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CHAPTER 9



Polar Coordinates; Vectors



Skill Building In Problems 11–18, match each point in polar coordinates with either A, B, C, or D on the graph. 11. a2, 15. a 2,



11p b 6



5p b 6



12. a -2, 16. a -2,



p b 6



5p b 6



13. a -2,



p b 6



14. a 2,



7p b 6



17. a -2,



7p b 6



18. a 2,



11p b 6



In Problems 19–30, plot each point given in polar coordinates. 19. 13, 90°2



20. 14, 270°2



23. a 6,



24. a5,



p b 6



27. a -1, -



p b 3



5p b 3



28. a -3, -



3p b 4



B



A



2



π 6



D



C



21. 1-2, 02



22. 1-3, p2



25. 1-2, 135°2



26. 1-3, 120°2



29. 1-2, -p2



30. a -3, -



p b 2



In Problems 31–38, plot each point given in polar coordinates, and find other polar coordinates 1r, u2 of the point for which: (a) r 7 0,



-2p … u 6 0



(c) r 7 0,



(b) r 6 0, 0 … u 6 2p



31. a 5,



2p b 3



32. a4,



3p b 4



35. a1,



p b 2



36. 12, p2



2p … u 6 4p



33. 1-2, 3p2



34. 1-3, 4p2



37. a -3, -



38. a -2, -



p b 4



2p b 3



In Problems 39–54, the polar coordinates of a point are given. Find the rectangular coordinates of each point. 39. a 3,



40. a4,



p b 2



3p b 2



43. 16, 150°2



44. 15, 300°2



47. a -1, -



48. a -3, -



p b 3



51. 17.5, 110°2



3p b 4



52. 1-3.1, 182°2



41. 1-2, 02



42. 1-3, p2



45. a -2,



46. a -2,



3p b 4



2p b 3



49. 1-2, -180°2



50. 1-3, -90°2



53. 16.3, 3.82



54. 18.1, 5.22



In Problems 55–66, the rectangular coordinates of a point are given. Find polar coordinates for each point. 55. 13, 02



59. 11, -12



63. 11.3, -2.12



56. 10, 22



60. 1-3, 32



64. 1-0.8, -2.12



57. 1-1, 02



58. 10, -22



61.



62.



A 23 , 1 B



65. 18.3, 4.22



A -2, -2 23 B



66. 1-2.3, 0.22



In Problems 67–74, the letters x and y represent rectangular coordinates. Write each equation using polar coordinates 1r, u2. 67. 2x2 + 2y2 = 3



68. x2 + y2 = x



69. x2 = 4y



70. y2 = 2x



71. 2xy = 1



72. 4x2 y = 1



73. x = 4



74. y = -3



In Problems 75–82, the letters r and u represent polar coordinates. Write each equation using rectangular coordinates 1x, y2. 75. r = cos u



76. r = sin u + 1



77. r2 = cos u



79. r = 2



80. r = 4



81. r =



4 1 - cos u



78. r = sin u - cos u 82. r =



3 3 - cos u



Applications and Extensions 83. Chicago In Chicago, the road system is set up like a Cartesian plane, where streets are indicated by the number of blocks they are from Madison Street and State Street. For example, Wrigley Field in Chicago is located at 1060 West



Addison, which is 10 blocks west of State Street and 36 blocks north of Madison Street. Treat the intersection of Madison Street and State Street as the origin of a coordinate system, with east being the positive x-axis.



SECTION 9.2 Polar Equations and Graphs



(a) Write the location of Wrigley Field using rectangular coordinates. (b) Write the location of Wrigley Field using polar coordinates. Use the east direction for the polar axis. Express u in degrees. (c) U.S. Cellular Field, home of the White Sox, is located at 35th and Princeton, which is 3 blocks west of State Street and 35 blocks south of Madison. Write the location of U.S. Cellular Field using rectangular coordinates. (d) Write the location of U.S. Cellular Field using polar coordinates. Use the east direction for the polar axis. Express u in degrees.
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City of Chicago, Illinois



Addison Street



Addison Street 1 mile 1 km N



Wrigley Field 1060 West Addison Madison Street State Street



84. Show that the formula for the distance d between two points P1 = 1r1 , u12 and P2 = 1r2 , u22 is d = 4 r21 + r22 - 2r1 r2 cos1u2 - u12



U.S. Cellular Field 35th and Princeton 35th Street



35th Street



Discussion and Writing 85. In converting from polar coordinates to rectangular coordinates, what formulas will you use?



87. Is the street system in your town based on a rectangular coordinate system, a polar coordinate system, or some other system? Explain.



86. Explain how you proceed to convert from rectangular coordinates to polar coordinates.



‘Are You Prepared?’ Answers 1.



; quadrant IV



y



2. 9



2 22 22



3.



b r



p 4. - 4



2 4 x (3, 21)



9.2 Polar Equations and Graphs PREPARING FOR THIS SECTION



Before getting started, review the following:



• Symmetry (Section 1.2, pp. 19–21) • Circles (Section 1.5, pp. 44–48) • Even–Odd Properties of Trigonometric Functions (Section 6.3, pp. 391–392)



• Difference Formulas for Sine and Cosine (Section 7.4, pp. 466 and 469) • Value of the Sine and Cosine Functions at Certain Angles (Section 6.2, pp. 368–375)



Now Work the ‘Are You Prepared?’ problems on page 586.



OBJECTIVES 1 Graph and Identify Polar Equations by Converting to Rectangular Equations (p. 572) 2 Graph Polar Equations Using a Graphing Utility (p. 573) 3 Test Polar Equations for Symmetry (p. 577) 4 Graph Polar Equations by Plotting Points (p. 578) Just as a rectangular grid may be used to plot points given by rectangular coordinates, as in Figure 21(a), we can use a grid consisting of concentric circles (with centers at the pole) and rays (with vertices at the pole) to plot points given by polar coordinates, as shown in Figure 21(b).We shall use such polar grids to graph polar equations.
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Polar Coordinates; Vectors



In rectangular coordinates, the equation x2 + y2 = 1, whose graph is the unit circle, is not the graph of a function. In fact, it requires two functions to obtain the graph of the unit circle: y1 = 21 - x2



Upper semicircle



y2 = - 21 - x2



Lower semicircle



In polar coordinates, the equation r = 1, whose graph is also the unit circle, does define a function. For each choice of u, there is only one corresponding value of r, that is, r = 1. Since many problems in calculus require the use of functions, the opportunity to express nonfunctions in rectangular coordinates as functions in polar coordinates becomes extremely useful. Note also that the vertical-line test for functions is valid only for equations in rectangular coordinates.



Historical Feature



P Jakob Bernoulli (1654–1705)



olar coordinates seem to have been invented by Jakob Bernoulli (1654–1705) in about 1691, although, as with most such ideas, earlier traces of the notion exist. Early users of calculus remained committed to rectangular coordinates, and polar coordinates did not become widely used until the early 1800s. Even then, it was mostly geometers who used them for describing odd curves. Finally, about the



mid-1800s, applied mathematicians realized the tremendous simplification that polar coordinates make possible in the description of objects with circular or cylindrical symmetry. From then on their use became widespread.



9.2 Assess Your Understanding ‘Are You Prepared?



Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.



1. If the rectangular coordinates of a point are 14, -62, the point symmetric to it with respect to the origin is _____. (pp. 19–20) 2. The difference formula for cosine is cos1A - B2 = _____. (p. 466) 3. The standard equation of a circle with center at 1-2, 52 and radius 3 is _____. (pp. 44–45)



4. Is the sine function even, odd, or neither? (p. 391) 5. sin



5p = _____. (pp. 374–375) 4



6. cos



2p = _____. (pp. 374–375) 3



Concepts and Vocabulary 7. An equation whose variables are polar coordinates is called a(n) _____ _____.



8. Using polar coordinates 1r, u2, the circle x2 + y2 = 2x takes the form _____. 9. A polar equation is symmetric with respect to the pole if an equivalent equation results when r is replaced by _____.



10. True or False The tests for symmetry in polar coordinates are necessary, but not sufficient. 11. True or False The graph of a cardioid never passes through the pole. 12. True or False All polar equations have a symmetric feature.



Skill Building In Problems 13–28, transform each polar equation to an equation in rectangular coordinates. Then identify and graph the equation. Verify your graph using a graphing utility. p 3



16. u = -



p 4



13. r = 4



14. r = 2



15. u =



17. r sin u = 4



18. r cos u = 4



19. r cos u = -2



20. r sin u = -2



21. r = 2 cos u



22. r = 2 sin u



23. r = -4 sin u



24. r = -4 cos u



25. r sec u = 4



26. r csc u = 8



27. r csc u = -2



28. r sec u = -4



587



SECTION 9.2 Polar Equations and Graphs



In Problems 29–36, match each of the graphs (A) through (H) to one of the following polar equations. p 4



29. r = 2



30. u =



33. r = 1 + cos u



34. r = 2 sin u



p u 5 3–– 4



y – u 5p 2



u5p



u



p u 5 3–– 4



u5p



p u 5 5–– 4



p u 5 3–– 4



x u50



2



O



p u 5 5–– 4



– u 5p 4



35. u =



y – u 5p 2



u5p



p u 5 7–– 4



p 5 3–– 2



31. r = 2 cos u



O



p u 5 5–– 4 u



1



p 5 3–– 2



x u50



3



3p 4



36. r sin u = 2 y – u 5p 2



p u 5 3–– 4



– u 5p 4



u5p



O



p u 5 5–– 4



p u 5 7–– 4



32. r cos u = 2



u



– u5p 4



p u 5 3–– 4



x u50



2



u5p



p u 5 7–– 4



p 5 3–– 2



y – u 5p 2



O



p u 5 5–– 4 u



2



p 5 3–– 2



(A)



(B)



(C)



(D)



y – u 5p 2



y – u 5p 2



y – u 5p 2



y – u 5p 2



O



p u 5 3–– 4



– u5p 4



1



x u50



3



u5p



p u 5 5–– 4



p u 5 7–– 4



p u 5 3–– 2



O



1



p u 5 3–– 2



p u 5 3–– 4



– u5p 4



3



x u50



u5p



O



p u 5 5–– 4



p u 5 7–– 4



4



2



p u 5 3–– 2



p u 5 3–– 4



x u50



u5p



p u 5 7–– 4



p u 5 5–– 4



(G)



(F)



(E)



– u 5p 4



– u5p 4



O



p u 5 3–– 2



x u50



4



p u 5 7–– 4



– u 5p 4



x 2 u50



p u 5 7–– 4



(H)



In Problems 37–60, identify and graph each polar equation. Verify your graph using a graphing utility. 37. r = 2 + 2 cos u



38. r = 1 + sin u



39. r = 3 - 3 sin u



40. r = 2 - 2 cos u



41. r = 2 + sin u



42. r = 2 - cos u



43. r = 4 - 2 cos u



44. r = 4 + 2 sin u



45. r = 1 + 2 sin u



46. r = 1 - 2 sin u



47. r = 2 - 3 cos u



48. r = 2 + 4 cos u



49. r = 3 cos12u2



50. r = 2 sin13u2



51. r = 4 sin15u2



52. r = 3 cos14u2



2



2



u



56. r = 3u



53. r = 9 cos12u2



54. r = sin12u2



55. r = 2



57. r = 1 - cos u



58. r = 3 + cos u



59. r = 1 - 3 cos u



60. r = 4 cos13u2



Mixed Practice In Problems 61–66, graph each pair of polar equations on the same polar grid. Find the polar coordinates of the point(s) of intersection and label the point(s) on the graph. 61. r = 8 cos u; r = 2 sec u



62. r = 8 sin u; r = 4 csc u



63. r = sin u; r = 1 + cos u



64. r = 3; r = 2 + 2 cos u



65. r = 1 + sin u; r = 1 + cos u



66. r = 1 + cos u; r = 3 cos u



Applications and Extensions In Problems 67–70, the polar equation for each graph is either r = a + b cos u or r = a + b sin u, a 7 0, b 7 0. Select the correct equation and find the values of a and b. 67.



68.



y



y



– u5p



p u 5 3–– 4



u5 p



2



(3, p–2 )



–4 u 5p x



(6, 0) 0 2 4 6 8 10



p u 5 5–– 4



u5 0



p u 5 7–– 4 p u 5 3–– 2



p u 5 3–– 4



u5 p



–2 u5p



(3, p–2 )



–4 u 5p



(6, p)



x 0 2 4 6 8 10



p u 5 5–– 4



u5 0



p u 5 7–– 4 p u 5 3–– 2
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CHAPTER 9 y



69.



(



p 5, – 2



y



70.



– u5 p



)



(



2



p u 5 3–– 4



x



(4, 0) 0 1 2 3 4 5



p u 5 5–– 4



2



)



p u 5 3–– 4



–4 u5p



u5 p



p 5, –



–4 u 5p



(1, 0) 0 1 2 3 4 5



u5 p



u5 0



–2 u5p



p u 5 5–– 4



p u 5 7–– 4



x



u5 0



p u 5 7–– 4 p u 5 3–– 2



p u 5 3–– 2



In Problems 71–80, graph each polar equation by hand. Verify your graph using a graphing utility. 71. r =



2 1 - cos u



73. r =



1 3 - 2 cos u



75. r = u, u Ú 0



(parabola)



72. r =



2 1 - 2 cos u



(ellipse)



74. r =



1 1 - cos u



76. r =



3 u



(spiral of Archimedes)



77. r = csc u - 2, 0 6 u 6 p 79. r = tan u,



-



p p 6 u 6 2 2



(kappa curve)



80. r = cos



(parabola)



(reciprocal spiral)



78. r = sin u tan u



(conchoid)



(hyperbola)



(cissoid)



u 2



81. Show that the graph of the equation r sin u = a is a horizontal line a units above the pole if a 7 0 and ƒ a ƒ units below the pole if a 6 0.



82. Show that the graph of the equation r cos u = a is a vertical line a units to the right of the pole if a 7 0 and ƒ a ƒ units to the left of the pole if a 6 0.



83. Show that the graph of the equation r = 2a sin u, a 7 0, is a circle of radius a with center at 10, a2 in rectangular coordinates.



84. Show that the graph of the equation r = -2a sin u, a 7 0, is a circle of radius a with center at 10, -a2 in rectangular coordinates.



85. Show that the graph of the equation r = 2a cos u, a 7 0, is a circle of radius a with center at 1a, 02 in rectangular coordinates.



86. Show that the graph of the equation r = -2a cos u, a 7 0, is a circle of radius a with center at 1-a, 02 in rectangular coordinates.



Discussion and Writing 87. Explain why the following test for symmetry is valid: Replace r by -r and u by -u in a polar equation. If an equivalent equation results, the graph is symmetric with respect to the p line u = (y-axis). 2 (a) Show that the test on page 577 fails for r2 = cos u, yet this new test works. (b) Show that the test on page 577 works for r2 = sin u, yet this new test fails.



(b) Find a polar equation for which the test on page 577 fails, yet the new test works. 89. Write down two different tests for symmetry with respect to the polar axis. Find examples in which one test works and the other fails. Which test do you prefer to use? Justify your answer. 90. The tests for symmetry given on page 577 are sufficient, but not necessary. Explain what this means.



88. Develop a new test for symmetry with respect to the pole. (a) Find a polar equation for which this new test fails, yet the test on page 577 works.



‘Are You Prepared?’ Answers 1. 1-4, 62



2. cos A cos B + sin A sin B



3. 1x + 222 + 1y - 522 = 9



4. Odd



5. -



22 2



6. -



1 2



SECTION 9.3 The Complex Plane; De Moivre’s Theorem
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Historical Feature



T



he Babylonians, Greeks, and Arabs considered square roots of negative quantities to be impossible and equations with complex solutions to be unsolvable. The first hint that there was some connection between real solutions of equations and complex numbers came when Girolamo Cardano (1501–1576) and Tartaglia (1499–1557) found real roots of cubic equations by taking cube roots of complex quantities. For centuries thereafter, mathematicians



John Wallis



worked with complex numbers without much belief in their actual existence. In 1673, John Wallis appears to have been the first to suggest the graphical representation of complex numbers,a truly significant idea that was not pursued further until about 1800. Several people, including Karl Friedrich Gauss (1777–1855), then rediscovered the idea, and graphical representation helped to establish complex numbers as equal members of the number family. In practical applications, complex numbers have found their greatest uses in the study of alternating current, where they are a commonplace tool, and in the field of subatomic physics.



Historical Problems 1. The quadratic formula will work perfectly well if the coefficients are complex numbers. Solve the following. [Hint: The answers are “nice.”] (a) z 2 - (2 + 5i)z - 3 + 5i = 0



(b) z 2 - (1 + i )z - 2 - i = 0



9.3 Assess Your Understanding ‘Are You Prepared?’



Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.



1. The conjugate of -4 - 3i is _____. (p. A62)



3. The sum formula for the cosine function is cos1A + B2 = _____. (p. 466)



2. The sum formula for the sine function is sin1A + B2 = _____. (p. 469)



4. sin 120° = _____; cos 240° = _____. (pp. 374–375)



Concepts and Vocabulary 5. When a complex number z is written in the polar form z = r1cos u + i sin u2, the nonnegative number r is the _____ or _____ of z, and the angle u, 0 … u 6 2p, is the _____ of z. 6. _____ Theorem can be used to raise a complex number to a power. 7. Every nonzero complex number will have exactly _____ cube roots.



8. True or False De Moivre’s Theorem is useful for raising a complex number to a positive integer power. 9. True or False Using De Moivre’s Theorem, the square of a complex number will have two answers. 10. True or False unique.



The polar form of a complex number is



Skill Building In Problems 11–22, plot each complex number in the complex plane and write it in polar form. Express the argument in degrees. 11. 1 + i



12. -1 + i



13. 23 - i



14. 1 - 23i



15. -3i



16. -2



17. 4 - 4i



18. 923 + 9i



19. 3 - 4i



20. 2 + 23i



21. -2 + 3i



22. 25 - i



In Problems 23–32, write each complex number in rectangular form. 23. 21cos 120° + i sin 120°2



24. 31cos 210° + i sin 210°2



26. 2 acos



27. 3acos



5p 5p + i sin b 6 6



3p 3p + i sin b 2 2



29. 0.21cos 100° + i sin 100°2



30. 0.41cos 200° + i sin 200°2



31. 2 acos



32. 3acos



p p + i sin b 18 18



In Problems 33–40, find zw and



25. 4acos



7p 7p + i sin b 4 4



28. 4 acos



p p + i sin b 2 2



p p + i sin b 10 10



z . Leave your answers in polar form. w



33. z = 21cos 40° + i sin 40°2



34. z = cos 120° + i sin 120°



35. z = 31cos 130° + i sin 130°2



w = 41cos 20° + i sin 20°2



w = cos 100° + i sin 100°



w = 41cos 270° + i sin 270°2
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36. z = 21cos 80° + i sin 80°2 w = 61cos 200° + i sin 200°2



37. z = 2 acos



p p + i sin b 8 8



38. z = 4acos



3p 3p + i sin b 8 8



w = 2acos



9p 9p + i sin b 16 16



p p + i sin b 10 10



w = 2 acos



39. z = 2 + 2i



40. z = 1 - i



w = 23 - i



w = 1 - 23i



In Problems 41–52, write each expression in the standard form a + bi. 41. 341cos 40° + i sin 40°243



42. 331cos 80° + i sin 80°243



44. c 22 acos



5p 4 5p + i sin bd 16 16



45. C 23 1cos 10° + i sin 10°2 D



47. c 25 acos



3p 3p 4 + i sin bd 16 16



48. c 23 acos



50.



A 23 - i B 6



51.



43. c2 acos



p p 5 + i sin b d 10 10



5 1 46. c 1cos 72° + i sin 72°2 d 2



6



5p 6 5p + i sin bd 18 18



49. 11 - i25 52. A 1 - 25i B



A 22 - i B 6



8



In Problems 53–60, find all the complex roots. Leave your answers in polar form with the argument in degrees. 53. The complex cube roots of 1 + i



54. The complex fourth roots of 23 - i



55. The complex fourth roots of 4 - 4 23i



56. The complex cube roots of -8 - 8i



57. The complex fourth roots of -16i



58. The complex cube roots of -8



59. The complex fifth roots of i



60. The complex fifth roots of - i



Applications and Extensions 61. Find the four complex fourth roots of unity (1) and plot them. 62. Find the six complex sixth roots of unity (1) and plot them. 63. Show that each complex nth root of a nonzero complex number w has the same magnitude. 64. Use the result of Problem 63 to draw the conclusion that each complex nth root lies on a circle with center at the origin. What is the radius of this circle? 65. Refer to Problem 64. Show that the complex nth roots of a nonzero complex number w are equally spaced on the circle.



numbers that are not in the Mandelbrot set have any common characteristics regarding the values of a6 found in part (a)? (c) Compute ƒ z ƒ = 3x2 + y2 for each of the complex numbers in part (a). Now compute ƒ a6 ƒ for each of the complex numbers in part (a). For which complex numbers is ƒ a6 ƒ … ƒ z ƒ and ƒ z ƒ … 2? Conclude that the criterion for a complex number to be in the Mandelbrot set is that ƒ an ƒ … ƒ z ƒ and ƒ z ƒ … 2. Imaginary axis y 1



66. Prove formula (6). 67. Mandelbrot Sets (a) Consider the expression an = 1an - 122 + z, where z is some complex number (called the seed) and a0 = z. Compute a1 1=a20 + z2, a2 1=a21 + z2, a3 1=a22 + z2, a4 , a5, and a6 for the following seeds: z1 = 0.1 - 0.4i, z2 = 0.5 + 0.8i, z3 = -0.9 + 0.7i, z4 = -1.1 + 0.1i, z5 = 0 - 1.3i, and z6 = 1 + 1i. (b) The dark portion of the graph represents the set of all values z = x + yi that are in the Mandelbrot set. Determine which complex numbers in part (a) are in this set by plotting them on the graph. Do the complex



Real axis 1 x



–2



–1



‘Are You Prepared?’ Answers 1. -4 + 3i



2. sin A cos B + cos A sin B



3. cos A cos B - sin A sin B



4.



23 1 ;2 2
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9.4 Assess Your Understanding Concepts and Vocabulary 1. A vector whose magnitude is 1 is called a(n) _____ vector.



4. True or False Vectors are quantities that have magnitude and direction.



2. The product of a vector by a number is called a(n) _____ multiple.



5. True or False Force is a physical example of a vector.



3. If v = ai + bj, then a is called the _____ component of v and b is the _____ component of v.



6. True or False Mass is a physical example of a vector.



Skill Building In Problems 7–14, use the vectors in the figure at the right to graph each of the following vectors. 7. v + w 9. 3v



8. u + v 10. 4w



11. v - w



12. u - v



13. 3v + u - 2w



14. 2u - 3v + w



w u



v



In Problems 15–22, use the figure at the right. Determine whether the given statement is true or false. 15. A + B = F



16. K + G = F



17. C = D - E + F



18. G + H + E = D



19. E + D = G + H



20. H - C = G - F



21. A + B + K + G = 0



22. A + B + C + H + G = 0



B A



F



C



K G



23. If 7v 7 = 4, what is 73v 7?



H D E



24. If 7v 7 = 2, what is 7 -4v7?



In Problems 25–32, the vector v has initial point P and terminal point Q. Write v in the form ai + bj; that is, find its position vector. 25. P = 10, 02; Q = 13, 42



26. P = 10, 02; Q = 1-3, - 52



27. P = 13, 22; Q = 15, 62



28. P = 1-3, 22; Q = 16, 52



29. P = 1-2, -12; Q = 16, -22



30. P = 1-1, 42; Q = 16, 22 32. P = 11, 12; Q = 12, 22



31. P = 11, 02; Q = 10, 12



In Problems 33–38, find 7v 7. 33. v = 3i - 4j



34. v = -5i + 12j



35. v = i - j



36. v = -i - j



37. v = -2i + 3j



38. v = 6i + 2j



In Problems 39–44, find each quantity if v = 3i - 5j and w = -2i + 3j. 39. 2v + 3w



40. 3v - 2w



42. 7v + w7



43. 7v 7 - 7w7



41. 7v - w7



44. 7v 7 + 7w7



In Problems 45–50, find the unit vector in the same direction as v. 45. v = 5i



46. v = -3j



47. v = 3i - 4j



48. v = -5i + 12j



49. v = i - j



50. v = 2i - j



51. Find a vector v whose magnitude is 4 and whose component in the i direction is twice the component in the j direction.



52. Find a vector v whose magnitude is 3 and whose component in the i direction is equal to the component in the j direction.



53. If v = 2i - j and w = xi + 3j, find all numbers x for which 7v + w7 = 5.



54. If P = 1-3, 12 and Q = 1x, 42, find all numbers x such that ! the vector represented by PQ has length 5.
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In Problems 55–60, write the vector v in the form ai + bj, given its magnitude 7v7 and the angle a it makes with the positive x-axis. 55. 7v 7 = 5, a = 60°



56. 7v 7 = 8,



58. 7v 7 = 3, a = 240°



59. 7v 7 = 25,



57. 7v 7 = 14, a = 120°



a = 45°



60. 7v 7 = 15,



a = 330°



a = 315°



Applications and Extensions 61. Computer Graphics The field of computer graphics utilizes vectors to compute translations of points. For example, if the point 1-3, 22 is to be translated by v = 85, 29, then the new location will be u¿ = u + v = 8-3, 29 + 85, 29 = 82, 49. As illustrated in the figure, the point 1-3, 22 is translated to 12, 42 by v. Source: Phil Dadd. Vectors and Matrices: A Primer. www.gamedev.net/reference/articles/article1832.asp (a) Determine the new coordinates of 13, -12 if it is translated by v = 8-4, 59 (b) Illustrate this translation graphically.



66. Resultant Force Two forces of magnitude 30 newtons (N) and 70 N act on an object at angles of 45° and 120° with the positive x-axis, as shown in the figure. Find the direction and magnitude of the resultant force; that is, find F1 + F2 . !!F2!! 5 70 N y !!F1!! 5 30 N 120° 45° x



y 5



(2, 4)



67. Static Equilibrium A weight of 1000 pounds is suspended from two cables as shown in the figure.What are the tensions in the two cables?



v (5, 2) (23, 2)



u' u



v



25



5



x 25°



40°



1000 pounds



25



62. Computer Graphics Refer to Problem 61. The points 1-3, 02, 1-1, -22, 13, 12 and 11, 32 are the vertices of a parallelogram ABCD. (a) Find the new vertices of a parallelogram A¿B¿C¿D¿ if it is translated by v = 83, -29.



68. Static Equilibrium A weight of 800 pounds is suspended from two cables, as shown in the figure.What are the tensions in the two cables?



(b) Find the new vertices of a parallelogram A¿B¿C¿D¿ if it 1 is translated by - v. 2



35°



63. Force Vectors A child pulls a wagon with a force of 40 pounds. The handle of the wagon makes an angle of 30° with the ground. Express the force vector F in terms of i and j.



800 pounds



64. Force Vectors A man pushes a wheelbarrow up an incline of 20° with a force of 100 pounds. Express the force vector F in terms of i and j. 65. Resultant Force Two forces of magnitude 40 newtons (N) and 60 N act on an object at angles of 30° and -45° with the positive x-axis, as shown in the figure. Find the direction and magnitude of the resultant force; that is, find F1 + F2 .



50°



69. Static Equilibrium A tightrope walker located at a certain point deflects the rope as indicated in the figure. If the weight of the tightrope walker is 150 pounds, how much tension is in each part of the rope?



y !!F1!! 5 40 N



4.2°



3.7°



30° 245°



x



!!F2!! 5 60 N



150 pounds
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70. Static Equilibrium Repeat Problem 69 if the left angle is 3.8°, the right angle is 2.6°, and the weight of the tightrope walker is 135 pounds. 71. Truck Pull At a county fair truck pull, two pickup trucks are attached to the back end of a monster truck as illustrated in the figure. One of the pickups pulls with a force of 2000 pounds and the other pulls with a force of 3000 pounds with an angle of 45° between them. With how much force must the monster truck pull in order to remain unmoved? [Hint: Find the resultant force of the two trucks.]



(a) Assuming the farmer’s estimate of a needed 6-ton force is correct, will the farmer be successful in removing the stump? Explain. (b) Had the farmer arranged the tractors with a 25° angle between the forces, would he have been successful in removing the stump? Explain.



b



l 00 55 40˚



0 lb 200 45˚ 300 0 lb



7000 lb



73. Static Equilibrium Show on the following graph the force needed for the object at P to be in static equilibrium.



72. Removing a Stump A farmer wishes to remove a stump from a field by pulling it out with his tractor. Having removed many stumps before, he estimates that he will need 6 tons (12,000 pounds) of force to remove the stump. However, his tractor is only capable of pulling with a force of 7000 pounds, so he asks his neighbor to help. His neighbor’s tractor can pull with a force of 5500 pounds. They attach the two tractors to the stump with a 40° angle between the forces as shown in the figure.



F2 P F3



F1 F4



Discussion and Writing 74. Explain in your own words what a vector is. Give an example of a vector.



75. Write a brief paragraph comparing the algebra of complex numbers and the algebra of vectors.



9.5 The Dot Product PREPARING FOR THIS SECTION



Before getting started, review the following:



• Law of Cosines (Section 8.3, p. 534) Now Work the ‘Are You Prepared?’ problem on page 614.



OBJECTIVES 1 2 3 4 5 6



Find the Dot Product of Two Vectors (p. 608) Find the Angle between Two Vectors (p. 609) Determine Whether Two Vectors Are Parallel (p. 611) Determine Whether Two Vectors Are Orthogonal (p. 611) Decompose a Vector into Two Orthogonal Vectors (p. 612) Compute Work (p. 613)



1 Find the Dot Product of Two Vectors The definition for a product of two vectors is somewhat unexpected. However, such a product has meaning in many geometric and physical applications.



DEFINITION



If v = a1i + b1 j and w = a2i + b2j are two vectors, the dot product v # w is defined as v # w = a1a2 + b1b2



(1)
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By formula (12), the work done is ! W = F # AB = 25 A 23i + j B # 100i = 250023 foot-pounds



Now Work



PROBLEM



25



Historical Feature



W



e stated in an earlier Historical Feature that complex numbers were used as vectors in the plane before the general notion of a vector was clarified. Suppose that we make the correspondence Vector 4 Complex number ai + bj 4 a + bi ci + dj 4 c + di



Show that (ai + bj) # (ci + dj) = real part [(a + bi)(c + di)] This is how the dot product was found originally. The imaginary part is also interesting. It is a determinant (see Section 11.3) and represents the area of the parallelogram whose edges are the vectors. This is close to some of Hermann Grassmann’s ideas and is also connected with the scalar triple product of three-dimensional vectors.



9.5 Assess Your Understanding ’Are You Prepared?’



The answer is given at the end of these exercises. If you get the wrong answer, read the page listed in red.



1. In a triangle with sides a, b, c and angles A, B, C, the Law of Cosines states that _____. (p. 534)



Concepts and Vocabulary 2. If v # w = 0, then the two vectors v and w are _____. 3. If v = 3w, then the two vectors v and w are _____. 4. True or False If v and w are parallel vectors, then v # w = 0.



5. True or False Given two nonzero vectors v and w, it is always possible to decompose v into two vectors, one parallel to w and the other perpendicular to w. 6. True or False Work is a physical example of a vector.



Skill Building In Problems 7–16, (a) find the dot product v # w; (b) find the angle between v and w; (c) state whether the vectors are parallel, orthogonal, or neither. 7. v = i - j, w = i + j 10. v = 2i + 2j, w = i + 2j 13. v = 3i + 4j, w = -6i - 8j



8. v = i + j, w = -i + j 11. v = 23i - j, w = i + j 14. v = 3i - 4j, w = 9i - 12j



9. v = 2i + j, w = i - 2j 12. v = i + 23j, 15. v = 4i, w = j



w = i - j 16. v = i, w = -3j



17. Find a so that the vectors v = i - aj and w = 2i + 3j are orthogonal. 18. Find b so that the vectors v = i + j and w = i + bj are orthogonal. In Problems 19–24, decompose v into two vectors v1 and v2 , where v1 is parallel to w and v2 is orthogonal to w. 19. v = 2i - 3j, w = i - j



20. v = -3i + 2j, w = 2i + j



21. v = i - j, w = -i - 2j



22. v = 2i - j, w = i - 2j



23. v = 3i + j, w = -2i - j



24. v = i - 3j, w = 4i - j



Applications and Extensions 25. Computing Work Find the work done by a force of 3 pounds acting in the direction 60° to the horizontal in moving an object 6 feet from 10, 02 to 16, 02.



26. Computing Work A wagon is pulled horizontally by exerting a force of 20 pounds on the handle at an angle of 30° with



the horizontal. How much work is done in moving the wagon 100 feet? 27. Solar Energy The amount of energy collected by a solar panel depends on the intensity of the sun’s rays and the area of the panel. Let the vector I represent the intensity, in watts
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per square centimeter, having the direction of the sun’s rays. Let the vector A represent the area, in square centimeters, whose direction is the orientation of a solar panel. See the figure. The total number of watts collected by the panel is given by W = ƒ I # A ƒ . Suppose I = 8-0.02, -0.019 and A = 8300, 4009.



I A



(a) Find 7 I7 and 7A7 and interpret the meaning of each. (b) Compute W and interpret its meaning. (c) If the solar panel is to collect the maximum number of watts, what must be true about I and A? 28. Rainfall Measurement Let the vector R represent the amount of rainfall, in inches, whose direction is the inclination of the rain to a rain gauge. Let the vector A represent the area, in square inches, whose direction is the orientation of the opening of the rain gauge. See the figure. The volume of rain collected in the gauge, in cubic inches, is given by V = ƒ R # A ƒ , even when the rain falls in a slanted direction or the gauge is not perfectly vertical. Suppose R = 80.75, -1.759 and A = 80.3, 19. R A 9 8 7 6 5 4 3 2 1



(a) Find 7 R7 and 7A7 and interpret the meaning of each. (b) Compute V and interpret its meaning (c) If the gauge is to collect the maximum volume of rain, what must be true about R and A? 29. Finding the Actual Speed and Direction of an Aircraft A Boeing 747 jumbo jet maintains an airspeed of 550 miles per hour in a southwesterly direction. The velocity of the jet stream is a constant 80 miles per hour from the west. Find the actual speed and direction of the aircraft. N W



E S



Jet stream
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30. Finding the Correct Compass Heading The pilot of an aircraft wishes to head directly east, but is faced with a wind speed of 40 miles per hour from the northwest. If the pilot maintains an airspeed of 250 miles per hour, what compass heading should be maintained to head directly east? What is the actual speed of the aircraft? 31. Correct Direction for Crossing a River A river has a constant current of 3 kilometers per hour. At what angle to a boat dock should a motorboat, capable of maintaining a constant speed of 20 kilometers per hour, be headed in order to 1 reach a point directly opposite the dock? If the river is 2 kilometer wide, how long will it take to cross?



Current



Boat Direction of boat due to current



32. Crossing a River A small motorboat in still water maintains a speed of 20 miles per hour. In heading directly across a river (that is, perpendicular to the current) whose current is 3 miles per hour, find a vector representing the speed and direction of the motorboat. What is the true speed of the motorboat? What is its direction? 33. Braking Load A Toyota Sienna with a gross weight of 5300 pounds is parked on a street with a slope of 8°. See the figure. Find the force required to keep the Sienna from rolling down the hill. What is the force perpendicular to the hill?



Weight 5 5300 pounds



34. Braking Load A Pontiac Bonneville with a gross weight of 4500 pounds is parked on a street with a slope of 10°. Find the force required to keep the Bonneville from rolling down the hill. What is the force perpendicular to the hill? 35. Ground Speed and Direction of an Airplane An airplane has an airspeed of 500 kilometers per hour (km/hr) bearing N45°E.The wind velocity is 60 km/hr in the direction N30°W. Find the resultant vector representing the path of the plane relative to the ground.What is the ground speed of the plane? What is its direction? 36. Ground Speed and Direction of an Airplane An airplane has an airspeed of 600 km/hr bearing S30°E. The wind velocity is 40 km/hr in the direction S45°E. Find the resultant vector representing the path of the plane relative to the ground. What is the ground speed of the plane? What is its direction? 37. Ramp Angle Billy and Timmy are using a ramp to load furniture into a truck. While rolling a 250-pound piano up the ramp, they discover that the truck is too full of other
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furniture for the piano to fit. Timmy holds the piano in place on the ramp while Billy repositions other items to make room for it in the truck. If the angle of inclination of the ramp is 20°, how many pounds of force must Timmy exert to hold the piano in position?



43. Suppose that v and w are unit vectors. If the angle between v and i is a and that between w and i is b, use the idea of the dot product v # w to prove that cos1a - b2 = cos a cos b + sin a sin b



44. Show that the projection of v onto i is 1v # i2i. Then show that we can always write a vector v as v = 1v # i2i + 1v # j2j



45. (a) If u and v have the same magnitude, show that u + v and u - v are orthogonal. (b) Use this to prove that an angle inscribed in a semicircle is a right angle (see the figure). 20° 250 lb



u 2v



38. Incline Angle A bulldozer exerts 1000 pounds of force to prevent a 5000-pound boulder from rolling down a hill. Determine the angle of inclination of the hill. 39. Find the acute angle that a constant unit force vector makes with the positive x-axis if the work done by the force in moving a particle from 10, 02 to 14, 02 equals 2.



40. Prove the distributive property:



u # 1v + w2 = u # v + u # w



v



46. Let v and w denote two nonzero vectors. Show that the vecv#w tor v - aw is orthogonal to w if a = . 7 w7 2 47. Let v and w denote two nonzero vectors. Show that the vectors 7w 7 v + 7 v7w and 7w 7v - 7v 7 w are orthogonal. 48. In the definition of work given in !this section, what is the work done if F is orthogonal to AB ?



41. Prove property (5), 0 # v = 0.



42. If v is a unit vector and the angle between v and i is a, show that v = cos ai + sin aj.



49. Prove the polarization identity, 7u + v7 2 - 7u - v 7 2 = 41u # v2



Discussion and Writing 50. Create an application different from any found in the text that requires a dot product.



‘Are You Prepared?’ Answer 1. c2 = a2 + b2 - 2ab cos C



9.6 Vectors in Space PREPARING FOR THIS SECTION



Before getting started, review the following:



• Distance Formula (Section 1.1, p. 5)



Now Work the ‘Are You Prepared?’ problem on page 624. OBJECTIVES 1 2 3 4 5 6



Find the Distance between Two Points in Space (p. 618) Find Position Vectors in Space (p. 618) Perform Operations on Vectors (p. 619) Find the Dot Product (p. 620) Find the Angle between Two Vectors (p. 621) Find the Direction Angles of a Vector (p. 621)
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Substituting, we find that



v = ai + bj + ck = 7 v 7 1cos a2i + 7 v 7 1cos b2j + 7 v 7 1cos g2k = 7 v 7 31cos a2i + 1cos b2j + 1cos g2k4



Now Work



PROBLEM
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Example 10 shows that the direction cosines of a vector v are also the components of the unit vector in the direction of v.



9.6 Assess Your Understanding ‘Are You Prepared?’



Answer is given at the end of these exercises. If you get the wrong answer, read the page listed in red.



1. The distance d from P1 = 1x1 , y12 to P2 = 1x2 , y22 is d = __________ (pp. 4–6)



Concepts and Vocabulary 2. In space, points of the form 1x, y, 02 lie in a plane called the __________.



5. True or False In space, the dot product of two vectors is a positive number.



3. If v = ai + bj + ck is a vector in space, the scalars a, b, c are called the __________ of v.



6. True or False A vector in space may be described by specifying its magnitude and its direction angles.



4. The sum of the squares of the direction cosines of a vector in space add up to __________.



Skill Building In Problems 7–14, describe the set of points 1x, y, z2 defined by the equation. 7. y = 0 11. x = -4



8. x = 0 12. z = -3



9. z = 2 13. x = 1 and y = 2



In Problems 15–20, find the distance from P1 to P2 . 15. P1 = 10, 0, 02 and P2 = 14, 1, 22



10. y = 3 14. x = 3 and z = 1



16. P1 = 10, 0, 02 and P2 = 11, -2, 32



17. P1 = 1-1, 2, - 32 and P2 = 10, -2, 12



18. P1 = 1-2, 2, 32 and P2 = 14, 0, -32



19. P1 = 14, -2, - 22 and P2 = 13, 2, 12



20. P1 = 12, -3, - 32 and P2 = 14, 1, -12



In Problems 21–26, opposite vertices of a rectangular box whose edges are parallel to the coordinate axes are given. List the coordinates of the other six vertices of the box. 21. 10, 0, 02; 12, 1, 32



22. 10, 0, 02; 14, 2, 22



24. 15, 6, 12; 13, 8, 22



25. 1-1, 0, 22;



23. 11, 2, 32;



14, 2, 52



13, 4, 52



26. 1-2, -3, 02; 1-6, 7, 12



In Problems 27–32, the vector v has initial point P and terminal point Q. Write v in the form ai + bj + ck; that is, find its position vector. 27. P = 10, 0, 02; Q = 13, 4, -12



28. P = 10, 0, 02; Q = 1-3, - 5, 42



31. P = 1-2, -1, 42; Q = 16, -2, 42



32. P = 1-1, 4, -22; Q = 16, 2, 22



29. P = 13, 2, -12; Q = 15, 6, 02



30. P = 1-3, 2, 02; Q = 16, 5, -12



In Problems 33–38, find 7v 7. 33. v = 3i - 6j - 2k



34. v = -6i + 12j + 4k



35. v = i - j + k



36. v = -i - j + k



37. v = -2i + 3j - 3k



38. v = 6i + 2j - 2k



In Problems 39–44, find each quantity if v = 3i - 5j + 2k and w = -2i + 3j - 2k. 39. 2v + 3w 42. 7v + w7



40. 3v - 2w 43. 7v 7 - 7w7



41. 7v - w7 44. 7v 7 + 7w7



In Problems 45–50, find the unit vector in the same direction as v. 45. v = 5i 48. v = -6i + 12j + 4k



#



46. v = -3j 49. v = i + j + k



47. v = 3i - 6j - 2k 50. v = 2i - j + k



In Problems 51–58, find the dot product v w and the angle between v and w. 51. v = i - j, w = i + j + k 53. v = 2i + j - 3k, w = i + 2j + 2k



52. v = i + j, w = -i + j - k 54. v = 2i + 2j - k, w = i + 2j + 3k
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55. v = 3i - j + 2k, w = i + j - k 57. v = 3i + 4j + k, w = 6i + 8j + 2k



56. v = i + 3j + 2k, w = i - j + k 58. v = 3i - 4j + k, w = 6i - 8j + 2k



In Problems 59–66, find the direction angles of each vector. Write each vector in the form of equation (7). 59. v = 3i - 6j - 2k 63. v = i + j



60. v = -6i + 12j + 4k 64. v = j + k



61. v = i + j + k 65. v = 3i - 5j + 2k



62. v = i - j - k 66. v = 2i + 3j - 4k



Applications and Extensions 67. Robotic Arm Consider the double-jointed robotic arm shown in the figure. Let the lower arm be modeled by a = 82, 3, 49, the middle arm be modeled by b = 81, -1, 39, and the upper arm by c = 84, -1, -29, where units are in feet.



In Problems 69 and 70, find the equation of a sphere with radius r and center P0 . 69. r = 1; P0 = 13, 1, 12 70. r = 2; P0 = 11, 2, 22 In Problems 71–76, find the radius and center of each sphere. [Hint: Complete the square in each variable.]



c b



71. x2 + y2 + z2 + 2x - 2y = 2 72. x2 + y2 + z2 + 2x - 2z = -1 73. x2 + y2 + z2 - 4x + 4y + 2z = 0 74. x2 + y2 + z2 - 4x = 0



a



75. 2x2 + 2y2 + 2z2 - 8x + 4z = -1 (a) Find a vector d that represents the position of the hand. (b) Determine the distance of the hand from the origin. 68. The Sphere In space, the collection of all points that are the same distance from some fixed point is called a sphere. See the illustration.The constant distance is called the radius, and the fixed point is the center of the sphere. Show that the equation of a sphere with center at 1x0 , y0 , z02 and radius r is 1x - x022 + 1y - y022 + 1z - z022 = r2



[Hint: Use the Distance Formula (1).] z



76. 3x2 + 3y2 + 3z2 + 6x - 6y = 3 The work W done by a constant force F in moving an object from ! a point A in space to a point B in space is defined as W = F AB . Use this definition in Problems 77–79.



#



77. Work Find the work done by a force of 3 newtons acting in the direction 2i + j + 2k in moving an object 2 meters from 10, 0, 02 to 10, 2, 02. 78. Work Find the work done by a force of 1 newton acting in the direction 2i + 2j + k in moving an object 3 meters from 10, 0, 02 to 11, 2, 22. 79. Work Find the work done in moving an object along a vector u = 3i + 2j - 5k if the applied force is F = 2i - j - k. Use meters for distance and newtons for force.



P 5 (x, y, z ) r P0 5 (x0, y0, z0) y x



‘Are You Prepared?’ Answer 1. d = 41x2 - x122 + 1y2 - y122



9.7 The Cross Product OBJECTIVES 1 2 3 4 5



Find the Cross Product of Two Vectors (p. 626) Know Algebraic Properties of the Cross Product (p. 627) Know Geometric Properties of the Cross Product (p. 628) Find a Vector Orthogonal to Two Given Vectors (p. 628) Find the Area of a Parallelogram (p. 629)
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9.7 Assess Your Understanding Concepts and Vocabulary 5. True or False 7u * v 7 = 7 u7 7v 7 cos u, where u is the angle between u and v.



1. True or False If u and v are parallel vectors, then u * v = 0. 2. True or False



For any vector v, v * v = 0.



6. True or False The area of the parallelogram having u and v as adjacent sides is the magnitude of the cross product of u and v.



3. True or False If u and v are vectors, then u * v + v * u = 0. 4. True or False and v.



u * v is a vector that is parallel to both u



Skill Building In Problems 7–14, find the value of each determinant. 3 4 -2 5 7. ` ` 8. ` ` 1 2 2 -3 A B C 11. 3 2 1 4 3 1 3 1



9. `



A B C 12. 3 0 2 4 3 3 1 3



6 -2



5 ` -1



A B 13. 3 -1 3 5 0



10. ` C 53 -2



0 ` 3



-4 5



A 14. 3 1 0



C -3 3 -2



B -2 2



In Problems 15–22, find (a) v * w, (b) w * v, (c) w * w, and (d) v * v. 15. v = 2i - 3j + k w = 3i - 2j - k



16. v = -i + 3j + 2k w = 3i - 2j - k



17. v = i + j w = 2i + j + k



18. v = i - 4j + 2k w = 3i + 2j + k



19. v = 2i - j + 2k w = j - k



20. v = 3i + j + 3k w = i - k



21. v = i - j - k w = 4i - 3k



22. v = 2i - 3j w = 3j - 2k



In Problems 23–44, use the given vectors u, v, and w to find each expression. u = 2i - 3j + k,



v = -3i + 3j + 2k,



w = i + j + 3k



23. u * v



24. v * w



25. v * u



26. w * v



27. v * v



28. w * w



31. u * 12v2



32. 1-3v2 * w



29. 13u2 * v



30. v * 14w2



#



35. u 1v * w2



39. u * 1v * v2



#



36. 1u * v2 w



33. u # 1u * v2 37. v # 1u * w2



40. 1w * w2 * v



#



34. v 1v * w2



#



38. 1v * u2 w



41. Find a vector orthogonal to both u and v.



42. Find a vector orthogonal to both u and w.



43. Find a vector orthogonal to both u and i + j.



44. Find a vector orthogonal to both u and j + k .



! ! In Problems 45–48, find the area of the parallelogram with one corner at P1 and adjacent sides P1P2 and P1P3 . 45. P1 = 10, 0, 02, 47. P1 = 11, 2, 02,



P2 = 11, 2, 32, P3 = 1-2, 3, 02



P2 = 1-2, 3, 42, P3 = 10, -2, 32



46. P1 = 10, 0, 02,



P2 = 12, 3, 12,



P3 = 1-2, 4, 12



48. P1 = 1-2, 0, 22, P2 = 12, 1, -12,



P3 = 12, -1, 22



In Problems 49–52, find the area of the parallelogram with vertices P1 , P2 , P3 , and P4 . 49. P1 = 11, 1, 22,



P4 = 1-2, 4, 12



P2 = 11, 2, 32,



P3 = 1-2, 3, 02,



51. P1 = 11, 2, -12, P2 = 14, 2, -32, P4 = 19, -5, 02



P3 = 16, -5, 22,



50. P1 = 12, 1, 12, P2 = 12, 3, 12, P3 = 1-2, 4, 12, P4 = 1-2, 6, 12 52. P1 = 1-1, 1, 12, P2 = 1-1, 2, 22, P4 = 1-3, 5, -42



P3 = 1-3, 4, -52,



Applications and Extensions 53. Find a unit vector normal to the plane containing v = i + 3j - 2k and w = -2i + j + 3k.



54. Find a unit vector normal to the plane containing v = 2i + 3j - k and w = -2i - 4j - 3k.



Chapter Review



55. Volume of a Parallelepiped A parallelepiped is a prism whose faces are all parallelograms. Let A, B, and C be the vectors that define the parallelepiped shown in the figure. The volume V of the parallelepiped is given by the formula V 5 ƒ (A * B) # C ƒ .



57. Prove for vectors u and v that
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#



7u * v7 2 = 7u7 2 7 v 7 2 - 1u v22 [Hint: Proceed as in the proof of property (4), computing first the left side and then the right side.] 58. Show that if u and v are orthogonal then



C



7u * v 7 = 7u7 7v 7 59. Show that if u and v are orthogonal unit vectors then u * v is also a unit vector.



B



60. Prove property (3).



A



Find the volume of a parallelepiped if the defining vectors are A = 3i - 2j + 4k, B = 2i + j - 2k, and C 5 3i 2 6j 2 2k.



61. Prove property (5). 62. Prove property (9).



56. Volume of a Parallelepiped Refer to Problems 55. Find the volume of a parallelepiped whose defining vectors are A = 81, 0, 69, B = 82, 3, -89, and C = 88, -5, 69.



[Hint: Use the result of Problem 57 and the fact that if u is the angle between u and v then u v = 7u7 7 v 7 cos u.]



#



Discussion and Writing



#



63. If u v = 0 and u * v = 0, what, if anything, can you conclude about u and v?



CHAPTER REVIEW Things to Know Polar Coordinates (p. 562–568) Relationship between polar coordinates 1r, u2 and rectangular coordinates 1x, y2 (pp. 564 and 568)



x = r cos u, y = r sin u



Polar form of a complex number (p. 590)



If z = x + yi, then z = r1cos u + i sin u2, y x where r = ƒ z ƒ = 4x2 + y2 , sin u = , cos u = , 0 … u 6 2p. r r



De Moivre’s Theorem (p. 592)



nth root of a complex number w = r1cos u0 + i sin u02 1p. 5932



r2 = x2 + y2, tan u =



y , x Z 0 x



If z = r1cos u + i sin u2, then zn = rn3cos1nu2 + i sin1nu24, where n Ú 1 is a positive integer. zk = 1r B cos ¢ n



u0 u0 2kp 2kp + ≤ + i sin ¢ + ≤ R, n n n n



k = 0, Á , n - 1,



where n Ú 2 is an integer.



! Vector (pp. 597–604)



Quantity having magnitude and direction; equivalent to a directed line segment PQ



Position vector (pp. 600 and 618)



Vector whose initial point is at the origin



Unit vector (pp. 603 and 620)



Vector whose magnitude is 1



Dot product (pp. 608 and 620)



If v = a1i + b1j and w = a2i + b2j, then v w = a1a2 + b1 b2 .



#



#



If v = a1i + b1j + c1 k and w = a2i + b2 j + c2k2 , then v w = a1a2 + b1b2 + c1 c2 . Angle u between two nonzero vectors u and v (pp. 610 and 621) Direction angles of a vector in space (p. 622–623)



cos u =



#



u v 7 u7 7v7



If v = ai + bj + ck, then v = 7v 7 31cos a2i + 1cos b2j + 1cos g2k4, where cos a =



a b c , cos b = , cos g = . 7v7 7v7 7v 7



Cross product (p. 626)



If v = a1i + b1j + c1 k and w = a2i + b2 j + c2k,



Area of a parallelogram (pp. 628 and 629)



7u * v7 = 7 u7 7v 7 sin u, where u is the angle between u and v.



then v * w = 3b1c2 - b2c14i - 3a1 c2 - a2 c14j + 3a1b2 - a2b14k.
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Objectives Section 9.1



You should be able to 1 2 3 4



9.2



1 2 3 4



9.3



1 2 3 4 5



9.4



1 2 3 4 5 6 7



9.5



1 2 3 4 5 6



9.6



1 2 3 4 5 6



9.7



1 2 3 4 5



Á



Example(s)



Review Exercises



Plot points using polar coordinates (p. 562) Convert from polar coordinates to rectangular coordinates (p. 564) Convert from rectangular coordinates to polar coordinates (p. 566) Transform equations from polar to rectangular form (p. 568)



1–3 4 5–7 8, 9



1–6 1–6 7–12 13(a)–18(a)



Graph and identify polar equations by converting to rectangular equations (p. 572) Graph polar equations using a graphing utility (p. 573) Test polar equations for symmetry (p. 577) Graph polar equations by plotting points (p. 578)



1–7 4–7 8–11 8–13



13(b)–18(b) 19–24 19–24 19–24



Plot points in the complex plane (p. 589) Convert a complex number from rectangular form to polar form (p. 590) Find products and quotients of complex numbers in polar form (p. 591) Use De Moivre’s Theorem (p. 592) Find complex roots (p. 593)



1 2, 3 4 5, 6 7



25–28 29–34 35–40 41–48 49–50



Graph vectors (p. 599) Find a position vector (p. 600) Add and subtract vectors algebraically (p. 601) Find a scalar multiple and the magnitude of a vector (p. 602) Find a unit vector (p. 602) Find a vector from its direction and magnitude (p. 603) Analyze objects in static equilibrium (p. 604)



1 2 3 4 5 6 7



51–54 55–58 59, 60 55–58, 61–66 67, 68 69, 70 111



Find the dot product of two vectors (p. 608) Find the angle between two vectors (p. 609) Determine whether two vectors are parallel (p. 611) Determine whether two vectors are orthogonal (p. 611) Decompose a vector into two orthogonal vectors (p. 612) Compute work (p. 613)



1 2, 3 4 5 6 7



85–88 85–88, 109, 110, 112 93–98 93–98 99–102 113



Find the distance between two points in space (p. 618) Find position vectors in space (p. 618) Perform operations on vectors (p. 619) Find the dot product (p. 620) Find the angle between two vectors (p. 621) Find the direction angles of a vector (p. 621)



1 2 3–5 6 7 8–10



71, 72 73, 74 75–80 89–92 89–92 103, 104



Find the cross product of two vectors (p. 626) Know algebraic properties of the cross product (p. 627) Know geometric properties of the cross product (p. 628) Find a vector orthogonal to two given vectors (p. 628) Find the area of a parallelogram (p. 629)



1–3 pp. 627–628 p. 628 4 5



81, 82 107, 108 105, 106 84 105, 106



Review Exercises In Problems 1–6, plot each point given in polar coordinates, and find its rectangular coordinates. p 2p 4p 5p p 1. a3, b 2. a4, 3. a -2, 4. a -1, 5. a -3, - b b b b 6 3 3 4 2



6. a -4, -



p b 4



In Problems 7–12, the rectangular coordinates of a point are given. Find two pairs of polar coordinates 1r, u2 for each point, one with r 7 0 and the other with r 6 0. Express u in radians. 7. 1-3, 32



8. 11, -12



9. 10, - 22



10. 12, 02



11. 13, 42



12. 1-5, 122



Chapter Review
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In Problems 13–18, the variables r and u represent polar coordinates. (a) Write each polar equation as an equation in rectangular coordinates 1x, y2. (b) Identify the equation and graph it. 13. r = 2 sin u p 16. u = 4



14. 3r = sin u



15. r = 5



17. r cos u + 3r sin u = 6



18. r2 + 4r sin u - 8r cos u = 5



In Problems 19–24, by hand sketch the graph of each polar equation. Be sure to test for symmetry. Verify your graph using a graphing utility. 19. r = 4 cos u



20. r = 3 sin u



21. r = 3 - 3 sin u



22. r = 2 + cos u



23. r = 4 - cos u



24. r = 1 - 2 sin u



In Problems 25–28, write each complex number in polar form. Express each argument in degrees. 26. - 23 + i



25. -1 - i



27. 4 - 3i



28. 3 - 2i



In Problems 29–34, write each complex number in the standard form a + bi and plot each in the complex plane. 29. 21cos 150° + i sin 150°2 32. 4acos



3p 3p + i sin b 4 4



In Problems 35–40, find zw and 35. z = cos 80° + i sin 80° w = cos 50° + i sin 50°



30. 31cos 60° + i sin 60°2



31. 3 acos



33. 0.11cos 350° + i sin 350°2



34. 0.51cos 160° + i sin 160°2



z . Leave your answers in polar form. w 36. z = cos 205° + i sin 205° w = cos 85° + i sin 85°



2p 2p + i sin b 3 3



37. z = 3 acos w = 2acos



38. z = 2 acos w = 3acos



5p 5p + i sin b 3 3



39. z = 51cos 10° + i sin 10°2 w = cos 355° + i sin 355°



p p + i sin b 5 5



40. z = 41cos 50° + i sin 50°2 w = cos 340° + i sin 340°



p p + i sin b 3 3



In Problems 41–48, write each expression in the standard form a + bi. 41. 331cos 20° + i sin 20°24



42. 321cos 50° + i sin 50°24



43. c 22 a cos



44. c2a cos



3



3



5p 5p 4 + i sin bd 8 8



45. A 1 - 23 i B



9p 9p + i sin b 5 5



6



47. 13 + 4i24



5p 5p 4 + i sin bd 16 16



46. 12 - 2i28 48. 11 - 2i24



49. Find all the complex cube roots of 27.



50. Find all the complex fourth roots of -16.



v u



In Problems 51–54, use the figure to graph each of the following: 51. u + v



52. v + w



53. 2u + 3v



54. 5v - 2w



w



! In Problems 55–58, the vector v is represented by the directed line segment PQ . Write v in the form ai + bj and find 7v7 . 55. P = 11, -22; Q = 13, -62



56. P = 1-3, 12; Q = 14, -22



57. P = 10, -22; Q = 1-1, 12



58. P = 13, -42;



Q = 1-2, 02



In Problems 59–68, use the vectors v = -2i + j and w = 4i - 3j to find: 59. v + w 63. 7v 7



60. v - w



64. 7v + w7



61. 4v - 3w



65. 7v 7 + 7w7



62. -v + 2w



66. 72v 7 - 37 w7



67. Find a unit vector in the same direction as v.



68. Find a unit vector in the opposite direction of w.



69. Find the vector v in the xy-plane with magnitude 3 if the angle between v and i is 60°.



70. Find the vector v in the xy-plane with magnitude 5 if the angle between v and i is 150°.
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71. Find the distance from P1 = 11, 3, -22 to P2 = 14, -2, 12.



72. Find the distance from P1 = 10, -4, 32 to P2 = 16, -5, -12.



73. A vector v has initial point P = 11, 3, -22 and terminal point Q = 14, -2, 12. Write v in the form v = ai + bj + ck.



74. A vector v has initial point P = 10, -4, 32 and terminal point Q = 16, -5, -12. Write v in the form v = ai + bj + ck.



In Problems 75–84, use the vectors v = 3i + j - 2k and w = -3i + 2j - k to find each expression. 75. 4v - 3w



76. -v + 2w



77. 7v - w7



78. 7v + w7



79. 7v 7 - 7w7



80. 7v 7 + 7w7



81. v * w



82. v 1v * w2



#



83. Find a unit vector in the same direction as v and then in the opposite direction of v. 84. Find a unit vector orthogonal to both v and w.



#



In Problems 85–92, find the dot product v w and the angle between v and w. 85. v = -2i + j, w = 4i - 3j



86. v = 3i - j, w = i + j



87. v = i - 3j, w = -i + j



88. v = i + 4j, w = 3i - 2j



89. v = i + j + k, w = i - j + k



90. v = i - j + k, w = 2i + j + k



91. v = 4i - j + 2k, w = i - 2j - 3k



92. v = -i - 2j + 3k, w = 5i + j + k



In Problems 93–98, determine whether v and w are parallel, orthogonal, or neither. 93. v = 2i + 3j; w = -4i - 6j



94. v = -2i - j; w = 2i + j



95. v = 3i - 4j; w = -3i + 4j



96. v = -2i + 2j; w = -3i + 2j



97. v = 3i - 2j; w = 4i + 6j



98. v = -4i + 2j;



w = 2i + 4j



In Problems 99–102, decompose v into two vectors, one parallel to w and the other orthogonal to w. 99. v = 2i + j; w = -4i + 3j 101. v = 2i + 3j;



100. v = -3i + 2j;



w = 3i + j



102. v = -i + 2j;



103. Find the direction angles of the vector v = 3i - 4j + 2k. 104. Find the direction angles of the vector v = i - j + 2k. 105. Find the area of the parallelogram with vertices P1 5 11, 1, 12, P2 = 12, 3, 42, P3 = 16, 5, 22, and P4 = 17, 7, 52. 106. Find the area of the parallelogram with vertices P1 5 12, -1, 12, P2 = 15, 1, 42, P3 = 10, 1, 12, and P4 = 13, 3, 42. 107. If u * v = 2i - 3j + k, what is v * u?



w = -2i + j w = 3i - j



110. Actual Speed and Direction of an Airplane An airplane has an airspeed of 500 kilometers per hour in a northerly direction.The wind velocity is 60 kilometers per hour in a southeasterly direction. Find the actual speed and direction of the plane relative to the ground. 111. Static Equilibrium A weight of 2000 pounds is suspended from two cables, as shown in the figure.What are the tensions in each cable?



108. Suppose that u = 3v. What is u * v? 109. Actual Speed and Direction of a Swimmer A swimmer can maintain a constant speed of 5 miles per hour. If the swimmer heads directly across a river that has a current moving at the rate of 2 miles per hour, what is the actual speed of the swimmer? (See the figure.) If the river is 1 mile wide, how far downstream will the swimmer end up from the point directly across the river from the starting point?



40°



30°



2000 pounds



112. Actual Speed and Distance of a Motorboat A small motorboat is moving at a true speed of 11 miles per hour in a southerly direction. The current is known to be from the northeast at 3 miles per hour. What is the speed of the motorboat relative to the water? In what direction does the compass indicate that the boat is headed?



Current Swimmer's direction Direction of swimmer due to current



113. Computing Work Find the work done by a force of 5 pounds acting in the direction 60° to the horizontal in moving an object 20 feet from 10, 02 to 120, 02.
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