k 2 r2 þ 6p22 r2  12r4 k 2 þ 3kk 2 r2 b2 p2 ð1  2r2 Þ ; 6r2



where k, p2 and b1 are arbitrary constants.



ð15Þ



1368



G. Xu, Z. Li / Chaos, Solitons and Fractals 26 (2005) 1363–1375



12k 2 b21 k2 b23 ð2r2  1Þ þ 12b1 b2  b22  36b21 þ 4b23 ðIVÞ c1 ¼  ; 12b1 kb23 b þ 2b3  6b1 ; a0 ¼ b0 ¼ 0; p1 ¼ p2 ¼  2 6kb1 b3 q1 ¼ q2 ¼



sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 2b b2  6b1 r2 k 2 þ b2 b21 a1 ¼   3 1 ; b2 þ 2b3



b32  16b33  216b31 þ ð36b1  6b2 Þð2b23 þ 3b1 b2 þ 18k 2 b21 k2 b23 ð2r2  1ÞÞ ; 216k2 b21 b33



ð16Þ



where k and b1 are arbitrary constants. Therefore, from (9), (12)–(16), we obtain four sets of new periodic wave solutions of Eq. (1), namely,   qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ   kk 2 ð2b3 þ b2 Þð1  2r2 Þt 2 2 ; r eik ð2r 1Þt ; U 1 ¼  k 2 r2  b21 cn k z  6     kk 2 ð2b3 þ b2 Þð1  2r2 Þt 2 2 ; r eik ð2r 1Þt ; V 1 ¼ b1 cn k z  6 where b1, k are arbitrary constants, and b1 = (2b3 + b2)/6. sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 2 l k2 b22 k 2 ð2r2  1Þ þ 6k2 b22 b20 þ 12 þ 6kb2 c1 1 U 2 ¼ 4 l2 b2 k 6  3  sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 2z  8t i kb 2 2 6 2 3k b 2 cnðkðz  c1 tÞ; rÞ5e ; þrkl1 b2 kb0 6c1 kb2 þ 12 þ k2 b22 k 2 ð2r2  1Þ   sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ " # 2z  8t 2 2 2 2 2 2 i kb 2 k b2 k ð2r  1Þ þ 6k b2 b0 þ 12 þ 6kb2 c1 2 3k2 b2 2 ; cnðkðz  c1 tÞ; rÞ e V 2 ¼ b0 þ rkl2 6c1 kb2 þ 12 þ k2 b22 k 2 ð2r2  1Þ where b0, k, c1 are arbitrary constants, and l1 = ± 1, l2 = ± 1, b1 = b2/6, b3 = 0.   qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ   4þkb2 p2 2 2 2 4   2 2 2 i  zþq t 12r p þ 3r kp b þ kb k r  2kb k r 1 kb 2 2 2 2 2 2 U 3 ¼  r2 k 2  b21 cn k z  ; t ;r e 6r2     12r2 p2 þ 3r2 kp22 b2 þ kb2 k 2 r2  2kb2 k 2 r4 t ; r eiðp2 zþq2 tÞ ; V 3 ¼ b1 cn k z  6r2 where k, b1, p2 are arbitrary constants, b1 = b2/6, b3 = 0, q1, q2 are determined by Eq. (15). sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 2b b2  6b1 r2 k 2 þ b2 b21 cnðkðz  c1 tÞ; rÞeiðp2 zþq2 tÞ ; U4 ¼   3 1 b2 þ 2b3 V 4 ¼ b1 cnðkðz  c1 tÞ; rÞeiðp2 zþq2 tÞ ; where k, b1 are arbitrary constants, and p2, q2, c1 are determined by Eq. (16). Remarks. In particular when r ! 1, from the solutions (U1, V1)–(U4, V4) we get four sets of bright–bright one-soliton solutions as follows: U1



1



V1



1



   qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ kk 2 ð2b3 þ b2 Þt 2 k 2  b21 sech k z þ eik t ; 6    kk 2 ð2b3 þ b2 Þt 2 ¼ b1 sech k z þ eik t ; 6 ¼



where b1, k are arbitrary constants, and b1 = (2b3 + b2)/6.
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 sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 3  sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 2z  8t 2 2 2 2 2 2 i kb 2 2 l k b2 k þ 6k b2 b0 þ 12 þ 6kb2 c1 6 2 3k b 2 þ kl1 b2 kb0 U 2 1 ¼ 4 1 ; sechðkðz  c1 tÞÞ5e l2 b2 k 6 6c1 kb2 þ 12 þ k2 b22 k 2   sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ " # 2z  8t 2 2 2 2 i kb 2 2 k b2 ðk þ 6b0 Þ þ 12 þ 6kb2 c1 2 3k b 2 sechðkðz  c1 tÞÞ e V 2 1 ¼ b0 þ kl2 ; 6c1 kb2 þ 12 þ k2 b22 k 2 2



where b0, k, c1 are arbitrary constants, and l1 = ±1, l2 = ±1, b1 = b2/6, b3 = 0.      4þkb2 p2 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ i  kb zþq1 t 12p2 þ 3kp22 b2  kb2 k 2 2 2 2 U 3 1 ¼  k  b1 sech k z  t e ; 6     12p2 þ 3kp22 b2  kb2 k 2 t eiðp2 zþq2 tÞ ; V 3 1 ¼ b1 sech k z  6 where k, b1, p2 are arbitrary constants, b1 = b2/6, b3 = 0, and q1, q2 are determined by Eq. (15) when r = 1. sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 2b b2  6b1 k 2 þ b2 b21 U4 1 ¼   3 1 sechðkðz  c1 tÞÞeiðp2 zþq2 tÞ ; b2 þ 2b3 V4



1



¼ b1 sechðkðz  c1 tÞÞeiðp2 zþq2 tÞ ;



where k, b1 are arbitrary constants, and p2, q2, c1 are determined by Eq. (16) when r = 1. The plots of the solutions (U4, V4), (U4_1, V4_1) are shown in Figs. 1 and 2 for the parametric choice b1 = 1, b2 = 6, b3 = 3. Eq. (1) includes many important nonlinear models. When b1:b2:b3 = 1:6:0, Eq. (1) reduces to the coupled Hirota equations; while b1:b2:b3 = 1:6:3, Eq. (1) becomes the Sasa–Satsuma equations. Thus (U2, V2), (U3, V3), (U2_1, V2_1),
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Fig. 1. Doubly periodic wave proﬁle of solution (U4, V4) for k = 2, k = 1.5, b1 = 0.4, r = 0.5.
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Fig. 2. Bright–bright one-soliton proﬁle of solution (U4_1, V4_1) for k = 2, k = 1.5, b1 = 0.4.
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(U3_1, V3_1) are just the solutions of the coupled Hirota equations, (U4, V4) and (U4_1, V4_1) are the solutions of GCHNLS Eq. (1). If one takes b1:b2:b3 = 1:6:3, (U4, V4) and (U4_1, V4_1) are the solutions of the Sasa–Satsuma equations. In addition, (U1, V1) and (U1_1, V1_1) are the solutions of Eq. (1) under the condition b1 = (2b3 + b2)/6. 3.2. Jacobi sine function solutions Next we seek the periodic wave solutions in terms of the Jacobi sine function, uðnÞ ¼ a0 þ a1 snðn; rÞ;



vðnÞ ¼ b0 þ b1 snðn; rÞ;



ð17Þ



where a1 5 0, b1 5 0. Inserting (17) into Eq. (10) and equating the coeﬃcients of snj(n, r)cni(n, m)dni(n, m) (i = 0,1; j = 0, . . . , 3) to zero, one obtains a system which includes 14 algebraic equations (for simplicity, the algebraic system is not listed here). Solving this obtained system, we get another four sets of periodic wave solutions of Eq. (1). U 5 ¼ a1 snðkðz  c1 tÞ; rÞeiðp1 zþq1 tÞ ; sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 6b k 2 r2 þ b2 a21 þ 2b3 a21 V5 ¼  1 snðkðz  c1 tÞ; rÞeiðp1 zþq1 tÞ ; b2 þ 2b3 where k, c1, a1 are arbitrary constants, and p1 ¼ q1 ¼



ð6b1  b2 Þ2 þ 12k 2 b21 k2 b23 ð1 þ r2 Þ  4b23 ; 12kb1 b23   b32  16b33  216b31 þ ð6b2  36b1 Þ 18ð1 þ r2 Þk2 k 2 b21 b23  2b23  3b1 b2 6b1  b2  2b3 ; 6b1 kb3



c1 ¼



216b21 k2 b33



.



ð18Þ



  qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ   k 2 kð1 þ r2 Þðb2 þ 2b3 Þt 2 2 2 2 2 U 6 ¼  b1 þ k r isn k z  ; r eik ð1þr Þt ; 6     k 2 kð1 þ r2 Þðb2 þ 2b3 Þt 2 2 ; r eik ð1þr Þt ; V 6 ¼ b1 sn k z  6 where b1 = (2b3 + b2)/6, and k, b1 are arbitrary constants.   qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ   12p1 þ ð1 þ r2 Þkb2 k 2 þ 3kb2 p21 t ; r eiðp1 zþq1 tÞ ; U 7 ¼  b21 þ k 2 r2 isn k z  6       4þkb2 p1 i  kb zþq2 t 12p1 þ ð1 þ r2 Þkb2 k 2 þ 3kb2 p21 2 ; t ;r e V 7 ¼ b1 sn k z  6 where b1 = b2/6, b3 = 0, k, p1, b1 are arbitrary constants, and q1, q2 are given by 3k 2 ð1 þ r2 Þð2 þ kb2 p1 Þ þ p21 ð6 þ p1 kb2 Þ ; 6 2 2 2 2 2 3k k b2 ð1 þ r2 Þð2 þ kb2 p1 Þ þ k b2 p21 ð6 þ p1 kb2 Þ  32 q2 ¼ . 6k2 b22



q1 ¼ 



ð19Þ



  



2i z þ 4t qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ kb2 3k2 b2 2 U 8 ¼ a0  b21 þ k 2 r2 isnðkðz  c1 tÞ; rÞ e ;   q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ﬃ 2 3 V 8 ¼ 4



a0



b21 þ k 2 r2 i b1



2i



þ b1 snðkðz  c1 tÞ; rÞ5e



z þ 4t kb2 3k2 b2 2



;



where b1 = b2/6, b3 = 0, k, a0, b1 are arbitrary constants, and c1 is deﬁned by c1 ¼



ð1 þ r2 Þk2 b22 k 2 b21 þ 6k2 b22 k 2 r2 a20  12b21 . 6kb2 b21
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Remark 1. When r ! 1, one can obtain four sets of dark–dark one-soliton solutions from (U5, V5)–(U8, V8). The ﬁrst one is U5



1



V5



1



¼ a1 tanhðkðz  c1 tÞÞeiðp1 zþq1 tÞ ; sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 6b k 2 þ b2 a21 þ 2b3 a21 ¼  1 tanhðkðz  c1 tÞÞeiðp1 zþq1 tÞ ; b2 þ 2b3



where p1, q1, c1 are determined by (18) when r = 1. Fig. 3 shows the U and V components of the periodic wave solution (U5, V5) and Fig. 4 shows the U and V components of the one-soliton solution (U5_1, V5_1) for the parametric choice b1 = b3 = 2, b2 = 6.    qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ k 2 kðb2 þ 2b3 Þt 2 2 2 e2ik t ; U 6 1 ¼  b1 þ k i tanh k z  3    k 2 kðb2 þ 2b3 Þt 2 V 6 1 ¼ b1 tanh k z  e2ik t ; 3 where b1 = (2b3 + b2)/6.    qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 12p1 þ 2kb2 k 2 þ 3kb2 p21 t eiðp1 zþq1 tÞ ; U 7 1 ¼  b21 þ k 2 i tanh k z  6      4þkb2 p1 2 i  kb zþq2 t 12p1 þ 2kb2 k þ 3kb2 p21 2 ; t e V 7 1 ¼ b1 tanh k z  6 where b1 = b2/6, b3 = 0, and q1, q2 are determined by (19) when r = 1.
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Fig. 3. Plot of doubly periodic wave solution (U5, V5) for k = r = a1 = 0.5, k = 0.8.
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Fig. 4. Plot of dark–dark one-soliton solution (U5_1, V5_1) for k = a1 = 0.5, k = 0.8.
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U8



1



  



2i z þ 4t qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ kb2 3k2 b2 2 ¼ a0  b21 þ k 2 i tanhðkðz  c1 tÞÞ e ; 2



V8



1



¼ 4



qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ a0 b21 þ k 2 i b1



3



 2i



þ b1 tanhðkðz  c1 tÞÞ5e



where b1 = b2/6, b3 = 0, and c1 ¼



k2 b22 k 2 b21 þ3k2 b22 k 2 a20 6b21 3kb2 b21







z 4t kb2 þ3k2 b2 2



;



.



Remark 2. The dn-function expansion method for ﬁnding periodic wave solutions was proposed recently by Fu et al. [22]; it essentially involves pﬃﬃ seeking a solution in the form of a polynomial in dn function. In fact, the Jacobi transformation dnðn; rÞ ¼ cnð rn; 1=rÞ implies that any solution found by the dn-function method may be transformed into an equivalent one found by the cn-function method. For Eq. (1), the dn-function solutions can be derived from the solutions (Uj, Vj) (j = 1, . . . , 4). In this way, we naturally present a more general ansatz, which reads uðnÞ ¼ a0 þ



M X



sni1 ðn; rÞ½ai snðn; rÞ þ d i cnðn; rÞ;



i¼1



vðnÞ ¼ b0 þ



M X



ð20Þ sn



i1



ðn; rÞ½bi snðn; rÞ þ fi cnðn; rÞ;



i¼1



and another eight sets of solutions are then obtained. Now, we only list two sets of solutions: sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ   6b1 2b2 i 3kb zþq1 t 3b1 r2 k 2  b2 f12 b 2 1 ; snðkðz  c1 tÞ; rÞe U9 ¼   b2   V 9 ¼ f1 cnðkðz  c1 tÞ; rÞe



i



6b1 2b2 zþq2 t 3kb2 b1



;



with b3 = b2/2, and q1, q2, c1 are given by c1 ¼



b1 k 2 k2 b22 ð1 þ r2 Þ þ 12b1  k2 b32 f12  4b2 ; b22 k



q1 ¼ 



9k2 b1 b22 ð6b1  b2 Þð3k 2 b1 þ 3b1 r2 k 2  2b2 f12 Þ þ 4b32 þ 216b31  108b21 b2 ; 27k2 b32 b21



q2 ¼ 



9k2 b1 b22 ð6b1  b2 Þð3k 2 b1  2b2 f12 Þ þ 4b32 þ 216b31  108b21 b2 . 27k2 b32 b21
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Fig. 5. Doubly periodic wave proﬁle of solution (U9, V9) for k = 2, f1 = 2.5, r = k = 0.5.
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Fig. 6. Dark–bright one-soliton proﬁle of solution (U9_1, V9_1) for k = 2, f1 = 2.5, k = 0.5.



When r ! 1, (U9, V9) degenerates to a set of dark–bright one-soliton solutions, sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ   6b1 2b2 i 3kb zþq1 t 3b1 k 2  b2 f12 2 b1 ; U9 1 ¼   tanhðkðz  c1 tÞÞe b2   V9



i



1



¼ f1 sechðkðz  c1 tÞÞe



6b1 2b2 3kb2 b1 zþq2 t



;



with b3 = b2/2, and q1, q2, c1 are determined by (21) when r = 1. The plots of (U9, V9), (U9_1, V9_1) are shown in Figs. 5 and 6 for the parametric choice b1 = 1, b2 = 2. sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ   3b1 2b3 i 3kb zþq1 t 3b1 r2 k 2 þ 2b3 b21 3 b1 ; U 10 ¼  cnðkðz  c1 tÞ; rÞe 2b3   i



V 10 ¼ b1 snðkðz  c1 tÞ; rÞe



3b1 2b3 3kb3 b1 zþq2 t



;



with b2 = 2b3, and q1, q2, c1 are given by c1 ¼ 



b1 k 2 k2 b23 ð2r2  1Þ þ 2b21 k2 b33 þ 2b3  3b1 ; kb23



q1 ¼



9k2 b1 b23 ð3b1  b3 Þð6b1 k 2 r2  3b1 k 2 þ 4b3 b21 Þ þ 27b21 b3  27b31  4b33 ; 27k2 b33 b21



q2 ¼



9k2 b1 b23 ð3b1  b3 Þð3b1 k 2 r2  3b1 k 2 þ 4b3 b21 Þ þ 27b21 b3  27b31  4b33 . 27k2 b33 b21
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Fig. 7. Plot of doubly periodic wave solution (U10, V10) for k = 2,b1 = 1,r = k = 0.5.
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Fig. 8. Plot of bright–dark one-soliton solution (U10_1, V10_1) for k = 2, b1 = 1, k = 0.5.



When r ! 1, (U10, V10) degenerates to a set of bright–dark one-soliton solutions, sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ   3b1 2b3 i 3kb zþq1 t 3b1 k 2 þ 2b3 b21 3 b1 ; U 10 1 ¼  sechðkðz  c1 tÞÞe 2b3   V 10



i



1



¼ b1 tanhðkðz  c1 tÞÞe



3b1 2b3 zþq2 t 3kb3 b1



;



with b2 = 2b3, and q1, q2, c1 are determined by (22) when r = 1. The plots of the solutions (U10, V10), (U10_1, V10_1) are shown in Figs. 7 and 8 for the parametric choice b1 = b3 = 1.



4. Conclusions In this work, we have considered a set of generalized coupled NLS equations with higher-order linear and nonlinear dispersion terms included. Through the Painleve´ analysis, the GCHNLS equations is found to possess the Painleve´ property for two particular choices of parameters. Using Jacobi elliptic functions, ten sets of new periodic wave solutions are obtained. The periodic wave solutions of two Painleve´ integrable equations including the coupled Hirota equation and Sasa–Satsuma equations, are derived at the same time. These periodic wave solutions exactly degenerate to the well-known bright–bright, bright–dark, dark–bright and dark–dark one-soliton solutions with physical interests.
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