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This paper is concerned with the study of weighted pseudo almost periodic solutions to some classes of hyperbolic differential equations. Upon making some suitable assumptions, the existence and uniqueness of a weighted pseudo almost periodic solution is obtained. To illustrate our main result, we study the existence of a weighted pseudo almost periodic solution to a system of partial differential equations arising in control systems described by abstract retarded functional-differential equations with feedback control. © 2008 Elsevier Inc. All rights reserved.



1. Introduction Let (X,  · ) be a Banach space. In Diagana [6–8], a new generalization of the concept of (Bohr) almost periodicity was introduced. Such a new concept is called weighted pseudo almost periodicity and implements in a natural fashion the notion of pseudo almost periodicity, which was introduced in the literature in the early nineties by Zhang [17–19]. To construct those weighted pseudo almost periodic functions, the main idea consists of enlarging the so-called ergodic component, utilized in the Zhang’s deﬁnition of pseudo almost periodicity with the help of a weighted measure dμ(x) = ρ (x) dx, where ρ is a positive, piecewise continuous and locally integrable function on R. Let us mention that the function ρ is commonly called weight. In the recent papers Agarwal–Diagana–Hernández [1] and Diagana [6,7], basic properties of those new functions were established. In particular, it is shown that when a weight ρ is bounded with lim infx→∞ ρ (x) > 0, then the weighted pseudo almost periodic space associated with ρ coincides with Zhang’s spaces. Furthermore, a composition result of weighted pseudo almost periodic functions is obtained. Moreover, in [1], the existence and uniqueness of a weighted pseudo almost periodic solution to the class of abstract neutral functional-differential equations d dt d dt







u (t ) + f (t , ut ) = Au (t ) + g (t , ut ),



D(t , ut ) = A D(t , ut ) + g (t , ut ),



(1.1) (1.2)



where A is the inﬁnitesimal generator of an uniformly exponentially stable semigroup of linear operators on X, the history ut ∈ C ([− p , 0], X) with p > 0 (ut being deﬁned by ut (θ) = u (t + θ) for each θ ∈ [− p , 0]), D (t , ψ) = ψ(0) + f (t , ψ) and f , g are some appropriate functions, was established.
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Let α ∈ (0, 1). If A : D ( A ) ⊂ X → X is a (possibly unbounded) linear operator, we then let Xα denote an arbitrary abstract intermediate Banach space between D ( A ) and X. Classical examples of those Xα include, among others, the fractional spaces D ((− A )α ), the real interpolation spaces D A (α , ∞) due to both Lions and Peetre [15], and the Hölder spaces D A (α ), which coincide with the continuous interpolation spaces due to both Da Prato and Grisvard [5]. This paper is concerned with the study of weighted pseudo almost periodic solutions to more general evolution equations than Eq. (1.1). Namely, we give some reasonable suﬃcient conditions for the existence and uniqueness of a weighted pseudo almost periodic solution to the class of abstract partial evolution equations d dt











u (t ) + f t , Bu (t )



  = Au (t ) + g t , C u (t ) ,



t ∈ R,



(1.3)



where A : D ( A ) ⊂ X → X is a sectorial linear operator on X whose corresponding analytic semigroup ( T (t ))t 0 is hyperbolic, equivalently, σ ( A ) ∩ i R = ∅ (σ ( A ) being the spectrum of the linear operator A), B and C are arbitrary densely deﬁned closed linear operators on X and f : R × X → Xβ (0 < α < β < 1) and g : R × X → X are weighted pseudo almost periodic in t ∈ R uniformly in the second variable. To the best of our knowledge, the main result of this paper (Theorem 3.5) generalizes most of known results on (weighted) pseudo almost periodic solutions to differential equations, especially those in [2,4,6–13]. Applications include the existence of weighted pseudo almost periodic solutions to a system of partial differential equations arising in control systems described by abstract retarded functional-differential equations with feedback control. As in [3,13], in this paper we make extensive use of general intermediate space Xα between D ( A ) and X. In contrast with the fractional power spaces considered in some of the recent papers by Diagana et al. [10,11], the interpolation and Hölder spaces, for instance, depend only on D ( A ) and X and can be explicitly expressed in many concrete examples. The literature related to those intermediate spaces is very extensive; thus we only refer the reader to the excellent book by Lunardi [16], which contains a comprehensive presentation on this topic and related issues. 2. Preliminaries This section is devoted to some preliminary facts needed in the sequel. We basically use the same setting as in [3,13]. Throughout the rest of this paper, (X,  · ) stands for a Banach space, A is a sectorial linear operator (Deﬁnition 2.1) which is not necessarily densely deﬁned, and B , C are (possibly unbounded) linear operators on X such that A + B + C is not trivial. The functions, f : R × X → Xβ (0 < α < β < 1), g : R × X → X are respectively jointly continuous satisfying some additional assumptions. If L is a linear operator on X, then ρ ( L ), σ ( L ), D ( L ), N ( L ), R ( L ) stand for the resolvent, spectrum, domain, kernel, and range of L. The space B (Y, Z) denotes the collection of all bounded linear operators from Y into Z equipped with its natural topology. When Y = Z, then this is simply denoted by B (Y). 2.1. Sectorial linear operators and their associated semigroups Deﬁnition 2.1. A linear operator A : D ( A ) ⊂ X → X (not necessarily densely deﬁned) is said to be sectorial if the following hold: there exist constants



ω ∈ R, θ ∈ ( π2 , π ), and M > 0 such that 















ρ ( A ) ⊃ S θ,ω := λ ∈ C: λ = ω, arg(λ − ω) < θ , and



(2.1)



R (λ, A ) 



(2.2)



M



|λ − ω|



,



λ ∈ S θ,ω ,



where R (λ, A ) = (λ I − A )−1 for each λ ∈ ρ ( A ). Example 2.2. Let p  1 and let Ω ⊂ Rd be an open bounded subset such that its boundary ∂Ω is of class C 2 . Let X := L p (Ω) be the Lebesgue space equipped with the norm  ·  p . Deﬁne the operator A as follows: 1, p



D ( A ) = W 2, p (Ω) ∩ W 0 (Ω), where  =



A (ϕ ) = ϕ , ∀ϕ ∈ D ( A ), 



d



∂2 k=1 ∂ x2 is the Laplace operator. k



It can be checked that the operator A is sectorial on L p (Ω). It is well known [16] that if A is a sectorial linear operator on X, then it generates an analytic semigroup ( T (t ))t 0 , which maps (0, ∞) into B (X) and such that there exist constants M 0 , M 1 > 0 such that



T (t )  M 0 e ωt , t > 0, t ( A − ω) T (t )  M 1 e ωt ,



(2.3) t > 0.



(2.4)
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Throughout the rest of the paper, we suppose that the semigroup ( T (t ))t 0 is hyperbolic, that is, there exist a projection P and constants M , δ > 0 such that T (t ) commutes with P , N ( P ) is invariant with respect to T (t ), T (t ) : R ( Q ) → R ( Q ) is invertible, and



T (t ) P x  Me −δt x for t  0, T (t ) Q x  Me δt x for t  0,



(2.5) (2.6)



where Q := I − P and, for t  0, T (t ) := ( T (−t ))−1 . Recall that the analytic semigroup ( T (t ))t 0 associated with the linear operator A is hyperbolic if and only if



σ ( A ) ∩ i R = ∅. For details, see, e.g., [14, Proposition 1.15, p. 305]. Deﬁnition 2.3. Let α ∈ (0, 1). A Banach space (Xα ,  · α ) is said to be an intermediate space between D ( A ) and X, or a space of class Jα , if D ( A ) ⊂ Xα ⊂ X and there is a constant c > 0 such that



xα  C x1−α xαA ,



x ∈ D ( A ),



(2.7)



where  ·  A is the graph norm of A. Concrete examples of Xα include D ( A α ) for spaces D A (α , ∞), α ∈ (0, 1), deﬁned as follows



α ∈ (0, 1), the domains of the fractional powers of A, the real interpolation



⎧   ⎨ D A (α , ∞) := x ∈ X: [x]α = sup t 1−α ( A − ω)e −ωt T (t )x < ∞ , 0


and the abstract Hölder spaces D A (α ) := D ( A )·α . For a hyperbolic analytic semigroup ( T (t ))t 0 , one can easily check that similar estimations as both Eqs. (2.5) and (2.6) still hold with norms  · α . In fact, as the part of A in R ( Q ) is bounded, it follows from Eq. (2.6) that



AT (t ) Q x  C e δt x for t  0.



Hence, from Eq. (2.7) there exists a constant C (α ) > 0 such that



T (t ) Q x  C (α )e δt x for t  0. α



(2.8)



In addition to the above, the following holds



T (t ) P x  T (1) T (t − 1) P x for t  1, α B (X,X ) α



and hence from Eq. (2.5), one obtains



T (t ) P x  M e −δt x, α



t  1,



where M depends on



α. For t ∈ (0, 1], using Eqs. (2.4) and (2.7) we obtain T (t ) P x  M 



t −α x. α



Hence, there exist constants M (α ) > 0 and



γ > 0 such that



T (t ) P x  M (α )t −α e −γ t x for t > 0. α



2.2. Weighted pseudo almost periodic functions Let U denote the collection of all functions (i) (ii)



ρ : R → (0, ∞) satisfying:



ρ piecewise continuous, and ρ ∈ L 1loc (R).



From now on, if



ρ ∈ U and T > 0, we then use the notation



T m( T , ρ ) := −T



ρ (x) dx.



(2.9)



T. Diagana / J. Math. Anal. Appl. 350 (2009) 18–28



21



As in the particular case when ρ (x) = 1 for each x ∈ R, we are exclusively interested in those weights, m( T , ρ ) → ∞ as T → ∞. Throughout the rest of the paper, the notations U∞ , U B stands for the sets of weight functions



ρ , for which,



  U∞ := ρ ∈ U: lim m( T , ρ ) = ∞ and lim inf ρ (x) > 0 , x →∞ T →∞   U B := ρ ∈ U∞ : ρ is bounded .



Obviously, U B ⊂ U∞ ⊂ U, with strict inclusions. Let BC (R, X) (respectively, BC (R × Y, X)) denote the collection of all X-valued bounded continuous functions (respectively, the class of jointly bounded continuous functions F : R × Y → X). The space BC (R, X) equipped with its natural norm, that is, the sup norm deﬁned by



u ∞ = sup u (t ) , t ∈R



is a Banach space. Furthermore, C (R, Y) (respectively, C (R × Y, X)) denotes the class of continuous functions from R into Y (respectively, the class of jointly continuous functions F : R × Y → X). Deﬁnition 2.4. A function f ∈ C (R, X) is called (Bohr) almost periodic if for each interval of length l(ε ) contains a number τ with the property that



ε > 0 there exists l(ε) > 0 such that every



f (t + τ ) − f (t ) < ε for each t ∈ R.



The number τ above is called an ε -translation number of f , and the collection of all such functions will be denoted AP (X). A classical example of an almost periodic function, which is not periodic, is the function deﬁned by: f (t ) = sin t + sin π t. Deﬁnition 2.5. A function F ∈ C (R × Y, X) is called (Bohr) almost periodic in t ∈ R uniformly in y ∈ Y if for each ε > 0 and any compact K ⊂ Y there exists l(ε ) such that every interval of length l(ε ) contains a number τ with the property that



F (t + τ , y ) − F (t , y ) < ε for each t ∈ R, y ∈ K .



The collection of those functions is denoted by AP (Y, X). To introduce those weighted pseudo almost periodic functions, we need to deﬁne the “weighted ergodic” space PAP 0 (X, ρ ). Weighted pseudo almost periodic functions will then appear as perturbations of almost periodic functions by elements of PAP 0 (X, ρ ). Let ρ ∈ U∞ . Deﬁne



 PAP 0 (X, ρ ) := Obviously, when



f ∈ BC (R, X): lim



r →∞



1 m( T , ρ )



T



 f (σ ) ρ (σ ) dσ = 0 .



−T



ρ (x) = 1 for each x ∈ R, one retrieves the so-called ergodic space of Zhang, that is, PAP0 (X), deﬁned by 



PAP 0 (X) :=



f ∈ BC (R, X): lim



T →∞



T



1 2T



 f (σ ) dσ = 0 .



−T



Note that the spaces PAP 0 (X, ρ ) are richer than PAP 0 (X) and give rise to an enlarged space of pseudo almost periodic functions. Though, PAP 0 (X, ρ ) = PAP 0 (X) whenever the weighted ρ ∈ U B , see, e.g., [1,6,7]. In the same way, we deﬁne PAP 0 (Y, X, ρ ) as the collection of jointly continuous functions F : R × Y → X such that F (·, y ) is bounded for each y ∈ Y and lim



T →∞



1 m( T , ρ )



T



F (s, y ) ρ (s) ds = 0



−T



uniformly in compact subset of Y. We are now ready to introduce the notion of weighted pseudo almost periodicity. Deﬁnition 2.6. Let ρ ∈ U∞ . A function f ∈ BC (R, X) is said to be a weighted pseudo almost periodic (or ρ -pseudo almost periodic) if it can be expressed as f = g + φ, where g ∈ AP (X) and φ ∈ PAP 0 (X, ρ ). The collection of such functions will be denoted by PAP (X, ρ ).
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Lemma 2.7. Let ρ ∈ U∞ . Then the space (PAP (X, ρ ),  · ∞ ) is a Banach space. Proof. It suﬃces to prove that PAP (X, ρ ) is a closed subspace of BC (R, X). For that, let f n = gn + φn ∈ PAP (X, ρ ) with gn ∈ AP (X) and φn ∈ PAP0 (X, ρ ) and such that  f n − f ∞ → 0 as n → ∞. Following along the same lines as in the proof of [17, Lemma 1.3], one can easily see that gn (R) ⊂ f n (R) and so  f n    gn  for each n ∈ N. Consequently, there exists g ∈ AP (X) such that  gn − g ∞ → 0 as n → ∞. Now f n − gn = φn → φ := f − g as n → ∞. Thus writing φ = (φ − φn ) + φn we obtain the following inequality:



r



1 m(r , ρ )



φ(σ ) ρ (σ ) dσ  φ − φn ∞ +



−r



1 m(r , ρ )



r



φn (σ ) ρ (σ ) dσ .



−r



Thus one completes the proof by letting respectively r → ∞ and n → ∞.



2



Remark 2.8. (i) The functions g and φ appearing in Deﬁnition 2.6 are respectively called the almost periodic and the weighted ergodic perturbation components of f . (ii) Suppose that the weight ρ : R → (0, ∞) is continuous. If,







lim sup s→∞



for every















ρ (s + τ ) m( T + τ , ρ ) < ∞ and lim sup 


τ ∈ R, then the space PAP(X, ρ ) is translation invariant.



Theorem 2.9. Fix ρ ∈ U∞ . The decomposition of a weighted pseudo almost periodic function f = g + φ, where g ∈ AP (X) and φ ∈ PAP0 (X, ρ ), is unique. Proof. Let f = g 1 + φ1 where g 1 ∈ AP (X) and φ1 ∈ PAP0 (X, ρ ). Proceeding as in the proof of [17, Lemma 1.3], it easily follows that g 1 (R) ⊂ f (R). Thus, if f = g 2 + φ2 where g 2 ∈ AP (X) and φ2 ∈ PAP 0 (X, ρ ), then 0 = f − f = ( g 1 − g 2 ) + (φ1 − φ2 ) ∈ PAP (X, ρ ), where ( g 1 − g 2 ) ∈ AP (X) and (φ1 − φ2 ) ∈ PAP 0 (X, ρ ). Hence, using the argument above, it follows that ( g 1 − g 2 )(R) ⊂ {0}, and therefore, g 1 = g 2 and φ1 = φ2 . The proof is complete. 2 Deﬁnition 2.10. A function F ∈ BC (R × X, Y) is called weighted pseudo almost periodic if F = G + Φ, where G ∈ AP (X, Y, ρ ) and Φ ∈ PAP 0 (X, Y, ρ ). The class of such functions will be denoted by PAP (X, Y, ρ ). 3. Main results Let V∞ denote the collection of all continuous weights ρ : R → (0, ∞). Throughout the rest of the paper, we assume ρ ∈ V∞ is chosen so that the following assumptions hold:     ρ (s + τ ) m( T + τ , ρ ) < ∞ and lim sup 






N



ρN (s) := 1 + s2 , N ∈ N. To study the existence and uniqueness of weighted pseudo almost periodic solutions to Eq. (1.3) we ﬁrst introduce the notion of mild solution. Deﬁnition 3.1. A function u : R → Xα is said to be a mild solution to Eq. (1.3) provided that the function s → AT (t − s) P f (s, Bu (s)) is integrable on (−∞, t ), s → AT (t − s) Q f (s, Bu (s)) is integrable on (t , ∞) for each t ∈ R, and



 u (t ) = − f t , Bu (t ) − 



t



 AT (t − s) P f s, Bu (s) ds + 



−∞



t + −∞



for each ∀t ∈ R.







∞







t







∞



T (t − s) P g s, C u (s) ds −











T (t − s) Q g s, C u (s) ds t







AT (t − s) Q f s, Bu (s) ds
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Throughout the rest of the paper we denote by Γ1 , Γ2 , Γ3 , and Γ4 , the nonlinear integral operators deﬁned by



t (Γ1 u )(t ) :=



∞











AT (t − s) P f s, Bu (s) ds,



(Γ2 u )(t ) :=



−∞



t



t



∞



(Γ3 u )(t ) :=











T (t − s) P g s, C u (s) ds,



(Γ4 u )(t ) :=



−∞











AT (t − s) Q f s, Bu (s) ds,











T (t − s) Q g s, C u (s) ds. t



To study Eq. (1.3) we require the following assumptions: (H1) The operator A is sectorial and generates a hyperbolic (analytic) semigroup ( T (t ))t 0 . (H2) Let 0 < α < 1. Then Xα = D ((− A α )), or Xα = D A (α , p ), 1  p  +∞, or Xα = D A (α ), or Xα = [X, D ( A )]α . We also assume that B , C : Xα → X are bounded linear operators. (H3) Let 0 < α < β < 1, and f : R × X → Xβ belongs to PAP (X, Xβ , ρ ) while g : R × X → X belongs to PAP (X, X, ρ ). (H4) The functions f , g are uniformly Lipschitz with respect to the second argument in the following sense: there exists K > 0 such that



f (t , u ) − f (t , v )  K u − v , β



and



g (t , u ) − g (t , v )  K u − v 



for all u , v ∈ X and t ∈ R. We ﬁrst prove the following: Lemma 3.2. Let 0 < α , β < 1. Then



AT (t ) Q x  ce δt xβ for t  0, α AT (t ) P x  ct β−α −1 e −γ t xβ for t > 0. α



(3.1) (3.2)



Proof. As for Eq. (2.8), the fact that the part of A in R ( Q ) is bounded yields



AT (t ) Q x  ce δt xβ ,



2 A T (t ) Q x  ce δt xβ



for t  0,



since Xβ → X. Hence, from Eq. (2.7) there is a constant c (α ) > 0 such that



AT (t ) Q x  c (α )e δt xβ α



for t  0.



Furthermore,



AT (t ) P x  AT (1) T (t − 1) P x  ce −δt xβ α B (X,X ) α



for t  1.



Now for t ∈ (0, 1], using Eqs. (2.4) and (2.7), we obtain



AT (t ) P x  ct −α −1 x α



and



AT (t ) P x  ct −α  Ax α



for each x ∈ D ( A ). Thus, by reiteration theorem (see [16]), it follows that



AT (t ) P x  ct β−α −1 xβ α



for every x ∈ Xβ and 0 < β < 1, and hence, there exist constants M (α ) > 0 and



T (t ) P x  M (α )t β−α −1 e −γ t xβ α



for t > 0.



γ > 0 such that



2



Lemma 3.3. Under assumptions (H1)–(H4), the integral operators Γ3 and Γ4 deﬁned above map PAP(Xα , ρ ) into itself. Proof. Let u ∈ PAP (Xα , ρ ). Now since C ∈ B (Xα , X) it follows that C u ∈ PAP(X, ρ ). Setting h(t ) = g (t , C u (t )) and using the theorem of composition of weighted pseudo almost periodic functions in Diagana [6, Theorem 3.7] it follows that h ∈ PAP (X, ρ ).
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Now write h = φ + ζ where φ ∈ AP (X) and ζ ∈ PAP 0 (X, ρ ). Thus Γ3 u can be rewritten as



t



t



(Γ3 u )(t ) =



T (t − s) P φ(s) ds +



−∞



T (t − s) P ζ (s) ds.



−∞



Set



t Φ(t ) =



T (t − s) P φ(s) ds,



−∞



and



t Ψ (t ) =



T (t − s) P ζ (s) ds



−∞



for each t ∈ R. The next step consists of showing that Φ ∈ AP (Xα ) and Ψ ∈ PAP 0 (Xα , ρ ). Obviously, Φ ∈ AP (Xα ). Indeed, since φ ∈ AP (X), for every ε > 0 there exists l(ε ) > 0 such that for all ξ there is τ ∈ [ξ, ξ + l(ε )] with



Φ(t + τ ) − Φ(t ) < μ · ε for each t ∈ R, γ 1−α



where μ = M (α )Γ (1−α ) with Γ being the classical gamma function. Now using the expression



t Φ(t + τ ) − Φ(t ) =











T (t − s) P φ(s + τ ) − φ(s) ds



−∞



and Eq. (2.9) it easily follows that



Φ(t + τ ) − Φ(t ) < ε for each t ∈ R, α and hence, Φ ∈ AP (Xα ). To complete the proof for Γ3 , we have to show that Ψ ∈ PAP 0 (Xα , ρ ). First, note that s → Ψ (s) is a bounded continuous function. It remains to show that lim



T →∞



1 m( T , ρ )



T



Ψ (t ) ρ (t ) dt = 0. α



−T



Again using Eq. (2.9) one obtains that



lim



T →∞



1 m( T , ρ )



T



Ψ (t ) ρ (t ) dt  lim α



T →∞



−T



M (α ) m( T , ρ )



T +∞ −T 0



+∞  lim M (α )



s



T →∞



0











s−α e −γ s ζ (t − s) α ρ (t ) ds dt



−α −γ s



e



1 m( T , ρ )



T



ζ (t − s) ρ (t ) dt ds. α



−T



T



Let Γs ( T ) = m( T1,ρ ) − T ζ (t − s)α ρ (t ) dt . Since we assumed that PAP (Xα , ρ ) is translation invariant it follows that t → ζ (t − s) belongs to PAP(Xα , ρ ) for each s ∈ R, and hence



lim



T→  ∞



1 m( T , ρ )



T



ζ (t − s) ρ (t ) dt = 0 α



−T



for each s ∈ R. One completes the proof by using the well-known Lebesgue dominated convergence theorem and the fact Γs ( T ) → 0 as T → ∞ for each s ∈ R. The proof for Γ4 u (·) is similar to that of Γ3 u (·). However one makes use of Eq. (2.8) rather than Eq. (2.9). 2
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Lemma 3.4. Under assumptions (H1)–(H4), the integral operators Γ1 and Γ2 deﬁned above map PAP(Xα , ρ ) into itself. Proof. Let u ∈ PAP (Xα , ρ ). Since B ∈ B (Xα , X) it follows that the function t → Bu (t ) belongs to PAP (X, ρ ). Again, using Diagana [6, Theorem 3.7] it follows that ψ(·) = f (·, Bu (·)) is in PAP (Xβ , ρ ) whenever u ∈ PAP (Xα , ρ ). In particular,



  ψ∞,β = sup f t , Bu (t ) β < ∞. t ∈R



Now write ψ = w + z, where w ∈ AP (Xβ ) and z ∈ PAP 0 (Xβ , ρ ), that is, Γ1 φ = Ξ ( w ) + Ξ ( z) where



t Ξ w (t ) :=



t AT (t − s) P w (s) ds,



Ξ z(t ) :=



and



−∞



AT (t − s) P z(s) ds.



−∞



Clearly, Ξ ( w ) ∈ AP (Xα ). Indeed, since w ∈ AP (Xβ ), for every



ε > 0 there exists l(ε) > 0 such that for all ξ there is



τ ∈ [ξ, ξ + l(ε)] with the property:



w (t + τ ) − w (t ) < νε for each t ∈ R, β



where



ν=



1 . c γ β−α Γ (β−α )



Now, the estimate in Eq. (3.2) yields



+∞   Ξ ( w )(t + τ ) − Ξ ( w )(t ) = AT (s) P w (t − s + τ ) − w (t − s) ds α 0



+∞







α







sβ−α −1 e −γ s w (t − s + τ ) − w (t − s) β ds



c 0



 0. Then, by Eq. (3.2), we have 1 m( T , ρ )



T



(Ξ z)(t ) ρ (t ) dt  X α



−T







1 m( T , ρ )



T +∞ AT (s) P z(t − s) ρ (t ) ds dt α −T 0



T +∞



c m( T , ρ )



+∞



−T 0



sβ−α −1 e −γ s



c· 0











sβ−α −1 e −γ s z(t − s) β ρ (t ) ds dt







T



1 m( T , ρ )



 z(t − s) ρ (t ) dt ds. β



−T



T



Obviously, lim T →∞ m( T1,ρ ) − T  z(t − s)β ρ (t ) dt = 0, since t → z(t − s) ∈ PAP 0 (Xβ , ρ ) for every s ∈ R. One completes the proof by using the Lebesgue’s dominated convergence theorem. Of course, the proof for Γ2 u (·) is similar to that of Γ1 u (·). However, one makes use of Eq. (3.1) instead of Eq. (3.2). 2 Throughout the rest of the paper, the constant k(α ) denotes the bound of the embedding Xβ → Xα , that is,



u α  k(α )u β



for each u ∈ Xβ .



Theorem 3.5. Under the assumptions (H1)–(H4), the evolution equation (1.3) has a unique pseudo almost periodic mild solution whenever Θ < 1, where



  c Γ (β − α ) M (α )Γ (1 − α ) c (α ) Θ = K  k(α ) + + c + + , δ γ β−α δ γ 1−α and  = max( B  B (Xα ,X) , C  B (Xα ,X) ).
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Proof. Consider the nonlinear operator M on PAP(Xα , ρ ) given by



  Mu (t ) = − f t , Bu (t ) −



t



∞











AT (t − s) P f s, Bu (s) ds +



−∞



t +











AT (t − s) Q f s, Bu (s) ds t



∞











T (t − s) P g s, C u (s) ds −



−∞











T (t − s) Q g s, C u (s) ds t



for each t ∈ R. As we have previously seen, for every u ∈ PAP (Xα , ρ ), f (·, Bu (·)) ∈ PAP (Xβ , ρ ) ⊂ PAP (Xα , ρ ). In view of Lemmas 3.3 and 3.4, it follows that M maps PAP (Xα , ρ ) into itself. To complete the proof one has to show that M has a unique ﬁxedpoint. Let v , w ∈ PAP (Xα , ρ )



Γ1 ( v )(t ) − Γ1 ( w )(t )  α



t



   AT (t − s) P f (s, B v (s)) − f s, B w (s) ds α



−∞



t  c K  B  B (Xα ,X)  v − w ∞,α



(t − s)β−α −1 e −γ (t −s) ds



−∞



=c



Γ (β − α )



γ β−α



K  B  B (Xα ,X)  v − w ∞,α .



Similarly,



Γ2 ( v )(t ) − Γ2 ( w )(t )  α



∞      AT (t − s) Q f s, B v (s) − f s, B w (s) α ds t



+∞



e δ(t −s) ds



 c K  B  B (Xα ,X)  v − w ∞,α t



=



c K  B  B (Xα ,X)



δ



 v − w ∞,α .



Now for Γ3 and Γ4 , we have the following approximations



Γ3 ( v )(t ) − Γ3 ( w )(t )  α



t



   T (t − s) P g (s, C v (s)) − g s, C w (s) ds α



−∞







K C  B (Xα ,X) M (α )Γ (1 − α )



γ 1−α



 v − w ∞,α ,



and



Γ4 ( v )(t ) − Γ4 ( w )(t )  α



∞      T (t − s) Q g s, C v (s) − g s, C w (s) ds α t



+∞



e δ(t −s) ds



 K c (α )C  B (Xα ,X)  v − w ∞,α t



=



K C  B (Xα ,X) c (α )



δ



 v − w ∞,α .



Consequently,



M v − M w ∞,α  Θ ·  v − w ∞,α . Clearly, if Θ < 1, then Eq. (1.3) has a unique ﬁxed-point by the Banach ﬁxed point theorem, which obviously is the only weighted pseudo almost periodic solution to it. 2
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Example 3.6. The system (3.3)–(3.4) arises in control systems described by abstract retarded functional-differential equations with feedback control governed by proportional integro-differential law, see, e.g., [1,9]. In what follows, we make use of the previous theory, that is, Theorem 3.5 to study the existence and uniqueness of a weighted pseudo almost periodic solution to Eqs. (3.3)–(3.4). Consider the system of partial differential equations



  0 π 0 ∂ ∂2 u (t , x) + b(s, η, x)u (t + s, η) dη ds = 2 u (t , x) + σ u (t , x) + a(s)u (t + s, x) ds, ∂t ∂x −r 0



(3.3)



−r



u (t , 0) = u (t , π ) = 0,



(3.4)



for t ∈ R and x ∈ [0, π ], where σ ∈ R, the coeﬃcient a : R → R is bounded continuous. Here, we take X = ( L 2 [0, π ],  · 2 ). To study Eqs. (3.3)–(3.4) we suppose that the following assumption holds: i (H) The functions b(·), ∂ i b(τ , η, ζ ), i = 1, 2, are (Lebesgue) measurable, b(τ , η, π ) = 0, b(τ , η, 0) = 0 for every (τ , η) and



∂ζ



π 0 π  M := max 0 −r 0



 2 ∂i i b ( τ , η , ζ ) d η d τ d ζ : = 0 , 1 , 2 < ∞. ∂ζ i



Under these conditions, we deﬁne the functions f , g : R × C ([−r , 0], L 2 [0, π ]) → L 2 [0, π ] by setting



0 π f (t , ψ)(x) :=



b(s, η, x)ψ(s, η) dη ds, −r 0



0 g (t , ψ)(x) :=



a(s)ψ(s, x) ds. −r



Deﬁne the operator A by A (ψ) := ψ 



+ σ ψ,



∀ψ ∈ D ( A ),



where D ( A ) := {ψ ∈ L [0, π ]: ψ 



∈ L 2 [0, π ] and ψ(0) = ψ(π ) = 0} ⊂ L 2 [0, π ]. Obviously, A is sectorial, and hence is the generator of an analytic semigroup. In addition to the above, the resolvent and spectrum of A are respectively given by 2







ρ ( A ) = C − −n2 + σ : n ∈ N







and







σ ( A ) = −n2 + σ : n ∈ N







so that σ ( A ) ∩ i R = {∅} whenever σ = n2 for each n ∈ N. In view of the above, it is clear that the system (3.3)–(3.4) can be rewritten as an abstract system of the form Eq. (1.3). Theorem 3.7. Let ρ ∈ V∞ . Under the previous assumptions, if σ = n2 for each n ∈ N, then the system (3.3)–(3.4) has a unique Xα -valued weighted pseudo almost periodic mild solution whenever K , the constant that appears in (H4), is small enough. References [1] R.P. Agarwal, T. Diagana, E. Hernàndez, Weighted pseudo almost periodic solutions to some partial neutral functional differential equations, J. Nonlinear Convex Anal. 8 (3) (2007) 397–415. [2] B. Amir, L. Maniar, Composition of pseudo-almost periodic functions and Cauchy problems with operator of nondense domain, Ann. Math. Blaise Pascal 6 (1) (1999) 1–11. [3] S. Boulite, L. Maniar, G.M. N’Guérekata, Almost automorphic solutions for hyperbolic semilinear evolution equations, Semigroup Forum 71 (2005) 231–240. [4] C. Cuevas, M. Pinto, Existence and uniqueness of pseudo almost periodic solutions of semilinear Cauchy problems with nondense domain, Nonlinear Anal. 45 (1) (2001) 73–83. [5] G. Da Prato, P. Grisvard, Equations d’évolution abstraites non linéaires de type parabolique, Ann. Mat. Pura Appl. (4) 120 (1979) 329–396. [6] T. Diagana, Weighted pseudo almost periodic solutions to some differential equations, Nonlinear Anal. 68 (8) (2008) 2250–2260. [7] T. Diagana, Weighted pseudo almost periodic functions and applications, C. R. Acad. Sci. Paris Ser. I 343 (10) (2006) 643–646. [8] T. Diagana, Pseudo Almost Periodic Functions in Banach Spaces, Nova Science Publishers, Inc., New York, 2007. [9] T. Diagana, E.M. Hernàndez, Existence and uniqueness of pseudo almost periodic solutions to some abstract partial neutral functional-differential equations and applications, J. Math. Anal. Appl. 327 (2) (2007) 776–791. [10] T. Diagana, C.M. Mahop, G.M. N’Guérékata, Pseudo almost periodic solution to some semilinear differential equations, Math. Comput. Modelling 43 (1– 2) (2006) 89–96. [11] T. Diagana, C.M. Mahop, G.M. N’Guérékata, B. Toni, Existence and uniqueness of pseudo almost periodic solutions to some classes of semilinear differential equations and applications, Nonlinear Anal. 64 (11) (2006) 2442–2453.
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