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An action for two dimensional gravity is established. The action is then quantized using the path integral and conformal field theory methods. In both cases it is shown that the quantization can be carried out without restricting the dimensions of the coupled matter. This is explained by the fact that the modified action introduces a constraint that renders the Liouville action harmless.



1. Introduction



During the last few years it became evident that a p r o p e r u n d e r s t a n d i n g o f two d i m e n s i o n a l systems requires the knowledge o f the theory o f two d i m e n sional q u a n t u m gravity. This p r o b l e m was a v o i d e d before, as the m a i n interest was focused on the study o f massless m a t t e r systems. F o r such systems, advantage can be taken o f the Weyl and general coordinate invariance at the classical level to gauge fix all the three c o m p o n e n t s o f the metric tensor o f the two dimensional m a n i f o l d [1 ]. The Weyl invariance is spoiled at the q u a n t u m level except in the critical dimensions. Such d i m e n s i o n s were then a d o p t e d as the working ground, and most o f the research was confined to them. This was the case until recently when Polyakov, and then Polyakov, K h n i z h n i k and Z a m o l o d c h i k o v [2], were able to quantize the system in the presence o f the Liouville m o d e in the light cone gauge for a genus zero surface. This was later generalized, in the conformal gauge, to all genera [3,4]. The interesting point is that the restriction to critical d i m e n s i o n s is avoided. U n f o r t u n a t e l y there is a barrier restricting the d i m e n s i o n o f the m a t t e r to be less than or equal to one. W i t h the new modification it is not even clear how to recover the known critical cases. The weakest link in the above reasoning is the Supported by the Swiss National Foundation (SNF).



choice o f the classical action for two d i m e n s i o n a l gravity. The natural candidate, the E i n s t e i n - H i l b e r t action, is topological and gives the Euler n u m b e r o f the manifold. Many suggestions were m a d e [ 5 - 9 ] such as to take zero as the classical action, and to exploit the symmetries o f the metric tensor which can be then gauge fixed to give an expression for the q u a n t u m action [ 8]. Some o f these suggestions were based on constructing topological actions, but these had very limited m a t t e r interactions: One of the possible topological actions was based on the gauge group SO ( 1, 2) and needed an auxiliary scalar multiplet to be constructed [ 9 ]. This scalar field appears linearly, and when integrated out in the path integral imposes the constraint that the gauge fields are fiat SO( 1, 2) connections. When the c o m p o n e n t o f the gauge field in the direction orthogonal to SO( 1, 1 ) is identified with the zweibein and assumed to be invertible, the constraint implies that the curvature scalar is constant. One argument frequently used against using such an action to describe gravity is the presence o f the scalar field, which is thought to be non-geometrical. That this is not necessarily true was seen in the construction o f topological theories in higher dimensions [ 10 ] as well as in supergravity multiplets where the dilaton field is always present. A truncation of the three d i m e n s i o n a l action o f gravity based on the C h e r n - S i m o n s theory [ 11 ] to two d i m e n s i o n s gives the topological action discussed above. Similarly by truncating the E i n s t e i n - H i l b e r t action from three di-
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mensions to two, reveals that the dilation field cannot be decoupled from the two dimensional metric [ 10]. This property is unique to two dimensions. In this paper I shall assume that the classical gravity action is given by /gravity= f d 2 x ~ g M



~(R+A),



where g,a is the metric tensor, R is the curvature, and A is a constant. The addition of this term will have a drastic influence on the Liouville field and will make its quantization relatively simple. I shall perform the quantization in both the path integral formalism and using conformal field theory. We shall see that in the path integral the effect of the constant curvature constraint is to neutralize the Liouville action. In the canonical quantization it is seen that the effect of the new term is to change the propagator of the Liouville mode, making the conformal anomaly linearly proportional to the parameter appearing in the Liouville action. This allows for the conformal anomaly to be cancelled, for an arbitrary dimension of the matter coupling. When the topology of the manifold M is that of a torus, it will be apparent from the expression of the partition function of the full system that the contribution of the ghost fields exactly cancel those of the pure gravity action. For general topology, the cancellation also holds, up to contributions of zero modes. In the case of arbitrary boundary conditions for the bosonic matter fields, the partition function of the system will be modular invariant, as long as the left and right movers have identical conditions. It is possible to have asymmetric boundary conditions, and in this case all the analysis of constructing modular invariant partition functions can be taken with minor modifications. The spectrum will, in most cases, have a tachyon and will not contain space-time fermions. It is clear that to obtain realistic models the supersymmetric analog of the above construction must be considered.



2. Classical action of 2D gravity In all constructions of a topological action for two dimensional gravity, a common feature is the importance of the SO(l, 2) symmetry. It was then pro380
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posed that the classical gravity action should have the above gauge symmetry, and be topological. This could only be accomplished if one allows for a scalar multiplet qbAto couple to the gauge field strength F A. The action is [ 9 ]



I= f cl)AF A ,



(2.1)



M



and is topological in the sense that it is independent of the metric on the manifold M. It is instructive to compare this action with the three dimensional ISO ( 1, 2) Chern-Simons action for gravity [ 11 ] IChern Si. . . . = f e A A (do) A -- (.ABCf,oB A O)C) ,



(2.2)



where e A is the dreibein and ~oA is the spin connection. It is easy to see that by setting e A to q>a, and identifying ~oA with the SO( 1, 2) gauge field A A, eq. (2.2) reduces to (2.1). The role of the scalar field q>A is to enforce the constraint FA=dAA--f.ABCAB AAc=O ,



(2.3)



of flat SO(l, 2) connections. By decomposing the above fields with respect to the SO( 1, 1 ) representations with the identifications A A = ( e a, 09) and q~A= (Oa, 0) eq. (2.3) becomes



e"P( O,~e~-ea%9,e~)=O , ~Eabe~ea) = 0 .



(2.4)



When these equations are projected into the subspace where the zweibein e a is invertible, they yield co, = -e-,~z~(0ye~) e,a,



(2.5a)



,,fg[R(g)+A] = 0 ,



(2.5b)



where g ~ is the metric tensor defined as e~ eaa, R (g) is the curvature scalar in function of that metric, and A is the cosmological constant resulting from the a We recognize eq. (2.5b) as the scaling e a, ____~.~/Ae,. Liouville equation. The negative value for A can be reached by considering the group SO(2, 1 ) instead, and the vanishing A by contracting the group to ISO(1, 1). We deduce that the metric version of the above action is
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M



where the scalar field 0 enforces the constraint equation (2.5b). This fixes the geometry to be that of constant scalar curvature, and determines the scalar factor remaining after using the general coordinate invariance to be governed by the Liouville equation. Historically this action was first proposed within the metric formulation by Jackiw and Teitelboim [6], and rediscovered in its topological form by Wyler and myself [ 9 ]. To avoid some difficult topological questions, I shall work here only within the metric approach, and leave the more difficult topological formulation to a forthcoming publication. I shall be dealing with the general action



l=lg + 2z(M)



+ tt I dzx ,~/g+ Im ,



(2.7)



M
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or scattering amplitudes for the system governed by the action in eq. (2.7). This is familiar by now and the only necessary modification results from the 0 integration. The partition function reads Z= ~



dA



dA ~ ( A A - 4 ~ ( h - 1 ) )



h =--0



×



~ [ D g ] [DO] [ D X ' ] N exp( - I ) ,



(3.1)



where N is the normalization factor Diff(M). The 0 integration can be carried out immediately since this field appears as a Lagrange multiplier. This produces the constraint



3(R+A) . Similarly the



(3.2)



X" integration can be performed to give { 8zc2 .-a12



J" DX" exp ( - I.,) = t2 tf~ d-Z~-x,,/rgdet'Ag )



where



, (3.3)



z(M) = 1 ;daxx/~R



(2.8)



where ~2 is the volume of space-time, and the laplacian is defined as



M



is the Euler characteristic, and Im is the matter interaction which for simplicity can be taken as that of d scalar fields X u



I,~= ~1 f dZxx//ggO~,63.XZ, OnXu .



(2.9)



M



In the Polyakov picture [1 ], quantization is carried by summing the functional integral over all closed compact surfaces M. For the constraint of constant curvature to be consistent with the Euler characteristic, the value of A must be chosen so that it is negative for genus zero, vanishes for genus one and is positive when the genus is higher than one. Because A is related to the area A by the relation A A = 4 7 r ( h - 1 ), it naturally restricts the area to be constant without the need to impose this constraint externally. It is then suggestive to consider A as a parameter and integrate over it in the functional integral.



3. The path integral Our aim here is to compute the partition function



Ag= -



1



~ O : ( d g g ap O~) .



From here on I will freely use standard results, adopting the notation of the review article by D'Hoker and Phong [ 12 ]. Integrating over metrics is performed by first parametrizing this space by g,a = exp(2a) ~,a where a is a background metric with constant curvature. After fixing the diffeomorphism invariance the quantum measure over the space of metrics is given by [12-15]



( detP~Pl ~"2 6h--6



× 1~ dmjdet (Itj[¢~) .



(3.4)



j=l



To explain this notation, Pl is the operator that sends vectors into symmetric traceless two-tensors, v" is the reparametrization vector field, rnj is the measure of the moduli space for genus j, #j are the Beltrami differentials and 0j is a basis for Ker (Vf~), the covariant differential operator. Note that the expression adopted here resulting from gauge fixing, is valid only if we have bosonic matter. A more general expres381
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sion, which is also valid when fermions are present, will require introducing the ghosts. These results have now to be reexpressed in terms of the Weyl scaled metric a. The necessary formulas are [ 12-15 ]
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and taking the contributions of the a zero modes into account, the integral of eq. (3.9) gives 87/72fM d2x x / g



det' (ag + 2A) exp[



~1/2



det P~PI



(d--26)SL(a) ]]Y=o " (3.11)



det (¢j [¢k )gY ( det/3T/~ ' =kdetK6jl~k>J



)1/2 exp[-26&(a)],



8~r2~ d e t ' A. g ]\1/2 _ ( 8 ~ 2 det'Ae~ w2



;Md2X ] -vTXhGx J expl-s (-)l, (3.5) where SL(a) is the Liouville action



Since the a variable has been integrated out one expects the answer in eq. (3.11 ) to be independent of a. To see that this is the case we first isolate the a dependence in det' (Ag+ 2A ) which can be evaluated using the heat kernel expansion to get det' (Ag + 2A ) = d e t ' Ag ×



exp



-~ln(eM



2)



d2x



,



(3.12)



M



SL(O')= 1 ~



dZx~ M



×[½~"Pa~aO~+eea+ ~' exp(2cr) ] .



(3.6)



The curvature R~ has been normalized so that R e = 1 when h = 0 , R e = 0 and Area(~) = 1 when h = 1, and R e = - 1 when h >/2. By using the identity



Rg=exp(-2a) (Aecr+ Re) ,



(3.7)



the fixed genus contribution to the partition function becomes det ( ,Uj l Ok ) get (¢~j [ Ck)~/2



where e-+0 and M 2 is an arbitrary renormalization scale. After using the Weyl scaling of the determinant as given in eq. ( 3.5 ), it can be seen that the a dependence is proportional to the Liouville action with an arbitrary mass scale for fM d2x x/g to be evaluated at Y= 0. But since Y= 0 is the Liouville equation, this puts the Liouville action on shell. Collecting all terms we have



Zg.... h = \ 8~2det,Ae j (



~ det P~P1



X kdet



(OjlOk)e]



1/2



det (/.tj I~k )



- 1/2 [8~2 det'A~ "~-a/2



X exp (2Z) exp [ ( d - 26 )SL ( a ) ] x ~(exp ( - 2a) (Aea+ R~) + A ) ,



(3.8)



where we have substituted eqs. (3.5), and (3.7). With the help of the delta function constraint, the a integration can be immediately performed. It has the form I D a exp [ (d-26)SL(a)



]



× 6 ( A g a + R e exp ( - 2a) + A ) .



( 3.9 )



By making the change of variables



Y(a) =R+A, 382



(3.10)



(3.13) M



w h e r e / ( ' is (A/2n) ln(EMZ). It is possible to adjust the value of the cosmological constant to zero by tuning/t" to cancel the term ( d - 2 4 ) / z ' coming from the Liouville part. For simplicity I shall adopt this. It is easy to verify by substituting the explicit solution of the constant curvature constraint in the three possible cases h = 0, h = 1, and h >I 2, into the Liouville action that the kinetic part plus the part linear in a give a surface term. We must then compute the on-shell value
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exp ( d - 24 F ( A ) = l_ \-]-2~-



× f d2x x/~ (½#~ a.a a~a+ aN))]y=o .



(3.14)



M



The solution of the constraint equation (3.2), when expressed in terms of the scaled variables o, with the normalization as given in eq. (3.6), is



e x p ( 2 a ) = 4 A - ~ f ' f ' ( z - g ~ 2 (A>0, h>_-2) \f_f] exp(2a)=-A-'f'f exp (2or) = f + f



( l + z,A 2



' \-i-@,]



(2


(A=0, h = l ) ,



(3.15)



where f ( z ) is an arbitrary holomorphic function of the complexified two dimensional coordinates. The non-vanishing contributions come from the A dependence to the aR term in the Liouville action, with the function fdisappearing from the final expression as one would expect. The answer obtained is identical to the one found by settingf(z) = z in eq. (3.14) when A # 0. The exponent in F(A ) is then - d-2--~4In A ~ d2x x//~/~ 24~z



(3.16)
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This, in the limit d-, - o o , agrees with the semi-classical result [ 16]" 7 ~ 2 + ~ ( 1 - h ) ( d - 19). It is then seen explicitly that the anomalous Liouville action is rendered harmless by the constraint. The constant area constraint need not be imposed when h # 1, but is implied from the constant curvature constraint resulting from the dilaton equation. The genus one case is special since no relation is implied on the area as both A and h-- 1 vanish. 1 shall later use scaling arguments to deduce the area dependence in this case. In the above it was assumed that the coefficients in the Liouville action are not renormalized. We shall see that this is the case when studying the action using the methods of conformal field theory. We have thus seen that there is no need for the critical dimensions, and the gravity and matter system can be quantized for an arbitrary dimension of the matter. Glancing at the expression of the partition function we see that the contribution of the gauge fixing of the general coordinate invariance cancels those of the classical gravity action (except for those of the zero modes). The Weyl anomalies proportional to the Liouville action are annihilated by the constraint of constant curvatures which puts this action on shell, and making its contribution a factor that determines the dependence of the partition function on the area.



M



and with this we can easily find F(A ) in eq. (3.15 )



F(J.)=A -(d-24)(l-h)/6 , A4:O.



(3.17)



This can be converted to the area dependence by noticing that the combination of the constant curvature constraint equation (3.2) and the formula for the Euler characteristic gives



A A = 4 g ( h - 1).



(3.18)



The constant area dependence for a fixed genus partition function becomes, after taking the A - l factor coming from the delta function in eq. ( 3.1 ) after integrating A: Z[A]:KA



(d-24)(I-h)/6-1 ,



h# l ,



(3.19)



where Kis a function not dependent on the area. Defining the string susceptibility 7 by Z = K A y-3, and by comparing with eq. (3.19) one obtains 7=2+~(1-h) (d-24),



h#l.



(3.20)



4. Conformal field theory Because of the importance of the conclusions in the last section it is essential to see also explicitly the cancellation of the conformal anomaly using the methods of conformal field theory. I shall use an analysis similar to that of Distler and Kawai [4] in their treatment ofquantizing the Liouville action for d~< 1. The results I shall arrive at agree completely with those in the last section. Firstly, we assume that the product of measures of the fields is scaled according to



Fg = Dg~ Dg~7DgX Dub DgC = F ~ e x p [ - S ( a , ~) ] ,



(4.1)



where the diffeomorphism dependence resulting from gauge fixing is replaced by that of the corresponding ghosts b and c, and S(a, ~,) is of the same form as the 383
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Liouville action, but with arbitrary coefficients. It can be always normalized after rescaling a to take the form
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a ~ 1 " otfl 0.~0p~+~) L= ~x/~(:g



+ ~x/gg



S(o',~)= l_frt dZxx/g



O,~(90pa,



(4.8)



M



× [a(½~ ~ O~,aOpa+al~)+/2, exp(2o~a)].



(4.2)



The parameters a and a will be determined by the requirements that the conformal anomaly vanishes, and that e x p ( 2 a a ) is a conformal tensor of weight ( l, 1 ). Equivalently this amounts to requiring that the theory is invariant under the Weyl scaling g = exp ( 2 a a ) g. Then under the simultaneous shifts ~exp(2p)~,



1



a~a---p,



19/



where the parameter b resulted from the rescaling of the field ~. The energy-momentum tensor is defined by 4~ 6L T a p = - x/~ d ~ p ,



and can be easily obtained using the transformation



c~R= - ½gO~pcSgo~R- ½VW~.(g'~ ~g,~a)



(4.3)



the theory is invariant, since it depends only on g, and this implies the equality



(4.9)



+ ½V~Vp ( S g ~ ) ,



(4.10)



and the relation between R and/~ from eq. (3.7). The result is



Fezpg,(~7--~'lp)~--



+ b (~z, % 0 - 20(,0 0~)a) .



+ fi,,~[a( ~raOra- 2~7~Vva)



× e x p [ - S t ° ' ~ ' ( a - l p , e2p~,...)]



+ b(0~'00/~-~'Vy0) ] . =F~ exp[ - St°ta~(a, ~, ...)] ,



(4.4)



where the ... refers to entries which are not affected by the scaling. S t°t~ is given by



From the action (4.7) it is straightforward to determine the conjugate momenta 7~a= ~



St°'~'(a,~,,f~,b,c,X)=S(a,~,)+l+S gh°~' ,



(4.11 )



1



(2adr+b6),



~zo= ~ b ~ r



(4.12)



(4.5)



where I is defined in eq. (2.5) and the ghost action is



from which we deduce the equal time commutation relations



sgh°~( b, C) = 1 fd2zw/~bzzVZc~+c.c"



b 2-~ [ a ( x ) , 8(Y)], = i 6 ( x - y ) ,



(4.6)



Since the conformal anomaly of the ghost and matter parts is known to be d - 26 we have only to determine the contribution of the gravity part as given by



S(a, cg)+Ig+~t I d2xx/g"



(4.7)



For simplicity I shall set the mass scales/~, ~ , and A to zero since the conformal anomaly is independent of these parameters. The lagrangian that must be quantized is then



~



[0(x), ~(y) It = -



ai ~ ( x - y ) ~ .



(4.13)



After rescaling ~-, (1/b)O and Wick rotating to the euclidean plane we get the propagators



( O(z)O(w) ) = a l n ( z - w ) , (a(z)fb(w)) = - ½I n ( z - w) .



(4.14)



The z-z component of the energy-momentum tensor in eq. (4.11 ) is



Tz~=2a(~a-OzaO~a)+(~-20/9~a).



(4.15)



The reason that the a-O propagator in eq. (4.14) has 384
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a factor ½ is that the metric rescaling with exp(2~r) instead o f e x p ( a ) was used, and this can be normalized by a rescaling a-, ½a, but is not necessary here. With the above propagators and energy-momentum tensor it is immediate to verify that the operator product expansion of the gravity energy-momentum tensor is 6a+ 1 2T(w) OwT(W) T(z)T(w)= (z_w)4 + (z_w)2 + z-w (4.16) Thus the central charge of the gravity part is
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Z[A] =Z[A exp(2p) ] × exp[(d-24)(1-h)(2p)],



(4.21)



which can be solved to give



Z[A]=KA(24-d)(I



h)/6,



and this is identical to the relation in eq. (3.18). In the special case when the genus is one, the area dependence in the partition function can be found by inserting the factor ~(f d2x x f g - A ) . Under the constant rescaling only the delta function changes according to



¢gravitY=2(6a+ 1 ) ,



which makes the total central charge of the system ct°U~=2 ( 6 a + 1 ) + d - 2 6 . Setting the total central charge to zero determines a to be 24-d a= - 12



(4.17)



To determine c~ we calculate the conformal weight of exp (2c~r), o~



1



T(z) exp(2~cr)= (z_w)~ + z-w



awexp(2c~a) , (4.18)



from which we deduce that o~= 1, and the relation g=exp(2~r)06 is not modified. To summarize the above results we conclude that S(a, 06) = ( 2 4 - d)Sc(~r, 06) .



(4.19)



Comparing the factor e x p ( - S ) in eq. (4.1 1 ) with eq. (3.1 6) it is clear that they are identical, and the coefficients in the Liouville action are not renormalized. Finally, it is possible to determine the area dependence of the partition function when A # 0 by considering the behaviour of the action under rescaling. Consider the constant rescaling g ~ exp (2p) 06, the total action shifts by



S'°~al(A)--}d-24( ; 2 4 ~ 2p



d2xv/~/~



)



~ , e x p ( - 2p)c~ ( I



d2xx/g-Aexp(-2p)),



which implies that



Z[A]=KA-',



h=l.



We deduce that the derivation based on the direct evaluation of the path integral, and that on the cancellation of the conformal anomaly and independence of the partition function from the scaling factors, give identical results. To explain why this was possible and why it was not seen before it must be stressed that the dilaton field ~ in the classical gravity action plays a crucial role. Since it couples linearly, it has no direct kinetic part but a mixed one with a which also acquires a kinetic part from the Liouville induced action. Inverting this kinetic operator implies that there is no cr-a propagator but only a a-~ and #-~ propagators. The energy-momentum tensor which is linear in ~ would have a conformal anomaly depending linearly on the parameter a, making it possible to cancel the total anomaly. In the absence of ~ it is known that the dependence on a is quadratic. We conclude that in the canonical quantization the role of ~ is to trivialize the cr dependence in a ay similar to that in the path integral. It is worthwhile to write down the result of the partition function in the case of genus one. In this case (det, p~/31 ),/2= ½det,Ae = ~r2 t 2 Ir/(r) I4 ,



×St°ta~(A exp(2p) ).



(4.20)



From this we deduce that the partition function obeys the relation



(4.22)



(4.23)



where r is the modular parameter r~ +ire and r/is the Dedekind function. Also the volume of Ker(P~) is



385
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The genus one partition func-
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(4.24)



If the d matter fields are periodic bosons, then det'A~ is given by eq. (4.23) and the expression in eq. (4.24) becomes identical to that of the critical string when d = 24. Modular invariance is always guaranteed for all values of d. By allowing more general shifted boundary conditions the matter partition function becomes that of a lorentzian (d, d) lattice. It is also possible to allow for a more complicated set of twisted (orbifold like) and shifted boundary conditions as long as these are left-right symmetric. The heterotic type case needs extra care since other subtleties could enter. In the simplest case of periodic boundary conditions we can easily check that the tachyon is always present with a mass m 2 = - ~ d. This can be easily avoided if the changes considered here are generalized to the supersymmetric case. I shall show in a forthcoming article that this can be carried through without any difficulty. To conclude, the action proposed here for two dimensional gravity can be quantized and allows for an arbitrary matter coupling. No critical dimensions arise. This opens many new possibilities for constructing genuine lower dimensional string theories. Many other questions remain to be answered on the changes that will result in the analysis of the spectra and scattering amplitudes in string theories arising in this formalism. One important problem to solve now, is how to incorporate the constant curvature constraint in the study of matrix models and random surfaces [ 17,18 ]. We have seen that this constraint resolves the problems encountered before in the quantization of gravity, and it remains to he seen how the critical dimension one would be avoided in these matrix models.
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