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Abstract A new isoparametric interpolation of rotation variables is proposed for strain-objective and path-independent finite element solutions of the geometrically exact beam via the rotation vector parametrization. It is shown that, in order to attain objectivity, the use of relative rotation is not mandatory and an interpolation of total rotation variables which correspond to the geodesic curve of the rotation manifold is sufficient. The proposed interpolation method, which is computationally more efficient than the one based on local rotations, converts nodal rotation vectors to quaternions and interpolates them in a manner consistent with the character of the rotation manifold. Accordingly, this interpolation, unlike the additive interpolation of total rotation, corresponds to a geodesic on the rotation manifold. The strain-objectivity and path-independence of solutions are justified theoretically and then demonstrated through numerical experiments. The focus of this study is only on the interpolation of rotation and hence a standard finite element discretization, as adopted by Simo and Vu-quoc [1], is used. The rotation update is achieved via quaternion multiplication followed by the extraction of the rotation vector. Nodal rotations are stored in terms of rotation vectors and no secondary storages are required. Key words: Geometrically exact beam; finite rotation; rotation manifold; tangent space; relative rotation; objectivity; path-independence.
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Introduction



Geometrically exact 3D beam theories and their finite element (FE) implementations have been extensively studied over the last few decades. Simo and and Vu-Quoc [1–3] have provided a beam theory and FE formulation that does not affect the geometric exactness even under finite rotational deformations in 3D. This approach has been followed up by several authors [4–11], who have contributed in setting up a theoretical and computational basis for the geometrically exact 3D beam theory. ∗ Corresponding author. Email addresses: [email protected] (S. Ghosh ), [email protected] (D. Roy ). 1 Research Scholar 2 Associate Professor
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Parametrization of finite rotation is an important issue, especially as practical implementations of computational schemes involving large rotations are crucially dependent on the parameters adopted. Over the years, several parametrizations have been adopted, viz., direction cosine matrices or orthogonal matrices, Euler angles, quaternions or Euler parameters, Rodrigues’ parameters or Gibbs vectors, conformal rotation vectors and rotation vectors. Detailed accounts of these parametrizations and their mutual relations may be found in [12–15]. Different parametrizations have their respective advantages and disadvantages depending on the application. A rotation vector parametrization has the following advantages. First, it is easier to implement in the FE context. Then, it requires only three parameters and has a simple geometric interpretation. Moreover, every rotation corresponds to a rotation vector, notwithstanding the non-uniqueness associated with it. Quaternion-based rotations constitute one of the most convenient representations of the double cover of SO(3) by S 3 . Besides less number of parameters, quaternions have several other advantages over rotation matrices. Details about quaternions can be found in [13,14]. Since the finite rotation evolves over a nonlinear manifold, the rotation vector is not generally amenable to vector-space operations. A non-adherence to such characteristics may lead to certain anomalies, e.g. a compromise on geometric exactness, path-dependence of solutions, non-objective strains etc. In Simo and Vu-Quoc [1], rotations are parametrized by the nine-parameter rotation matrix and FE nodal rotation updates are through matrix multiplications. In a major departure from [1], Cardona and G´eradin [4] have parametrized rotations as rotation vectors. Here FE formulations are categorized as (i) Eulerian, (ii) total Lagrangian or (iii) updated Lagrangian, depending upon whether the incremental rotation vector belongs to the tangent-space at current rotation, tangent-space at identity or that at the previously converged configuration respectively. During FE implementations via the Eulerian [1], total Lagrangian [4] and updated Lagrangian [4,16,17] formulations, the rotation variables interpolated along the length of the beam are the iterative rotation vectors (measured with respect to the configuration of the last iteration), total rotation vectors (measured with respect to the initial configuration) and incremental rotation vectors (measured with respect to the last converged configuration) respectively. In the total Lagrangian formulation, the incremental rotation vectors in different tangent spaces are transfered to the tangent space at identity via a linear transformation, presently called the tangential transformation. Due to the well known singularity of the tangential transformation, the total Lagrangian formulation is restricted to rotations less than the full angle. This restriction is removable via the updated Lagrangian formulation, wherein we need to store the last converged configuration. The formulation via incremental rotation vectors [16] uses a similar concept. Since rotations at different nodes (or Gauss points) of an element are likely to be different in the deformed configuration, rotation increments at those points would belong to different tangent spaces. Even as these inconsistencies remain in FE formulations involving both Eulerian and updated Lagrangian formalisms, converged estimates of rotational deformations beyond the full angle are still obtainable whilst allowing additive interpolations of rotation variables with different base rotations. However, as shown in [18], the additive interpolation results in non-objective strain measures under superposed rigid-body rotations and path-dependent solutions for iterative and incremental formulations. Indeed, loss of frame-invariance and path-independence is attributable to the inconsistent interpolation of rotation variables. As a remedy, Crisfield and Jeleni´c [18,19] have suggested interpolations of local 
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SO(3) is the Special Orthogonal Group. S is a unit sphere, centered at the origin, in R and is also known as unit 3-sphere
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rotations (or relative rotations). Here the total rotation is decomposed into a reference rotation and a local rotation. While the reference rotation moves with the beam element (like convected coordinates), local rotations are interpolated to obtain the rotation field within an element. This formulation is referred to as the invariant-formulation. Due to the complexity in interpolating relative rotations and the associated difficulties in linearization, an approximated geometric tangent stiffness is used in [19,20]. In the context of frame invariant formulations, a review of interpolation of rotation variables is provided in [21]. All of these articles, addressing objectivity, make use orthogonal matrix parametrization. Only the work of Ibrahimbegovic and Taylor [17] addresses the issue of objectivity whilst using the rotation vector parametrization. They use an updated Lagrangian formulation, which is generally neither path-independent nor frame-invariant. They have shown that frame-invariance is achievable provided that the applied load is treated as a follower load; however this is tantamount to changing the problem itself. Moreover it takes some extra effort to handle the follower loading and needs secondary storage. In a different approach from Simo’s geometrically exact theory, Romero and Armero [26] and Betsch and Steinmann [14] have eliminated the explicit reference to finite rotation tensors and proposed new formulations of a geometrically exact beam with two director vectors. These formulations are strain-objective. In view of limitations of the updated Lagrangian formulation, our present aim is to look for efficient means of retaining objectivity while explicitly using the rotation variables. In particular, we intend to use the Eulerian formulation (similar to [1,4]) with a new interpolation scheme of nodal rotational variables. The proposed interpolation is computationally more efficient vis-`a-vis the interpolation of local rotations. Steps to obtain the curvature using the interpolated rotation are presented in a way consistent with the nonlinear rotation manifold. The study emphasizes on maintaining the objectivity and path-independence via rotation vector parametrization at no extra effort. We use the quaternion product to update nodal rotations and thus avoid matrix multiplication. By working with the Eulerian framework based on (total) rotation vectors, requirements of secondary storages are also eliminated. The outline of this paper is as follows. In section (2), governing equations for the geometrically exact beam are recapitulated. The proposed interpolation of rotations and implementation issues associated with the rotation vector update are presented in section (3). In section (4), we present a proof of strain-objectivity following the FE discretization. Comparisons of the results obtained via the proposed approach with those available in the literature are provided in section (5). Conclusions are drawn in section (6). Details of the rotation manifold and rotation vector parametrization are skipped for the sake of brevity; related notations are kept the same as in [4]. Basic definitions and quaternion representations of 3D finite rotations are briefly presented in Appendix -A.
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Geometrically Exact Beam Theory



The strain measures and governing equations of the 3D geometrically exact beam theory are summarized in this section. Details of the kinematic variables and configuration space can be found in [1,4]. Consider an initially straight beam of cross-section Ω and length L, with reference configuration at  B = Ω × [ , l] ⊂ R . The beam kinematics are assumed to be governed by the beam centre-line and orientations of undeformable cross-sections of the beam (figure 1). Let {e  , e , e } and {E  , E  , E } 3



be the inertially fixed (world) and material Cartesian frames respectively. The material frame may be attached to the beam cross-section and its axes oriented along the principal axes of inertia of the body at its initial configuration. Let the beam be initially so oriented that {e  , e , e } and {E  , E  , E } remain parallel. The orientation of the moving frame attached to the cross section at position s is specified through an orthogonal matrix R(s) such that ti = RE i ; i =  ,  ,  ; s denotes the length parameter. {t  , t , t } constitute the body-fixed Cartesian frame. At every deformed configuration, t  and t are aligned with the principal axes of inertia and the vector t  remains normal to the cross-section. Thus the kinematic assumption gives the deformation map as x = x  (s) + Xi ti (s), i =  ,  . Here Xi (i =  ,  ) are coordinates in the material frame and x is the position vector of any point of the beam. The current configuration Φ(s) of the beam is completely characterized through the position of the centroidal line and the orientation of the moving frame: Φ(s) = (x (s), R(s))  x : [ , L] × R+ → R  R : [ , L] × R+ → SO(  ) Even though the rotational component of Φ is written as a matrix R, it is presently parametrized by the total rotation vector (denoted as Ψ). A rotation tensor R represents a rotation with respect to a vector ΨI through an angle ||Ψ I ||. This rotation vector is related to the rotation tensor via the exponential mapping:  sin(kΨ k/  )  sin kΨI k ˜ I ˜ ˜ I (1) R = exp(ΨI ) = I + ΨI +  Ψ kΨI k kΨI k ˜ will denote the skew symmetric tensor corresponding to the axial vector Throughout this text, (•) (•). The subscript I indicates that the rotation vector Ψ is represented in the non-rotated material frame {E i }, i.e. when R = I. Thus Ψ I belongs to the tangent space at identity. However, for notational convenience, the subscript I is henceforth dropped. We do not present details of the rotation manifold (SO(3)) and its parametrizations and closely follow the notations used in [4]. The strain measures are derived from expressions of internal stress power equation and kinematics of the beam ([1,2,4]). The same however is also obtainable through the differential equation of equilibrium and the principle of virtual work ([18]). The strain conjugates to the resultant force and resultant moment are denoted respectively as Γ and K in the material representation. They are given by:  t ε = Γt ; K t



where Γ = Rt



dx d − E  and K = Rt R ds ds



(2)



For the beam centre-line, there exists an axis of rotation at each point on the curve. This axis is given in spatial coordinates by k and in body coordinates by K = Rt k. Within the variational framework, let δΦ(s) = [δx  , δΘ]t denote an admissible variation of the deformation. Thus, following the kinematics of the beam, the perturbed configuration corresponding to Φ = (x  , R) is given by: x







= x + δx 



and



˜ R = R exp[δΘ] 4



(3)



Left translation is used to obtain the perturbed rotation. Variation of the rotation tensor is obtained via its directional derivative along the superposed infinitesimal rotation δΘ as: d ˜ R = R δ Θ δR = d = This is also obtainable by perturbing R via the variation of Ψ as: d d ] ˜ + δΨ ˜  ) = R T (Ψ)δΨ R = exp(Ψ δR = d = d = T (Ψ) was given by [4] to relate δΘ and δΨ as: δΘ = T (Ψ)δΨ



sin θ where, T (Ψ) = I+ θ "







!   − cos θ  # sin θ ˜ ; − e⊗e− Ψ θ θ



θ = kΨk and e =



Ψ θ



(4)



The tangential transformation T ([4,6,16]) has singularities for θ =  kπ, k =  ,  , · · ·. Indeed, T (Ψ) is only an approximation to the exact transformation. This is apparent form the derivation provided in [4]. The variational material strain measures are obtained by taking directional derivatives along the admissible variations as:       δΓ   Rt d(δx ) + Rt d(δx ) × δΘ   Rt d    ds   ds ds [δε] =  =   =     d(δΘ)  δK   + K × δΘ ds



   Rt dxds ×   δx   = B(Φ) δΦ   I dsd + K˜   δΘ 







(5)



Here B(Φ) denotes the strain operator. The choice of material description has the benefit of circumventing the Lie-derivative during linearization. The weak form of the beam equilibrium equation may be written as:



G(δΦ, Φ) =



Z



[  ,L]



(δε · σ − δΦ · F ext )ds



= Gint (δΦ, Φ) − Gext (δΦ) =



(6) 



(7)



The external forces are assumed to be conservative so G ext is not dependent on the current configuration. In the linear elastic case, the stress resultants σ(s) can be obtained from ε by simply multiplying with the elasticity tensor. 5



2.1 Linearization of the Weak Form The weak form (equation 6) is linearized to obtain the tangent stiffness matrix. The linearized weak form at the current configuration, Φ(s) = (x  , R(s)), is written as: L[G(δΦ, Φ)] = G(δΦ, Φ) + D[G(δΦ, Φ)] · ∆Φ =







(8)



∆Φ(s) = (∆x , ∆ΦR ) denotes the incremental material generalized displacements. Depending upon the type of material rotational increment, the linearized operators are different. Based on the tangent space to which the material rotational increment ∆ΦR belongs, formulations are divided into three categories ([4]): (1) Eulerian formulation, where the incremental rotations ∆Θ ∈ le f t T R S O(  ) (2) total Lagrangian formulation, where the incremental rotations ∆Ψ ∈ T I S O(  ) (3) updated Lagrangian formulation, where the incremental rotations ∆Ψ inc ∈ le f t T Rre f S O(  ) These are linearizations in le f t T R S O(  ), T I S O(  ) and le f t T Rre f S O(  ) respectively 4 . R and Rre f correspond respectively to the current and last converged / known configurations. Since we use the Eulerian formulation, this is briefly described in Appendix-B. Linearization of G int is decomposed into a sum of material and geometric tangent stiffnesses, derivable respectively from linearizations of σ and δε of equation (6). The expressions are available in [1,4]. 2.2 Interpolations of Displacements and Rotations For finite element implementations, both displacements and rotations need to be interpolated. While interpolation of vectors is additive and straightforward, interpolation of rotation remains a difficult yet crucial part. A review of interpolations of rotations is available in [21]. In order to bring into focus the present contribution, we briefly discuss a few existing rotation interpolations and then try to critically assess them for motivating the proposed interpolation in this study. 2.2.1 Interpolations of Total, Iterative and Incremental Rotation Vectors For linearization on T I S O(  ), rotations may be interpolated like vectors: xh (ξ) = Ni (ξ) x i Ψh (ξ) = Ni (ξ) Ψi 4



where,



i =  ,  , · · · , ne



(10) (11)



Left-invariant (material) vector field on S O( ) at R is defined as: le f t T R S O( 



˜ ˜ ˜ ˜ )= Θ R = (R, Θ) | with left translation R Θ, R ∈ S O( ), Θ ∈ so( )



(9)



˜ R is an element of material vector field le f t T R S O( ). For notational convenience, the subscript (R) is omitted. Θ
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Ni denotes the linear isoparametric interpolation function based at node i (e.g. [N  (ξ), N (ξ)] = [(  − ξ)/  , (  + ξ)/  ]) and Einstein’s summation convention is used (unless the summation-sign is explicitly employed) extending over nodes  to ne . ξ denotes the independent variable in natural coordinate corresponding to the beam arc-length parameter s. Similar interpolation is valid for virtual generalized displacements (δx  , δΨ) and increments of generalized displacements (∆x  , ∆Ψ). In [4], it is indicated that this form of interpolation is valid since Ψi , δΨi and ∆Ψi belong to the same vector space at T I S O(  ). The same interpolation is also used for incremental rotations within an updated Lagrangian setting (see [4,16]), where the incremental rotations are measured with respect to the last converged rotation. This form of interpolation is however not applicable to rotational variables Θ, δΘ and ∆Θ lying on T R S O(  ). For different i, δΘi belongs to different tangent spaces denoted by T Ri S O(  ). Hence it is not amenable to interpolations valid in Rn . However, we may write: ne X  Ni (ξ) T (Ψi )− ∆Θi ∆Θh (ξ) Le = T (Ψh )



(12)



i= 



Note that the iterative rotations have been interpolated additively in [1], i.e. ∆Θh (ξ) Le ≈ Ni (ξ)∆Θi



(13)



The inaccuracy due to this approximation may apparently be made smaller through mesh refinement  (thereby forcing the function (T (Ψh ))T (Ψi )− of equation (13) closer to identity). We must however emphasize that all formulations that allow rotations beyond  π have to use some approximation of this kind at some stage of implementation. This is evident as the rotation manifold is compact and a smooth global 1-1 representation via rotation vectors (which are elements of an open set) is impossible. For instance, in the updated Lagrangian setting, the increment is measured with respect to the last converged configuration. But, following deformation, one has two different rotations at two different nodes of an element. Rotation increments of these two nodes belong to two different tangent spaces with the two nodal rotations as base points. Hence the same problem of handling two vectors in two different tangent spaces persists in this setting. A similar approximation in the strain-configuration matrix also arises in the invariant-formulation given in [19]. Thus, for effectively dealing with rotations beyond  π, the approximation as in equation (13) is widely used. Use of this approach for computing the strain-configuration matrix enables an easy derivation of the tangent stiffness. 2.2.2 Interpolations of Local Rotations In the above interpolation methods, rotations of the current frame, measured with respect to some chosen reference frame, are interpolated. In [18], Crisfield and Jeleni´c have provided an approach that marks a paradigm shift in interpolations of rotations and showed that the previous works are not frame indifferent. In particular, they have proposed interpolations of relative (local) rotations, which is measured with respect to some reference rotation in a beam element. We describe the procedure by 7



considering a two-noded element with nodal rotations R  and R . Taking the first noe as the reference point, the interpolated rotation is given by: Rh (s) = R  exp



s



L



φ˜ 







  where exp φ˜  = Rt R



(14)



Spurrier algorithm is used to extract φ  from Rt R ; owing to smallness of relative nodal rotations of elements, the extraction does not cause any singularity. The main advantage of this interpolation is that it leads to an objective formulation under superposed rigid body rotations. The linearization of equation (14) is quite involved [19]. Instead of the first node, we may use relative rotations with respect to any other reference node or a non-nodal reference point.



2.2.3 Non-orthogonal Direct Interpolation of Rotation Tensors In a different approach [22,23] that maintains objectivity in the FE discretization but does not retain orthogonality, the following interpolation is used: Rh (s) = Ni (s)Ri



Ni (s) denotes linear interpolation functions e.g. [N  (s), N  (s)] = [(  − s)/L, s/L]. It is readily verifiable that, under superposed rigid body motion, it satisfies the objectivity (see equation 32). The key idea is to impose the orthogonality constraint of the rotation field only at nodes and relax it at other points. The theory has also been modified to cater to the lack of orthogonality of the rotation field.



2.2.4 Non-orthogonal Direct Interpolation Followed by Orthogonalization To set right the non-orthogonality almost everywhere (excepting the nodes), a new interpolation of quaternions is proposed in [21]: Qh (s) = Ni (s)Qi



Unfortunately, this kind of additive interpolation is not valid for quaternions. Upon conversion by formula (A.3), the resulting quaternion will produce an incorrect orthogonal tensor. Even though this interpolation provides objectivity, very significant errors occur in the computation of stress and reaction forces, particularly for coarse meshes. This review paper [21] on interpolation of rotation concludes that, amongst the existing methods, the method of interpolation of local rotations by [18] has by far the best performance. 8
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Present Implementation



In this section, we discuss the proposed interpolation and update procedures. In [19], the author appears to suggest that the total rotation has to be decomposed in a reference and a local rotation to achieve objectivity. We note that it is not essential. In fact any interpolation for which the interpolated rotation is consistent with SO(3) should be sufficient to preserve objectivity; i.e. the interpolated rotation should lie on the curve on SO(3) joining two nodal rotations. Moreover, the nine-parameter orthogonal matrix representation and the use of Spurrier algorithm to extract the local rotations are computationally expensive. Thus we presently seek a cheaper alternative through quaternion interpolation. The rotation update for orthogonal tensor parametrization is straightforward as there is no nonuniqueness associated with the nine-parameter representation. However, this is not the case with the three-parameter rotation vector representation. The updated rotation vector need not be and indeed not the only rotation vector to represent the sought rotation. Therefore the update procedure for vectors must be handled more carefully than that for matrices. In subsection 3.3, we propose an updating strategy that obtains the (updated) rotation vector of magnitude bounded by π. 3.1 Interpolation Based on Quaternion As an alternative to the interpolation of local rotations, we propose an isoparametric interpolation based on quaternions for computing the rotation field within an element. We explain the method by considering a two-noded element. Let the nodal rotations be depicted by rotation vectors Ψ  and Ψ . First, using equation (A.4), we convert the rotation vectors to corresponding quaternions Q  and Q .  The angle Ω (in R ) of inclination between two quaternions can be obtained as cos Ω = Q  • Q  . The interpolated quaternion may be written as: Qh (ξ) = ci (ξ) Qi



i=  ,



(15)



where ci (ξ), i =  ,  are real-valued functions with domain [−  ,  ], such that c  (−  ) =  , c  (  ) =   , c  (−  ) = , c  (  ) =  . We want the interpolated quaternion Qh (ξ) to lie on S (unit three-sphere). The idea is that the angle Ω between these two unit-quaternions should be traversed at uniform speed.  Therefore, the quaternion dot product between Qh (ξ) and Q  should be cos(  (  + ξ)Ω) and Qh (ξ) and  Q should be cos(  (  − ξ)Ω). ¿From this we get: 







(  + ξ) Ω = Qh (ξ) • Q  = c  (ξ) + c  (ξ) cos Ω    cos (  − ξ) Ω = Qh (ξ) • Q = c (ξ) + c  (ξ) cos Ω



cos







Solving these two equations for the two unknowns, ci ’s are given by: 9



(16) (17)



c  (ξ) = c (ξ) =



sin



 



(  − ξ) Ω







(18)



   sin Ω sin  (  + ξ) Ω



(19)



sin Ω



Thus the interpolated quaternion is given by:



Qh (ξ) =



sin(Ni (ξ)Ω) Qi sin Ω



i =  ,



(20)



where cos Ω = Q  • Q . Henceforth we will denote this interpolation as S lerp(Q  , Q  , ξ) (S lerp is a short form of Spherical Linear Interpolation) following the computer graphics literature [24,25], where similar interpolations are used often. In order to derive the above interpolation formula, at first the condition of unit length is enforced on interpolated quaternion, then the coefficients of given unitquaternions are obtained from considerations of either analytic geometry or trigonometry. Therefore, the interpolated quaternion by equation (20) always lies on a geodesic (on the hypersphere S ) joining two unit-quaternions. Based on this point of view and noting that the rotation manifold SO(3) and S are locally 1-1, one may understand this interpolation as a rotation manifold consistent interpolation. S lerp gives the shortest path between its quaternion end points. This will be clear from section 3.2. Once the interpolated quaternion field is available, rotation tensors at Gauss points may be obtained by using equation (A.2). Note that this interpolation yields unit quaternions as long as nodal quaternions are unit and hence the normalization of quaternions is not required. Even though Q  and −Q  represent the same rotation, S lerp(Q  , Q  , ξ) and S lerp(−Q  , Q  , ξ) do not represent the same rota tion field. Thus we have chosen the sign “ς” on Q  so that Q  •ς Q ≥ . This helps maintain an acute angle between these two quaternions (i.e. ensures that −π/  ≤ Ω ≤ π/  ) and avoids extra spinning caused by interpolated rotations. It is evident that this condition remains valid provided the angle of relative rotation between the two nodal rotations is less than the full angle. We note that the formula  (equation 20) reduces to the corresponding symmetric formula for linear interpolation as Ω → . This interpolation may be extended to beam elements with more than two nodes using the same formula (20) between two consecutive nodes. Since the interpolation is rotation manifold consistent for all values of ξ even for elements with only two nodes, it is evident that further improvement in the accuracy of rotation interpolation is not possible by increasing the number of nodes in an element. Further discussion on this issue will be presented in section 3.2. For obtaining the weak form and its linearization, the derivative of the rotation field is needed. Using the quaternion representation, one may thus invoke quaternion calculus. On the other hand, we may also take the derivative of equation (20) to obtain derivative of quaternion, i.e.:



h0



Q (ξ) =



 X cos(Ni (ξ)Ω)



i= 



sin Ω



! d Ω Ni (ξ) Qi J dξ 



i=  ,
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(21)



(·)0 denotes derivative with respect to s. Since we have not used the unit quaternion condition in finding the derivative, we will use equation (A.3) for obtaining the derivative of the rotation tensor. Thus we get: Rh = −  0



0     Qh • Q h  h h0 h0 h h h0 h 0 ˜h h h ˜h 0 ⊗ q + q ⊗ q + q I + R q q + q +  q q  I + q    kQh k kqh k



(22)



0 0 t 0 0 The notation Qh is denoted by (qh , qh ) in the above relation. The curvature K˜ h = Rh Rh may now be computed using the above formula obtaining the derivative of the rotation tensor.



As an alternative to equation (22), we provide below a second approach to compute the curvature based on relative quaternions. This method bears similarity with that employing relative rotations. Here the relative quaternion between the two nodes (with respect to the first node) is computed as: ∆Q  = Q∗ ◦ Q This expression is analogous to the local rotation matrix. We obtain ∆Ψ  from ∆Q  using the procedure defined later in equation (31). Note that ∆Ψ   is the zero vector. The curvature may be obtained as: !  X d  t h0 t 0 0 h h Ni (ξ) ∆Ψ  i K˜ = R R = (R  ∆R  ) (R  ∆R  ) = T (∆Ψ)∆Ψ = T (Ni (ξ) ∆Ψ  i ) J dξ  ∆Q  , ∆R  , ∆Ψ  are measures of local rotation (i.e., the relative rotation of the second node with respect to the first) in different parametrizations. At first glance, it may appear that the second approach for computing curvature is less expensive than the first; however that need not be the case. Unlike the first, the second approach needs computations of inverse trigonometric terms for rotation vector extraction. Therefore, in this study, we use the first approach that involves no computations of relative rotations. 3.2 Comparisons of Different Interpolations We intend to establish that, unlike the additive interpolation of rotation vectors, both the interpolation of relative rotations and the currently proposed interpolation produce correct values of rotation at the Gauss points. This is owing to the latter two methods producing a geodesic curve on the rotation manifold. Terms contributing to the (normed) difference of curves via additive interpolation from the geodesic curve are also obtained. We consider the following three approaches of interpolation: (a) interpolation of relative rotations, (b) interpolation of quaternions and (c) additive interpolation of rotation vectors. 11



To start with, we show an equivalence between the proposed interpolation and interpolation of relative rotations; i.e. they provide identical rotation fields along the beam element. Subsequently, the differences between these two interpolations and the additive interpolation are described. Since the exponential map from so(  ) to SO(3) is surjective, we always have some R i , given Ψi , ∈ so(  ) i =  ,  , such that exp(Ψ˜ i ) = Ri . The use of relative rotation offers a valid interpolation as described by equation (14) i.e. Rh (ξ) = R  exp((  + ξ)/  log(Rt R )). The logarithm is a multi-valued ˜  ) and R = exp(Ψ ˜  ) are close function; but it is known (see section 3.3) that as long as R  = exp(Ψ enough (such that their relative rotations are bounded by π), the logarithm yields a unique value. In that case, the curve segment R  exp(N (ξ) log(Rt R ) for ξ ∈ [−  ,  ] produces the shortest path between R  and R . This is deducible from the fact that geodesic curves are invariant under left ˜ ) translations of the group. For example, if R  = I, then ∆Ψ  = Ψ , hence Rh (ξ) = exp(N  (ξ)Ψ is a geodesic curve on the SO(3) manifold. Note that the exponential mapping on a (Riemannian) manifold maps elements in the tangent space onto elements in the manifold along geodesic curves (see section 7.3, “The Exponential Map”, of [26]). Now we will show that the curve segment S lerp(Q  , Q , ξ) is equivalent to R  exp(N  (ξ)log(Rt R )). The proposed quaternion interpolation is designed such that the angle between Q  and Q is traversed uniformly over the great arc between Q  and Q ; this may also be visualized by setting    Q  = (  , [ , , ]) and noting that the left translation preserves geodesics. For unit quaternions, the proposed interpolation (equation 20) can be rewritten as: 



Qh (ξ) = Q  ◦ (Q− ◦ Q )N 



(ξ)



The identity above holds as the term ∆Q  = Q− ◦ Q can be written as: 5 . 



∆Q  = (cos Ω, sin Ω e¯ )



(23)



Here e¯ denotes the unit vector along the axis of rotation for ∆Q  Since Q  = Q  ◦ (Q− ◦ Q ), we may write angle of relative rotation in terms of the parameter ξ. Therefore, by equation (A.6) we may write: 







Qh (ξ) = Q  ◦ (cos N (ξ) Ω, sin N  (ξ) Ω e) = Q  ◦ (Q− ◦ Q )N 



(ξ)



Using equations (A.5) and (A.7), we get:      Qh (ξ) = Q  ◦ exp N (ξ)log Q− ◦ Q 



(24)



The exponential and logarithm functions used in the last equation are as defined through equations (A.5) and (A.7). By using the local injective property between rotation matrices and quaternions, we 5



 By using equation (A.1), we get ∆Q  = q  q  +(q  , q  ), q  q −q  q  −q  ×q . ¿From cos Ω = Q  •Q  and equation (A.4), we get equation (23).



12



get that equation (24) is equivalent to equation (14). Hence, S lerp(Q  , Q  , ξ) represents a geodesic between Q  and Q  . 3.2.1 Error in Additive Interpolation We now investigate the differences between interpolation of relative rotation (i.e. type a) and additive interpolation of rotation vector (i.e. type c). First, we recapitulate the Baker-Campbell-Hausdorff (BCH) formula. Let exp(w) ˜ = exp(˜u)exp(˜v), where u˜ , v˜ , w ˜ ∈ so(  ). The first few terms of the BCH expansion are given below. 



w˜ = u˜ + v˜ + [˜u, v˜ ] + 



 







[˜u, [˜u, v˜ ]] +







[˜v, [˜v, u˜ ]] + HOT



where ‘HOT’ denotes ‘higher order terms’ and [, ] denotes Lie bracket. The interpolated relative rotation field (see equation 14) is given by: ˜  ) Rh (ξ) = R  exp(N (ξ) log(Rt R )) = exp(N  (ξ) ∆Ψ



(25)



˜  ) and R = exp(Ψ ˜  ). Using the BCH formula, we can obtain ∆Ψ ˜  as: where, R  = exp(Ψ ˜ +Ψ ˜  +  [−Ψ ˜  ,Ψ ˜ ]+ ∆Ψ˜  = −Ψ 



 



˜  , [−Ψ ˜  ,Ψ ˜  ]] + [−Ψ



 



˜  , [Ψ ˜  , −Ψ ˜  ]] + HOT [Ψ



(26)



˜ h ); then using equation (26) and the BCH formula, we get: Let Rh (ξ) = exp(r Ψ h i ˜h =Ψ ˜  + N (ξ) ∆Ψ ˜  +  Ψ ˜  ˜  , N (ξ) ∆Ψ  h ii h h ii  h ˜, Ψ ˜  , N (ξ) ∆Ψ ˜  + N (ξ) ∆Ψ ˜  , N (ξ) ∆Ψ ˜  , Ψ ˜ Ψ + + HOT



rΨ







(27) (28)



The left-subscript r is used to indicate interpolation of relative rotation. Substituting the series ex˜  from equation (26) in the last equation and retaining terms up to two Lie brackets, pression of ∆Ψ we obtain: h h ii h h ii ˜  + N Ψ ˜  − N  N Ψ ˜  + N  N Ψ ˜  + HOT ˜ h (ξ) = N  Ψ ˜, Ψ ˜ , Ψ ˜  ,Ψ ˜  ,Ψ



rΨ











(29)



˜  + N Ψ ˜ )= Thus the additive interpolation (equation 11) gives the rotation field as: R h (ξ) = exp(N  Ψ h ˜ (ξ)), Hence it produces the following error terms: exp(Ψ h h ii h h ii ˜ h (ξ) − Ψ ˜ h (ξ) = − N  N Ψ ˜  + N  N Ψ ˜  + HOT ˜, Ψ ˜  ,Ψ ˜ , Ψ ˜  ,Ψ



rΨ
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(30)



Therefore, terms with more than two nested Lie brackets will contribute to the error. Now we provide further illustrations of the above observation through numerical results. We recall  that the unit sphere S is a homogeneous space with respect to an SO(3)-action. In Figures 2a and 3a,  we have illustrated the interpolation in SO(3) by its action on S . Given two rotation vectors, Ψ  and    Ψ , the interpolated rotation acts on e  = [  ; ; ]. The vector R(ξ) e  is plotted on S via different interpolation methods ((a), (b) and (c)). It is observed that the interpolation of relative rotation (i.e. a) provides identical results as those via interpolation of quaternions (i.e. b). To show the error numerically, the differences in R(ξ) e  obtained via the three different methods are plotted in Figures 2b and 3b. The claimed equivalence of the proposed interpolation with the interpolation of relative rotation is readily verifiable. The neglected terms (refer equation 29) in the additive interpolation of rotation vectors (i.e. c) lead to errors, which may possibly be small for refined meshes. Nevertheless, it does produce non-objective strains and path-dependent solutions. 3.2.2 Finite Element Discretization and Strain-Configuration Matrix In the present implementation, the finite element discretization follows Simo and Vu-Quoc [1]; therefore the discretized strain-configuration matrix (see equation B.1) remains similar to that of the Eulerian formulation of [1]. Though different discretizations should have implications in finite element solutions, we have kept possible innovations in discretization out of the scope of the present study (a point of view that has been adopted earlier by others [21]). The Eulerian formulation uses the additive interpolation of material rotational increments to obtain the test functions. We however note that, with the rotation vector parametrization, no finite element discretization can be entirely consistent for rotations beyond the full angle. This is because the SO(3) is a compact manifold as contrasted with the set of all rotation vectors forming an open set (as already remarked in section 2.2.1). While the Eulerian formulation could reduce the rate of convergence, FLOPS per iteration are the least due to its relative simplicity of the formulation [1]. For brevity, we do not recapitulate the details of the finite element discretization. 3.3 Rotation Vector Update Based on Quaternions After solving for the increments from the discretized version of the linearized weak form, they are used to update both the position and rotation vectors at each node. While the displacement update follows the standard vector addition, the rotation update must retain the nonlinear character of the rotation manifold. The standard approach to the rotation update is either via matrix multiplication or quaternion product; see [1,17]. We presently propose a simple procedure, based on quaternions, to yield a precise update that bypasses the computation of the rotation matrix. This approach is motivated by the well known advantages of the quaternion product over matrix multiplications 6 . We 6



The standard way of multiplying two 3x3 rotation matrices takes 27 multiplications and it is possible to show that two 3x3 matrices cannot be multiplied with fewer than 17 multiplications. In contrast, two quaternions may be multiplied with just twelve multiplications and a few additions. Also, round-off errors in matrices are more than in quaternions. Round-off errors lead to loss of orthogonality and the requirement of re-orthogonalization.
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achieve rotation updates by converting both nodal rotation vectors and their increments to quaternions (via equation A.4) followed by quaternion multiplications. Following this, we extract rotation vectors from quaternions. The steps for the ith node are enumerated below: ( ( ( (



) ) ) )



Qki = F  (Ψ  ) ∆Qki = F  (∆Θki )  Qk+ = Qki ◦ ∆Qki i     k+  Let Qk+ = (qk+ if qk+  i , qi ),  i < i   Ψk+ = F (Qk+ i i )







then, Qik+ = −Qk+ i







The function F  is given in equation (A.4) and F  , the inverse of F  , is defined below. Ψ = F  (Q) =











sin− kqk q kqk



(31)



Recall that the map from set of unit quaternions to SO(3) is a 2-1 map. Step (3) above ensures that we choose the updated quaternion such that it always remains in that hyper-hemishpere of S that  corresponds to q  ≥ . This step is essential as the function F  cannot extract a rotation vector of  magnitude greater than π. This is because sin− works on the norm of a vector q, which is always positive. The extraction of rotation vector from quaternion is not unique. But, given a quaternion  Q = (q  , q) with q ≥ , there is a unique rotation vector with magnitude less than or equal to π and this is extracted by F  . However the choice of a quaternion or its negative does not affect our formulation since, during interpolation (equation 20), we choose signs of quaternions of consecutive nodes such that the ’angle’ between them is acute. Similar rotation vector update may be performed by converting rotation vectors to orthogonal matrices and then performing the update via matrix multiplications; but this would require substantially more computational effort.
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Invariance of Strain Measures under Superposed Rigid Body Motion



Material strain measures at a particular configuration are objective if they are invariant under a superposed rigid-body motion. It is known that the strain measures defined by equation (2) are frame invariant. In this section we will prove the objectivity of strain measures approximated by the proposed isoparametric interpolation. For a simple exposition, we present the proof for a two-noded element first and generalize it later for a beam element with an arbitrary number of nodes. Now consider a two-noded element. Let the current configurations at node 1 (x  , Q  ) and node 2 (x  , Q  ) be modified to (x+ , Q  + ) and (x+ , Q  + ) respectively via the superposition of an arbitrary rigid body motion (x r , Qr ); i.e. x+ = FQr (x ) + x



r



Q



+



= Qr ◦ Q 



(32)



While quaternion renormalization is as easy as normalizing a vector, rotation matrix orthonormalization is far more costly.
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x+ = FQr (x ) + x



Q



r



+



= Qr ◦ Q 



(33)



The rotation (R) and that acting on a vector (Rv ∀v ∈ R ) are respectively represented by a quaternion Q and the rotation of the same vector by the quaternion FQ (v). A quaternion Q = (cos θ/  , sin θ/  e) represents a rotation of a vector v by an angle θ about the axis e. The function F Q (v) maps the vector v to the rotated vector (Rv). This is done in two steps. First the quaternion representation of the rotated  vector is obtained as Q ◦ ( , v) ◦ Q∗ . This is known as conjugation by Q. Then the rotated vector is obtained by just selecting the vector part of the resulting quaternion. Note that the scalar part of it is zero. Thus the function FQ may be defined as conjugation by Q followed by the selection of the vector part. Recall that the proposed interpolation chooses the quaternion such that the angle between the quaternions of two consecutive nodes is acute. This ensures a 1-1 relation between R and Q. Thus the non-uniqueness of quaternions does not affect the following arguments. To establish that the frame invariance of strain measures is inherited by the proposed interpolation, we need to prove the following:      Γ+ h (ξ)   Γh (ξ)        =   K h (ξ)  K + h (ξ)



(34)



At first we will show the following properties of the interpolated variables, namely x  (ξ) and Q(ξ), at any point on the beam element: x+ h (ξ) = FQr (xh (ξ)) + x 



Q+ h (ξ) = Qr ◦ Qh (ξ)



r



(35)



Using the standard isoparametric interpolation for the centroidal curve and the proposed quaternion interpolation of rotation of the cross-sectional plane, the configuration before rigid body motion is given by: xh (ξ) = Ni (ξ)x i sin(Ni (ξ)Ω) Qh (ξ) = Qi sin Ω



i =  ,



where, cos Ω = Q  • Q . The configuration after the superposed rigid body motion is given by: x+ h (ξ) = Ni (ξ)(FQr (xh i ) + x r ) ne X   = FQr Ni (ξ)xh i + x r Ni (ξ) 



= FQr xh (ξ) + x 







r



(36) 16



sin(Ni (ξ)Ω+ ) Qr ◦ Q i i =  ,  sin Ω+ ! sin(Ni (ξ)Ω+ ) = Qr ◦ Qi sin Ω+



Q+ h (ξ) =



(37)



Now, if we show that cos Ω+ = cos Ω, then from finiteness of an element and continuity of rotation, we will get Ω+ = Ω. We provide this proof below and presently proceed assuming that it is true. Thus the last equation becomes: Q+ h (ξ) = Qr ◦ Qh (ξ) Therefore, the properties of interpolated variables given by equation (35) hold. We will now show that cos Ω+ = cos Ω. Using the following relation between quaternion dot product and quaternion product (Grassmann product)



Q+ • Q+ =



Q+ ∗ ◦ Q+ + Q+ ∗ ◦ Q+



(38)







and the formula for conjugate quaternion, we get: Q+ • Q+ = q+ q+ + (q+ , q+ )



(39)



We have used the notations Q+ = (q+ , q+ ) and Q+ = (q+ , q+ ). Via the definition of quaternion product, we write Q+ and Q+ as:   Q+ = qr  q  − (qr , q  ), qr  q  + q  qr + qr × q    Q+ = qr  q − (qr , q ), qr  q + q qr + qr × q



Identifying the scalar and vector parts in the last equation and substituting back in equation (39), we get: Q+ • Q+ = [qr  q  − (qr , q  )][qr  q − (qr , q )] + ([qr  q  + q  qr + qr × q  ] , [qr  q + q qr + qr × q ]) Following some algebraic manipulations, the above equation simplifies to: 



Q+ • Q+ = [qr  + (qr , qr )][q  q + (q  , q )] = [Qr • Qr ][Q  • Q ] The fact that Qr is an unit quaternion leads to the desired result, i.e. cos Ω+ = cos Ω. This completes the proof of the properties given by equation (35). 17



What remains is to prove equation (34). Using equation (35) and noting that the proposed interpolation ensures locally invertible correspondence between rotation R(ξ) and quaternion Q(ξ), we may write: t



Γ+ h = R+ h x+ h − E  0 = FQ+ h ∗ (x+ h ) − E  0



Using the identities Q+ h = (Qr ◦ Qh )∗ x+ h 0 = Rr xh 0 = FQr (xh 0 ) and 0 FQ+ h ∗ (FQr (xh 0 )) = FQh ∗ (xh ) ∗



we have: Γ+ h = FQ+ h ∗ (FQr (xh 0 )) − E  = FQh ∗ (xh ) − E  0



t



= Rh x0 − E  = Γh



Similarly, for the bending curvature, we have: t



K + h = R+h R+h = Q+h ◦ Q+h 0



∗



0



Noting that Q+h = Qr ◦ Qh = Qr ◦ (Qh ◦ log(Q)), we get: 0



0



 ∗    h K + = Qh ◦ Qr ∗ ◦ Qr ◦ (Qh ◦ log(Q))  ∗  = Qh ◦ Qh ◦ log(Q)) = Qh ◦ Q 0 t 0 = R h Rh = K h ∗



In the above, we have used the associativity of quaternion multiplication. Thus the proof of equation (34) is complete. The specific form of quaternion interpolation, presently employed, ensures that the interpolated quaternion is always on the unit hyper-sphere S and this is the key to the above proof. Path-independence means that the final solution is independent of the path of deformation. It is evident that, due to the proposed interpolation (equation 20), the interpolated strain measures Γ h and K h depend only on the current configurations of nodes (x  i , Qi ). Hence the Γh and K h are independent of the history of deformation. 18
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Numerical Simulations



In the first two examples, we show the performance of the proposed interpolation for any rotation. We present numerical evidence of invariance under superposed support rotations and path independence of final displacements in Examples 3 through 5. All along this section, we compare the results obtained through the present method with those available in the literature. In all the numerical simulations, one-point Gauss quadrature is used for numerical integration and the equilibrium is considered  to be established when the residual norm reaches below  − . 5.1 Example-1. Application to Large Rotation: Beam Bent to a Helical Form This example has been used in [16] and [11] in the contexts of the incremental rotation vector formulation and the switching beam element technique. Here we examine a cantilever beam of length      and torsional 10, axial stiffness EA =  , shear stiffness GA  , =  , bending stiffness EI  , =      stiffness GJ =  . We apply a tip load F =  in the Y-direction and a couple M =  π about the Y-axis. This example assumes importance as it shows the performance of the proposed method for rotation angles exceeding  π. In order to ensure accuracy in the solution despite large deformations, we use 100 beam elements and 100 equal load increments as done in [16]. We have obtained the same results as reported in [16]. The deformed shape is given in Figure 4. 5.2 Example-2. Application to Large Rotation: Deployment of a Ring This example studies very large deformations of a circular ring, which considerably reduces its original size; see figure (5a). This problem has been considered in [27,9,21]. Rotations (of magnitude π) at two diametrically opposite points A and C are imposed respectively along the positive and negative directions of the Y-axis. The deformation stages for every π/  rotation increment at each of the control nodes A and C are shown in Figure (5). The following properties are considered for the ring;  radius =  , rectangular cross-section with height =  and width =  / , polar moment of inertia    =  .  ×  − , Young’s modulus =  ×   and Poisson’s ratio = .  . Like [9], we have used 48 linear isoparametric beam elements. Note that the total rotation is imposed in increments. With the present formulation, it takes  increments to impose the maximum rotation. The deformed shape matches well with that reported in the existing literature. 5.3 Example-3. Objectivity Test: L-shaped Cantilever Subjected to Support Rotation and Tip Load The first part of this example shows path-independence. This is followed by a series of objectivity tests for different cases of loading and prescribed rotation. Different parts of this example have earlier been considered in [19,17] We examine an L-shaped cantilever clamped at one end, subjected to a concentrated vertical force or moment at its free end and different support rotations. The structure is 19



composed of two equally long mutually perpendicular legs of length 10 units, which are parallel to X and Y axes respectively. It is modeled with five elements in each leg. Different load and support rotations are considered leading to variety of deformed shapes for the same structure. They are as follows: Case-I We use the example in [19] to check path-independence of the present formulation. Accordingly, two different loadings are applied as follows: (1) a tip load of magnitude 5 in the negative Z-direction (see Figure (6) in the first stage followed by a support rotation π/  (in a single increment) with respect to the negative Y-axis in the second stage; (2) the load and support rotation applied together in a single stage. 



Using the present method, the X-component of the tip displacement is obtained exactly as −  (up to 14 decimal places) in both the loading sequences, verifying that the method is frame indifferent. Recall that we use the interpolation of iterative rotations, However, as reported in table-4 of [19], the existing formulation based on interpolation of iterative rotation vectors is not objective, producing different solutions for two different sequences of loading. The deformed shapes via the present method are shown in figure (6). The robustness of the present scheme is highlighted by the fact that the support rotation, currently imposed in a single step, is indeed very large. For yet another check on the accuracy of the present method, solutions for the tip-coordinates under only the vertical tip load are given in Table 1. Here we compare our result with those of [17]. The results show a good match. Figure (7a) shows the initial and deformed shapes. Case-II A test of objectivity is obtained by allowing further rotation of the support in the same direction up to 100 full revolutions. The displacement component of the tip is monitored after each complete revolution. However, for tackling such huge rotations, the size of each rotation increment is reduced and taken as π/  (which is also quite large). The rigid body rotation (i.e. the support rotation) should not perturb the existing state of stress established at the end of the first loading phase. Since the second loading phase results in the whole structure being rotated as a rigid body, there should not  be any differences in deformed shapes corresponding to support rotations of magnitudes, say, and  kπ, k =  ,  , · · ·. The deformed shapes for each increment over 100 revolutions are plotted in Figure 8(a). We observe that, after each complete turn, the deformed shapes remain identical. By way of another instance of the numerical proof of objectivity, we plot in Figure 8(b) changes in the strain energy following every completer turn. As anticipated, the changes are negligibly small. Case-III The above example is now extended by introducing yet another loading and changing the direction of the support rotation. This example has been considered via an updated Lagrangian formulation in [17]. The loading is presently provided in two phases. In the first phase, either (i) a tip load (of  magnitude  along the negative Z-axis) or (ii) a tip moment (of magnitude  π about the Y-axis) is applied. Figure (7) shows the deformed shapes for the two types of loading that are applied in a single increment. In the second phase, subsequent to the loading as above, a support rotation about 20



either (i) the Z-axis or (ii) the X-axis is imposed. Let the tip force/moment be followed by support rotation about the Z-axis, with the increment of  rotation being π/  . This results in  revolutions in only 400 increments. Figures 9a and 9b are consistent with our earlier observation on objectivity; in both the cases we find that the deformed shapes remain identical following every complete revolution. In this case too, we note that the support  rotation is as high as π/  over a single increment and that this is far higher than π/  , earlier used with the updated Lagrangian formulation in [17]. Of related relevance is also the fact that the the first phase of loading (i.e. tip force/moment) is presently applied in a single increment. This may be contrasted with 5 increments needed with the updated Lagrangian formulation. Case-IV Let the same tip force/moment be followed by support rotation about the X-axis. The tip load and the tip moment cases need 3100 and 1700 support rotation increments respectively to reach 100 complete revolutions. The formulation given in [17] takes 4000 support rotation increments in both the cases. In Figure 10, deformed shapes for all 100 revolutions are plotted. These results are again consistent with the stated objectivity of the present method. For further numerical validation of frame invariance, the free tip coordinates and change in the strain energy after each complete support revolution are plotted in Figures (11) and (12) for two different types of the first loading phase followed by rotation about the X-axis. In all the above cases (Case-II through Case-IV), norms of changes in tip coordinate after 100 revo −  lutions are restricted within  . 5.4 Example-4. Objectivity Test: Rigid Motion of a Deformed Beam As yet another test of objectivity, we use the example on rigid rotation of the deformed rod, earlier studied in [23,21]. A straight rod with two ends at A(0,0,2) and B(0,0,5) is discretized with nine  elements. The following properties are used: rod cross-sectional area = .  , polar moment of area  −  − ! =  . ×  , other two moments of area =  .  ×  , Young’s modulus =  . ×  and Poisson √ √    ratio = .  . To deform the rod, node B is displaced by .  [  /  , −  /  , ] along X,Y,Z directions respectively (without any rotation). During the imposed displacement, node A is kept fixed. Due to the imposed displacements, the rod is in a state of axial, shear and bending deformations. This is followed by the superposition of six rotations of magnitudes π/  ,  π/  , · · · ,  π/  about the axis  √ [  ,  ,  ] at the two ends. All of the convected stresses, i.e. axial, shear, torsional and bending, are computed for the element adjacent to node A in each configuration and provided in Table 2. This shows the objectivity of strain measures as none of the stresses changes when the beam undergoes rigid body rotations. Stresses shown in this table can be compared with results reported with other formulations in [23,21]. The objectivity is also evident form a negligible change in the strain energy during the rigid rotation (as depicted in Figure (13)). Via Examples 3 and 4, we have sufficient numerical evidence for the computed response remaining frame invariant. Based on a rotation vector parametrization, the only other work in [17], which also achieves objectivity, needs the loading in the first phase to follow the support rotation to preserve 21



the stress state corresponding to the first phase. In other words, the loading itself needs a (spurious) modification. The present approach however does not impose such a restriction while achieving objectivity. 5.5 Example-5. Path Independence We take up the well known example of a cantilever that is bent 45-degrees. This problem has been considered in [19,17] to check path independence. The structure is loaded to a peak load in increments and then the load is also removed in decrements. The objective is to investigate whether, upon unloading, the finally deformed shape corresponds to zero deformations (modulo the round-off errors) at all nodes. The bend has a radius of 100 units and the cantilever has unit square cross-section uniformly. The "  material properties are: Young’s modulus =  , Poisson’s ratio = . We have used 8 beam elements.  The beam is loaded with a vertical tip load of  units, which is applied in 6 equal load increments and then unloaded using the same number of decrements. Figure(14) reports the deformed shapes for each of the 6 load increments leading to the maximum load. Table 3 reports the final nodal displacements upon complete unloading. The node numbering is sequential and starts from the fixed  # end. It is found that rotation components are all zeros (i.e., of a typical order of  − ) and hence we do not provide the numbers explicitly. However, not all the nodal displacements reach zeros with   such a high order; the maximum departure from zero is at the second node (of order  − ). For this 45-degrees-bent cantilever, with the same maximum load with 10 load increments, Ibrahim  begovic and Taylor [17] have reported an error of order  − or  − at the free end. It is thus numerically evidenced that the present method has remarkably improved path-independence characteristics than the updated Lagrangian formulation [17]. We also note that similar path-independence is observed as the deformed shape of Example-1 is attained through different loading paths.
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Discussion and Conclusions



We have used the rotation vector parametrization in the geometrically exact beam theory with emphasis on the interpolation of total rotation variables leading to objectivity of strain measures and path-independence of solutions. The motivation of this study is set up through a brief review on the existing methods of interpolating rotations. Following this, an isoparametric quaternion based interpolation, which does not need to compute any local rotations, is proposed. Unlike an additive interpolation of total rotation vectors, the present interpolation is shown to correspond to a geodesic on the rotation manifold. We have also obtained the error terms in the additive interpolation. It is proved that the interpolation retains the objectivity of strain measures in the discretized form. Hence we can emphasize that the use of (computationally costlier) relative rotations is not essential to attain objectivity; indeed it suffices to ensure that the interpolated total rotation traces a geodesic curve on the rotation manifold. The quaternion-based interpolation of total rotations does not require an extraction 22



scheme (such as the Spurrier algorithm) for relative rotation vectors, typically needed with the interpolation of local rotations. The quaternion-based multiplicative rotation update perhaps takes the least computational effort amongst the existing schemes. Several numerical experiments are reported to verify that the present method works effectively for very large deformations whilst maintaining strain-objectivity and path-independence. This is contrasted with the updated Lagrangian formulation [17], which needs to spuriously affect the loading characteristics in order to attain objectivity. We also do not need any secondary storages at Gauss points. In addition, the results appear to indicate that the present approach can work with larger rotation increments than most existing methods based on the rotation vector parametrization. If compared with the invariant formulation in [19], besides a three-fold reduction in memory requirements due to rotation vector parametrization, the present method also reduces the computational cost of interpolation and update of rotation vectors.
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Table 1 L-shaped cantilever : tip displacement components in (x, y z)-direction for tip load Methods:



Displacement



Present (5 elements per leg)



(-0.4126, -1.7511, -6.7468)



Present (20 elements per leg)



(-0.4259, -1.7512, -6.7671)



Orthogonal tensor∗ [17]



(-0.43081, -1.7368, -6.7329)



Incremental rotation vector∗ [17] (-0.43080, -1.7367, -6.7330) ∗ Orthogonal tensor and incremental rotation vector represent two different choices of rotation parameters. Table 2 Example 4: Stresses × $&%



in the element adjacent to node A for superposed rigid rotations



Rotation angle (degrees)



0



10



20



Axial force



1.76165746007878



1.76165746007870



1.76165746007870



Shear force (1)



0.15032767877712



0.15032767877712



0.15032767877713



Shear force (2)



-0.15032767877712



-0.15032767877712



-0.15032767877713



Torsional moment



0.00000000000000



0.00000000000000



-0.00000000000000



Bending moment (1)



0.03524548915147



0.03524548915147



0.03524548915147



Bending moment (2)



0.03524548915147



0.03524548915147



0.03524548915147



30



40



50



60



1.76165746007875



1.76165746007880



1.76165746007870



1.76165746007886



0.15032767877712



0.15032767877711



0.15032767877713



0.15032767877710



-0.15032767877714



-0.15032767877712



-0.15032767877711



-0.15032767877715



0.00000000000000



0.00000000000000



0.00000000000000



0.00000000000000



0.03524548915147



0.03524548915147



0.03524548915147



0.03524548915147



0.03524548915147



0.03524548915147



0.03524548915147



0.03524548915147



Table 3 45-degree bent cantilever : displacements× $&% present method Node number →



−



for all 9 nodes in (x, y z)-direction, after unloading, via



1



2



3



4



5



6



7



8



9



0



-0.056



0.222



0.888



0.888



0



0



0



0



0



-1.776



0



0



0



0



0



0



0



0



0



0



0



0



0



0



0



0
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Fig. 1. Initial and deformed configurations of the beam. Only two dimensions are shown for clarity, the third dimension is perpendicular to the XZ plane.
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Fig. 4. Cantilever under tip load and tip moment: (a) initial conficuration (b) deformed shape.
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Fig. 5. Different deformation stages of the deplyable ring. Sub-figures (a) to (j) correspond to imposed rotaion at point A and C of magnitude % to π at an interval of π/ ( .
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Fig. 6. L-shaped cantilever under tip load (of magnitude 5) and support rotation (of magnitude π/ , ) around negative Y-axis
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Fig. 8. L-shaped cantilever under tip load and support rotation around negative Y-axis: (a) undeformed and deformed shapes, (b) change in strain energy 5 5 0
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Fig. 9. L-shaped cantilever: deformed shapes under (a) tip load, or (b) tip moment, and subsequent support rotation about Z-axis.
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Fig. 10. L-shaped cantilever: deformed shapes under (a) tip load, or (b) tip moment, and subsequent support rotation about X-axis.
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Fig. 11. L-shaped cantilever: tip coordinates for (a) vertical force at tip and (b) moment about y-axis at tip, and subsequent support rotations about x-axis.
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Fig. 12. L-shaped cantilever: change in strain energy for (a) vertical force at tip and (b) moment about y-axis at tip, and subsequent support rotations about x-axis. −9
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Fig. 13. Change in strain energy under rigid rotation.
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Fig. 14. Initial and deformed shape of the 45 degree bent cantilever under six load increments.
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Appendices



A



Parametrization of Rotation by Quaternion



Quaternions, presently denoted by Q = (q  , q) 7 , have four parameters, with a scalar part q  and the vector q part q. q can be thought of as an element of R . The norm of a quaternion is defined as q + kqk . Additions and subtractions of quaternions are defined as: 



kQk =



Q  ± Q = (q  ± q , q  ± q ) Quaternion dot product is defines as: Q  • Q = q  q + (q  , q ) The conjugate of a quaternion Q∗ is defined as Q∗ = (q , −q). The multiplicative inverse of a quater    nion is denotes as Q− , and has the property QQ− = Q− Q =  . It is constructed as Q− = Q∗ /kQk. The quaternion product, also known as Grassman product, is a non-commutative product of two quaternions. Given two quaternions (p  , p) and (q q), their quaternion product (r  , r) is obtained by: (r , r) = (p , p) ◦ (q , q)



(A.1)



via the formula r  = p q − (p, q) and r = p  q + q p + p × q. The above product is non-commutative, associative and distributive. One of the main advantages of quaternions over orthogonal tensors is the reduced cost of multiplication. Moreover, quaternion multiplications are less prone to round-off errors. Generally unit quaternions are used for rotations. Unit quaternions produce a unit sphere S embed   ded in R ; they are subject to the constraint q  + kqk =  . Hence coordinates of unit quaternions are not independent. They may be used to construct an orthogonal tensor according to: 



R = (  q −  )I +  q q˜ +  q ⊗ q



(A.2)



˜ denotes the skew-symmetric matrix corresponding to (•). For every nonzero quaterThe symbol (•) nion, a unique rotation can be obtained. For a non-unit quaternion, the rotation matrix is given by: R= 7







kQk







(  q I +  q q˜ +  q ⊗ q) −



(A.3) 



The symbol (·, ·) also denotes the dot product of vectors; the distinction should be clear from the context.
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This formula for converting from a unit quaternion to an orthogonal matrix involves no trigonometric functions. From equation (A.3) it is clear that the map from the set of unit quaternions to SO(3) is 2-1, since (q  , q) and (−q  , −q) yield the same R. Let the unit quaternions (p  , p), (q  , q), (r , r) be associated with orthogonal matrices P, Q, R ∈ S O( ). Matrix and quaternion multiplications are 1-1, i.e. the product R = PQ is 1-1 with (r  , r) = (p , p) ◦ (q , q). In absence of roundoff errors during quaternion multiplication (equation A.1), orthogonality of the tensor obtained by equation (A.2) is preserved. Even when roundoff errors are present, the orthogonality property may be precisely satisfied via quaternion multiplication along with the renormalization procedure: q  (r , r) 7→ (r /l  , r/l  ), where l  = r + (r, r) If there are no roundoff errors then l  =  . Note that the inverse of a unit quaternion and the product of two unit quaternions are also unit quaternions. The rotation vector Ψ may be transformed to a unit quaternion via the following formula: (q , q) = (cos θ/  , sin θ/  e)



where



e = Ψ/θ, θ = kΨk



(A.4)



The extraction of Ψ from (q  , q) is not unique. 



It may be observed that quaternion product of pure quaternions made of vector e, is zero, i.e. ( , e) ◦  ( , e) = −  . The similarity with unit length complex numbers (cos α, i sin α) is clear; here θ/  is written as α. Similarly the Euler’s identity for complex numbers can be extended for quaternions as:   exp ( , α e) = (cos α, sin α e) (A.5) 



This exponential can be evaluated symbolically by substituting ( , αe) in the standard power series   of exponential function of real variables, and then using the identity ( , e) ◦ ( , e) = −  . Using this identity, one may define the power of a quaternion Q as:  t   (Q)t = (cos α, sin α e) = exp ( , tα e) = (cos tα, sin tα e) (A.6) The logarithm of a unit quaternion may be defined as:       log Q = log exp ( , α e) = ( , α e) B



(A.7)



Linearization of the Weak Form on T R S O(  )



Linearized Gint is decomposed, as usual, into a sum of material and geometric tangent stiffnesses, derivable respectively from linearizations of σ and δε of equation (6). The relevant expressions are 32



provided below:  t    dx  Z  t d(δx )  t dx    t d(∆x ) t    R ds + R ds × ∆Θ   R ds + R ds × δΘ   · C   ds  Dm Gint (δΦ, Φ) · ∆Φ =     d δΘ d ∆Θ + K × δΘ + K × ∆Θ [  ,L]



Dg Gint (δΦ, Φ) · ∆Φ =



Z



[  ,L]



ds



(B.1)



ds



(ΥδΦ) · D(Φ)(Υ∆Φ) ds



(B.2)



where,   d I  ds   Υ =    







    d   I ds    I



     ˜  −R N        D(Φ) =     ˜ t ˜  NR M A



  A = (Rt x0 ) ⊗ N − ((Rt x0 ) · N)I + K ⊗ M − (K · M)I



There are no approximations in this linearization, i.e. the explicit expressions are exact.
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(B.3)
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