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ABSTRACT Tribological Contact Modeling and Analysis of Elasto-Plastic Bodies Wei Chen



Contact mechanics continuously attracts research interest because it can lead to theoretical explanations of tribological phenomena such as friction, wear, adhesion, and lubrication. It is a challenging task to predict the real contact area, pressure, deformation, and subsurface stress or strain as a result of surface contact. Engineering surfaces are rough; and contact occurs at distributed asperities, which may involve stress concentrations and plastic deformation. Surface heating causes the distortion of contacting bodies and temperature rises, which are responsible for interfacial degradation. The coupled thermomechanical contact analysis is critical to understanding the origin of heat-induced failures. Tangential tractions are not negligible in the contact of dissimilar materials. A protective layer may change interface contact performance. With the advancement of computer technologies and numerical algorithms, numerical contact simulation addressing the above surface-related problems has become feasible. Computational efficiency is a major concern for three-dimensional numerical modeling of surface interactions. The semi-analytical method (SAM), a special modification of the boundary element method (BEM), is used in this thesis to formulate the elastic and plastic fields in a half-space. The usage of the fast Fourier transform (FFT) technique dramatically saves the memory space required by influence coefficients and accelerates the computation speed.
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This thesis aims at the development of a multi-physics three-dimensional numerical model group for the interaction of elasto-plastic bodies with non-conformal geometries. The accumulative plastic deformation is determined by a procedure involving an iterative plasticity loop and an incremental loading process. The main contributions made by this thesis include: 1) the development of an elasto-plastic point contact model used to simulate the contacts under repeated rolling and sliding; 2) the extension of the point contact model to the case of the contact of infinitely large surfaces, and the construction of a group of empirical equations of contact performances for nominal flats; 3) the development of a new coupled thermomechanical model of elasto-plastic bodies in which the thermal softening effect and a real heat partition scheme are considered, and the analysis of a sliding electrical contact subjected to frictional and Joule heatings; 4) the proposal of a new deterministic static friction model based on the stick-slip mechanism; and 5) the numerical solution of elasto-plastic contact problems with layered bodies using the equivalent inclusion method to obtain the stress and plastic strain fields in both layer and substrate materials. The models and formulations reported in this thesis are expected to facilitate tribological design of mechanical and manufacturing systems.
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NOMENCLATURE



(Numbers in square brackets refer to chapters in which the symbol is applied.)



Rome Letters a0 , p0



Hertz contact radius and peak pressure, [1, 2, 3, 5-7]



ac



Critical contact radius at the onset of elasto-plastic contact, [3]



a



a = i(m ⋅ Pe 1 + n ⋅ Pe 2 ) , [5]



Ac



Real contact area, [1, 3, 6]



Ast , Asl



Stick area and slip area, [6]



An



Nominal contact area, [4]



Aijkl



Influence coefficients of residual stress σ ij due to eigenstrain ε kl∗ , [3, 7]



B, C , e



Hardening parameters for the power law, [3, 5]



Bijn



Influence coefficients of stresses due to pressure, i, j = 1, 2, 3, [3]



Bijsx



Influence coefficients of stresses due to shear, i, j = 1, 2, 3, [3]



c



Radius of the stick circle, [6]



cm



cm = E 4π (1−ν ) , [5]



c s Cijkl , Cijkl



Material constant tensors of layer and substrate, [7]



d



Coating thickness, [7]



D3p



Influence coefficients of normal deflection due to pressure, [2]



D3s



Influence coefficients of normal deflection due to shear, [3]



D3rij



Influence coefficients of surface normal deflection due to eigenstrain ε ij∗ ,



8



i, j = 1, 2, 3, [3, 7]



D mn



Influence coefficients of displacements due to tractions, m, n = x, y, z, [6]



erf (ξ )



Error function, erf (ξ ) = 2 π



erfc(ξ )



Complementary error function, erfc (ξ ) = 2 π



E1 , E2



Young’s moduli of two contact bodies, [1-6]



Ec , E s



Young’s moduli of layer and substrate, [7]



E∗



Equivalent Young’s modulus, 1 E = (1 −ν 12 ) E1 + (1 −ν 22 ) E2 , [1-6]



ET



Elasto-plastic tangential modulus, [3, 4]



Fx , Fy



Tangential forces along the x and y axes, [6]



g (λ )



Strain hardening function, [3]



G3p



Green’s function of normal deflection due to pressure, [2, 3]



G3s



Green’s function of normal deflection due to shear, [3]



Gmn



Green’s functions of displacements due to tractions, m, n = x, y, z, [6]



~ ~ G3p



Frequency response function of normal deflection due to pressure, [2]



~ ~ G3s



Frequency response function of normal deflection due to shear, [4]



~ ~ G3r jk [γ ]



Frequency response function of normal deflection due to plastic strain, [4]



~ ~ G3t



Frequency response function of normal deflection due to heat flux, [5]



~ ~ G ∆T



Frequency response function of temperature rise due to heat flux, [5]



h, hi



Surface gap, initial surface gap, [3]



H



Material hardness, [3, 5, 6]



i



Imaginary unit,



∫



ξ



0



− 1 , [2, 4, 5]



exp(−τ 2 ) dτ , [5] ∞



∫ξ exp(−τ



2



)dτ , [5]
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J



Electrical current density, [5]



ks



Material shear strength, k s ≈ σ Y / 3 , [3, 6]



K



Thermal conductivity, [5]



K p ,γ



Hardening parameters of kinematic law, [3]



KH



Hardness coefficient, KH = 0.454+0.41ν, [3, 5]



l



Characteristic length in thermomechanical formulations, [5]



m, n



Frequency domain coordinates corresponding to x and y, [2, 4, 5]



N



Total number of asperities at rough surface, [1]



N1, N2 , N3



Number of elements along the x, y, and z axes, respectively, [2, 3, 6, 7]



Nc



Number of elements along the depth in coating, [7]



p



Contact pressure, [2-7]



pm



Localized limit of contact pressure, [6]



p



Mean contact pressure, [4]



p∗



Mean pressure leading to a complete close of sinusoidal surface, [4]



Pe1,Pe2



Peclet number along the x and y axes, Pe1 = V1l κ , Pe2 = V2 l κ , [5]



q



Total surface heat flux, [5]



qx , q y



Surface shear tractions along the x and y axes, [3, 6]



R



Equivalent radius of the body curvatures, 1 R = 1 R1 + 1 R2 , [1, 3, 5-7]



R1 , R2



Radii of two contact bodies, [1]



Rq



Root mean square of roughness, [4, 6]



sx , s y



Slip distances along the x and y axes, [6]



Sk , K



Skewness of roughness, Kurtosis of roughness, [4]
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S ij



Deviatoric stress, Sij = σ ij − σ kkδij 3, i, j = 1, 2, 3, [3]



t



Time, [5]



tk



Tractions, k = 1, 2, 3, [1]



T



Temperature, [5]



Tm , T0



Material incipient melting point and the room temperature, [5]



Tijn



Green’s functions of stresses due to pressure, i, j = 1, 2, 3, [3]



Tijsx



Green’s functions of stresses due to shear along the x axis, i, j = 1, 2, 3, [3]



uj



Displacement, j = 1, 2, 3, [1-7]



u3(t )



Thermal normal displacement, [5]



Vs



Sliding velocity, [5]



Vp



Volume of plastically deformed material, [4]



w



w = m2 + n2 , [5]



w'



Effective distance in the frequency domain, w' = m2 + n2 + a , [5]



W



Normal contact load, [1, 3, 5-7]



Wc



Critical load leading to an elasto-plastic contact, [3, 5-7]



x, y , z



Space coordinates, [2-7]



X ij



Back stress, i, j = 1, 2, 3, [3]



Y



Shape function used in calculating the influence coefficients, [2]



Greek Letters



α



Tabor constant, [6]



αt



Linear thermal expansion coefficient, [5]
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β



Dunders constant, [6]



γ t , βt



Thermal softening coefficients, [5]



βx , β y



Correlation length in two dimensions, β x ≥ β y , [4]



γ ∗ = βx βy



Ratio of correlation length, ≥ 1 , [4]



Γ



Dimensionless average surface gap, Γ = h Rq , [4]



δ jk



Kronecker delta function, i, j = 1, 2, 3, [4, 5, 7]



∆1 , ∆ 2 , ∆ 3



Element half-length along the x, y, and z axes, respectively, [2, 3, 4, 6]



ε ij



Total strain tensor, i, j = 1, 2, 3, [7]



ε ijp



Plastic strain tensor, i, j = 1, 2, 3, [1, 3-5, 7]



ε ij∗



Equivalent eigenstrain due to material inhomogeneity, i, j = 1, 2, 3, [7]



η



Plastic strain volume integral, [3]



κ



Thermal diffusivity, [5]



dλ , λ



Effective plastic incremental and accumulative strain, [3-5, 7]



Λ



Contact area ratio, Λ = Ac An , [4]



µ



Material shear modulus, [3, 4, 7]



µf



Friction coefficient, [3, 5, 6]



µe



Equivalent shear modulus, 1 µ e = (1 + ν 1 )(1 − 2ν 1 ) 2 E1 − (1 + ν 2 )(1 − 2ν 2 ) 2 E 2 , [3]



ν 1 ,ν 2



Poisson ratios of two contact bodies, [1-6]



ν c ,ν s



Poisson ratios of layer and substrate, [7]



σ ij



Cauchy stress tensor, i, j = 1, 2, 3, [2-7]
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σ ij(t )



Thermal stress tensor, i, j = 1, 2, 3, [5]



σ VM



von Mises equivalent stress, [2-7]



σY



Initial yield strength, [3-6]



σ Yc , σ Ys



Yield strengths of coating and substrate, [7]



σF



Tunneling resistivity of the insulating film, [5]



τ1



Maximum shear stress, [2]



τm



Localized limit of shear traction, [6]



φ (z )



Distribution density function of asperity height, [1]



ϕ I , ϕ II



Newtonian potentials used in thermal stress formulations, [5]



χ



Asperity shape ratio, χ = β y Rq , [4]



ψ 1 ,ψ 2 ,ψ 3 , ϕ



Papkovich-Neuber potentials used to derive FRF of elastic field, [4]



ω



Contact interference, [3]



ω0



Hertz solution of contact interference, [1, 3]



ωc



Critical interference leading to an elasto-plastic contact, [3]



ωx , ω y , ωz



Rigid body approaches along the x, y, and z axes, [6]



Ω



Dimensionless plasticity volume, Ω = V p An R q , [4]



Ωc , Ω s , Ψp



Domains of coating, substrate, and plastically deformed material, [7]



Special Marks and Abbreviations



( ),



Partial differential operator, [3-5]



∇



Laplacian operator, [4]



( )'



Deviatoric operator, [3]
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~



Fourier transform operator, [2, 4, 5]



^



Discrete Fourier transform operator, [2]



∗



Continuous convolution, [6]



(⋅)



Single underline, the vector containing variable values at all elements, [6]



(⋅)



Double underlines, the influence coefficient matrix, [6]



{q}, {∆T }



Column vectors of heat flux and temperature rises, [5]



D ∆T



Influence coefficient matrix for temperature rises, [5]



ACF



Autocorrelation function, [4]



BEM



Boundary element method, [1, 8]



CGM



Conjugate gradient method, [1, 3, 5-7]



CC-FT



Continuous convolution and Fourier transform algorithm, [2, 4, 7, 8]



DC-FFT



Discrete convolution and fast Fourier transform algorithm, [2, 3, 5, 7, 8]



DCD-FFT



DC-FFT algorithm with duplicated padding, [2]



DFT, IDFT



Forward and backward discrete Fourier transforms, [2]



DLC



Diamond like carbon, [7, 8]



DMM



Direct multiplication method, [2]



EPP



Elastic-perfectly-plastic hardening behavior, [3, 8]



FDM



Finite difference method, [1]



FEM



Finite element method, [1-8]



FFT, IFFT



Forward and backward fast Fourier transform, [1, 2, 5, 8]



FRF



Frequency response function, [1, 2, 4, 5]



FT, IFT



Forward and backward Fourier transforms, [2]



GW



Greenwood and Williamson model, [1]



IC



Influence coefficient, [2-4, 6]



KP



Kinematic-plastic hardening behavior, [3, 8]



LIKP/PIKP



Linear/Power-isotropic-kinematic-plastic hardening behavior, [3, 8]
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MLMI



Multi-level multi-integration method, [2]



PDE



Partial differential equations, [2]



PV



Plastic strain volume integral, [3]



SAM



Semi-analytical method, [1, 3, 5, 8]
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CHAPTER ONE: INTRODUCTION 1.1 Research Background Tribology is the science and technology of interacting surfaces in relative motion; it is an interdisciplinary research area covering friction, wear, and lubrication [Arnell et al., 1991]. The study of contact mechanics is essential to the field of tribology [Tichy and Meyer, 2000; Adams and Nosonovsky, 2000; Bhushan, 1996, 1998]. The monography by Johnson [1985] gave a comprehensive overview of subjects in contact mechanics. Surface mechanics by Ling et al. [2002] provided mathematical descriptions of surface phenomena and a collection of basic solutions of elastic, thermal, and thermoelastic fields. A survey of models for simulating the contact between rough surfaces was given by Liu et al. [1999], which reviewed contact models from three aspects: (1) descriptions of the rough surface, (2) relationships between the pressure distribution and the surface normal displacement, and (3) algorithms and techniques used to solve the contact equations. Tribological modeling can play a key role in understanding the interfacial phenomena between engineering components. For instance, in the automobile part stamping process of high strength steel, the tooling experiences unexpected severe wear, as much as two times that of stamping conventional steel, which significantly reduces the workpiece quality. Wear may occur at a critical contact position where the stress intensity exceeds the yield limit and the material involves a plastic deformation. Based on the Archard wear model [Arnell et al., 1991], the wear volume can be correlated with the volume of the plastically deformed zone. Better understanding



29



of the contact situation and plastic strain field can provide assistance to the interfacial design improvement. In terms of the surface geometry, contact problems can be divided into two categories: non-conformal and conformal contacts. Non-conformal problem includes the counterformal and flat-flat contacts. Counterformal contact refers to the problem in which the contact area dimensions are much smaller than the contact body size, such as gears and ball bearings. The concentrated contact load in counterformal contact generally leads to a high contact stress and noticeable subsurface plastic deformation. Flat-flat contact refers to the problem in which the load is supported by a large nominal contact area, for example the interface of tooling-workpiece. On the other hand, in a conformal contact problem, the curvature radii of contact bodies are almost the same and the load bearing area is relatively large, such as journal bearings. However, engineering surfaces, irrespective of their methods of formation, are inevitably rough at the micro-scale. Contact only occurs at distributed spots (asperities); and the real contact area is only a small fraction of the nominal contact area. The stress concentrations near local contact spots may induce plastic deformation even under a light load. Analyzing surface contact holds the key to investigate many surface-related problems and subsurface stress/strain evolutions.



1.2 Surface Descriptions and Contact Models Because contact is highly sensitive to the surface geometry and topography, the mathematical description of rough surface is the first step in modeling the contact problem. The pioneer stochastic contact model was conducted by Greenwood and Williamson [1966]. In the
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GW model, the surfaces are assumed to have sphere-tipped elastic asperities with a uniform radius, and the asperity height follows the Gaussian distribution with respect to a mean plane. This simplified surface description scheme was widely used in other contact analyses [Whitehouse and Archard, 1970; Chang et al., 1987; Kogut and Etsion, 2003a; Jackson and Green, 2006]. Direct measurement using the modern optical apparatus provides the most real description of surface topography. Digitized rough surfaces were used in several researches [Liu et al., 2001b; Liu and Wang, 2001, 2002; Epstein et al., 2003; Kim, 2006]. Statistic analysis of real engineering surfaces indicates that the asperity height may not always follow the Gaussian distribution. Using a two-dimensional digital filtration technology, Hu and Tonder [1992] proposed a tool to generate a rough surface with a specified autocorrelation function and statistical moments, which are retrieved from the real asperity height distribution. Studies on the effects



of



surface



roughness



parameters



were



conveniently



performed



using



this



surface-synthetic tool by Peng and Bhushan [2002], Kim et al. [2006], Wang et al. [2006], and Chen et al. [2007]. It is evident that the statistical parameters are strongly dependent on the measurement resolution of instrument. Surfaces may exhibit fractal nature; that is, the surface topography may appear affine in different length scales. Thus, scale-invariant fractal parameters need to be defined to characterize the multi-scale nature of a rough surface. The fractal theory of representing surface roughness was discussed by Majumdar and Bhushan [1990] and Bhushan [1998].
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1.2.1 Analytical Contact Models The origin of contact modeling can be dated back to the work by Hertz in the late nineteenth century [Johnson, 1985]. The Hertz theory is restricted to the contact between bodies of revolution with small deformation. The contact area is predicted as a circle for the contact between two spheres; and the contact interference, ω0, contact radius a0, and maximum pressure,



p0, are given by,



ω0 = 3



3WR 9W 2 , a0 = 3 , ∗2 16 RE 4E ∗ 1 1 1 = + , R R1 R2



p0 =



1 3 6WE ∗2 π R2



1 1 − ν 12 1 − ν 22 = + E1 E2 E∗



(1.1)



where W is the normal load, E1, E2 and ν1, ν2 are the Young’s moduli and Poisson ratios for the two contact bodies, respectively, and R1 and R2 are the curvature radii of the two bodies. The Hertz theory holds under the following assumptions: (1) the deformation is sufficiently small and purely elastic, (2) the contact is frictionless, and (3) the dimensions of contact region are much smaller than the curvature radii of the bodies. For the more general case of the contact between ellipsoids, the contact area is elliptic in shape, having two semi-axes (the length of the major axis becomes infinite when two cylinders come into contact along their axes). Analogous expressions of the contact axis length and peak pressure for the general Hertz problems were also given by Johnson [1985]. Release of the first postulation of Hertz theory may result in a more versatile model for a wider range of materials and conditions. The inclusion of friction yields a more realistic
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consideration of sliding and rolling contacts; the researches in this direction include the stick-slip models [Cattaneo, 1938; Mindlin, 1949; Spence, 1975] and the solution of stress under the Coulomb friction boundary [Hamilton, 1983]. In addition, analytical solutions have been derived for other types of contact, such as a cylindrical pin in a conformal hole [Persson, 1964] and one-dimensional sinusoidal surface contact [Westergaard, 1939; Dundurs et al., 1973]. In this thesis, the restrictions of the purely elastic deformation and frictionless interface are removed to give a more general description of surface behaviors under contact loading. In the GW stochastic contact model [Greenwood and Williamson, 1966], the Hertz theory was employed to model the contact situation of each individual asperity. The total contact load and real contact area can be obtained from the summations of asperity support loads and asperity contact areas, respectively. Assume that the distance between the mean planes of two surfaces is d, and that the rough surface has N asperities with uniform tip radius, R. The distribution density function of the asperity height is φ (z ) . Thus the number of asperities with the height ranging from z to z + dz is Nφ ( z )dz . The total contact area and load can be expressed as, ∞



Ac = πRN ∫ ( z − d )φ ( z )dz , d



W =



∞ 4 ∗ E R N ∫ ( z − d ) 3 2 φ ( z )dz d 3



(1.2)



The GW model provides a quick approach to estimating the contact performance between rough surfaces and facilitates the derivation of closed-form equations of real contact area. Onions and Archard [1973] developed a model with a Gaussian distribution of asperity tip radius. Chang et al. [1987] extended the GW model into the elasto-plastic contact regime (named as the CEB model), in which the principle of volume conservation is applied on plastically deformed asperities. In rough surface contact models [Kogut and Etsion, 2003a; Jackson and Green, 2006],
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the empirical relationships of the interference versus the load of the elasto-plastic point contact were embedded into the GW model. The stochastic contact models have several intrinsic drawbacks: (1) the asperity geometry is over-simplified, (2) the interactions between adjacent asperities and the bulk deformation are neglected, and (3) details of contact pressure and subsurface stress/strain are unavailable.



1.2.2 Numerical Contact Models Modeling contact problems is a huge challenge due to complicated material properties and the highly nonlinear nature of the contact process. Analytical solutions are only available for cases with a simple contact geometry and an elastic material. With the advancement in computer technologies, numerical models become more and more powerful and attractive in simulating contact problems, in which the material property can be described with a nonlinear constitutive law and the surface roughness and macro-geometry may be arbitrary. From the mathematical point of view, the contact simulation is a process of solving the governing partial differential equation and finding the displacement solution that satisfies the contact compatibility and boundary conditions. Therefore, determination of the displacement field in the solid body is critical to the contact simulation. In numerical models, the body is generally discretized into small and tractable elements, and a linear system in terms of element displacements is built. Depending on the way of linear system development, numerical models may be classified into finite difference method (FDM), finite element method (FEM), and boundary element method (BEM) models. FDM is limited to regular domains and is not feasible
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for complex geometries and material behaviors [Bhushan and Peng, 2002]. FEM is more flexible in terms of the material properties and contact geometry. The equilibrium equations are written into a finite element formulation, which consists of a system of linear algebraic equations for the load-displacement relations [Liu et al., 1999]:



Ku = f



(1.3)



where K is the overall stiffness matrix, u the node displacement vector, and f the node force vector. The displacements can be obtained by solving this linear system. Liu et al. [2001b] developed a two-dimensional elasto-plastic contact model for linear hardening and elastic-perfectly plastic materials using FEM. Commercial FEM packages were utilized to study the contacts of elasto-plastic bodies [Kogut and Etsion, 2002; Quicksall et al., 2004; Jackson and Green, 2005; Gao et al., 2005]. FEM was also used to investigate the elasto-plastic contact involving the thermal deformation [Kulkarni et al., 1991b; Gupta et al., 1993] and a layered medium [Kral and Komvopoulos, 1997; Ye and Komvopoulos, 2003a, b; Gong and Komvopoulos, 2004]. By applying a unit load on every candidate contact point respectively, the generic solutions of displacements (influence coefficients) may be obtained by the revised form of Eq. (1.3). The contact deformation can then be calculated through the summation operation of the influence coefficients with a real contact load [Wang and Liu, 1999; Liu et al., 2001a]. However, FEM is not suitable for simulations of three-dimensional contact problems with rough surfaces. A sufficiently large simulation domain is required in FEM to mimic the contact on a half-space, and the discretization of the entire subsurface domain and the description of the
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fine surface roughness demand a large amount of elements. Thus, FEM may need plenty of memory to store the mesh information and cause a dramatic increase in computational burden. Unlike FEM, BEM formulates the elastic problem using boundary integral equations, thus it only requires mesh subdivision in the candidate contact region at the problem boundary. Even though it also needs to discretize the potential plastically deformed domain for an elasto-plastic body, BEM can largely reduce the number of elements and the simulation time involved in finding a contact solution. The boundary integral equations with plasticity can be derived based on the modified Betti’s reciprocal theorem [Gao and Davies, 2002]. Consider a homogeneous body Ω enclosed by a boundary Γ. The Cartesian coordinate system (x1, x2, x3) is used. The displacement along the xj-axis, uj(P), at the field point P on the boundary can be written as, u j ( P ) = ∫ t k (Q)G jk ( P, Q)dΓ − ∫ u k (Q )T jk ( P, Q )dΓ Γ



Γ



+ ∫ ε klp ( s ) E jkl ( P, s )dΩ



(1.4)



Ω



where Q is the field point on the boundary Γ, and s the field point in the domain Ω. t k (Q ) and u k (Q) are the respective traction and displacement fields at the boundary, and ε klp (s ) is the pre-existing plastic strain in the domain Ω. G jk , T jk , and E jkl are the kernel solutions (or the Green’s functions) of elastic field due to a unit point load at the point P along the xj-axis. G jk ( P, Q ) is the displacement along the xk-axis at the point Q, T jk ( P, Q ) the traction along the xk-axis at the point Q, and E jkl ( P, s ) the stress σ kl at the domain point s. In an infinite medium, the kernel solutions are the so-called Kelvin’s solutions, which are dependent of the relative distance between the source point and the observation point. BEM has been widely
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utilized to simulate 2D and 3D contact problems [Gun, 2004; Kuo, 2008; Ribeiro et al., 2008]. Recently, a modification of BEM was specially designed for the half-space or half-plane under contact tractions at the surface. In a contact problem, the normal surface displacement, u3, is of the most interest. The Green’s functions of tractions T jk at the surface of half-space are always zero because of the traction-free boundary condition. Equation (1.4) is then reduced to,



u3 ( P) = ∫ t k (Q)G3k ( P, Q)dΓ + ∫ ε klp ( s ) E3kl ( P, s )dΩ Γ



Ω



(1.5)



Here, G3k and E3kl are the displacements and stresses due to a unit concentrated normal load at the half-space surface, which are the solutions of the Boussinesq problem [Johnson, 1985]. The subsurface stress field can be evaluated with a similar approach. Equation (1.5) is the fundamental scheme of displacement calculation in this thesis, which is more efficient and direct as compared to BEM. The modified BEM is denoted as the semi-analytical method (SAM) in this thesis. The applications of SAM can be found in a number of contact models [Lee and Ren, 1996; Yu and Bhushan, 1996; Liu and Wang, 2001; Gong and Komvopoulos, 2005; Peng and Bhushan, 2001, 2002]. SAM was also applied by Jacq et al. [2002] to study elasto-plastic counterformal contacts. In order to further improve computational efficiency, the candidate contact domain is meshed using uniform rectangle elements, which allows the application of the fast Fourier transform (FFT) technique and saves the storage space for influence coefficients dramatically. Liu et al. [2000] proved that the process with zero padding and wrap around order can help circumvent the alias error associated with FFT at the cost of only doubling the simulation domain.
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Basically, the contact equation is a linear system subjected to boundary constraints on the contact pressure and interfacial gap. Because the contact area is unknown beforehand, the approximated contact solution has to be solved by iterative algorithms, such as the simplex method [Liu et al., 2001b], the mathematical programming method [Peng and Bhushan, 2001, 2002], and the conjugate gradient method (CGM) [Polonsky and Keer, 1999].



1.3 Research Objectives and Impact Analyzing contact stress is of significant importance to understanding surface interaction, wear, and fatigue. In rough surface contacts, extremely high contact stress occurs near isolated contact spots and causes irreversible plastic deformation. The temperature rise, probably caused by frictional work or electrical energy loss, is responsible for surface distortion and material strength deterioration, which in turn alter the contact geometry, pressure distribution, and the heat generation as well. Severe stress perturbations due to thermal distortion and surface shear tractions can significantly influence contact behaviors. The majority of research works so far still handle the heat-induced phenomena and the elasto-plastic contact problem separately. The realistic investigation of components under both mechanical and thermal loadings requires a coupled thermo-elasto-plastic model to analyze contact interactions and material responses. Two-dimensional thermoelastic contact models of nominally flat (actually rough) surfaces were developed by Wang and Liu [1999] and Liu et al. [2001a], which indicate that the asperity growth is important to micro thermoelastic contact.



A three-dimensional



thermomechanical contact model for rough surfaces under distributed heat sources was
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developed by Liu and Wang [2001], which was extended by Yu et al. [2004] to account for the temperature-dependent asperity hardness and by Kim et al. [2006] to study the temperature rise in a sliding electrical contact. Boucly et al. [2005] investigated the effect of frictional heating on the behavior of elasto-plastic contacts, in which the heat is evenly distributed by two bodies and the yield limit is independent of temperature rise for simplicity. The deposition of layers on the vulnerable substrate is an effective way to achieve better tribological performance, such as lower friction, longer fatigue life, and higher wear resistance. The contact mechanics model of layered surfaces is desired to guide the layer parameter optimization. Peng and Bhushan [2001, 2002] developed a layered contact model of elastic/plastic solids using SAM, where the pressure was limited by the equivalent hardness of the layered surface to account for the elastic-perfectly plastic behavior of a metallic material. However, the plastic accumulations in the layer and substrate are unavailable. Liu et al. [2005a, b] developed a group of empirical equations for the point contact of layered bodies using a SAM model (named as the extended Hertz theory). A commercial FEM package was used to study the problem of a sliding ball over a layered elasto-plastic half-space [Kral and Komvopoulos, 1997; Ye and Komvopoulos, 2003a, b]. Subdivision of the layer structure requires a large number of elements and an intensive computation burden, which limit the application of FEM in these problems. The objective of this research is to investigate contact behaviors of elasto-plastic bodies, which may involve rough surfaces, deposited layers, shear force, electrical contact, and thermal loading. This thesis mainly focuses on the development of a group of fast elasto-plastic contact
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solvers. The plastic model is based on the SAM model in [Jacq et al., 2002]. The fundamental solutions of a half-space due to a point load at the surface and an eigenstrain in the subsurface cube are utilized. The models fully take into account the interactions among neighboring asperities and work hardening effects due to plasticity. The contact simulations provide the contact pressure, the real contact area, elastic/plastic/thermal fields, and the temperature field. Effects of the material properties, surface roughness parameters, load conditions, layer parameters, and the surface heat source on the contact performance are extensively investigated. The elasto-plastic contact models developed in this thesis can be used to simulate interfacial phenomena, and the corresponding contact analyses are expected to facilitate the construction of prediction tools for tribological design. These models and tools may find wide applications in mechanical, electrical, and manufacturing systems. The flat-flat contact model can provide the basis for the interfacial design of metal forming tools and lubrication film design of journal bearings; and the thermomechanical models are able to help determine the optimal parameters for laser quench and laser manufacturing processes.



1.4 Brief Summary of Each Chapter Chapter one gives a brief review of contact models and the research significance. In Chapter two, necessary concepts required by formulations and algorithms in this thesis are first introduced, and the contact algorithms based on the fast Fourier transform (FFT) are presented and compared. Chapter three discusses the development of a point contact model of elasto-plastic bodies and the associated influence coefficients of displacements and stresses. Chapter four
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derives the frequency response functions (FRF) of elastic/residual fields, and presents the elasto-plastic model of nominally flat surfaces. A coupled thermomechanical model of elasto-plastic bodies is given in Chapter five. Chapter six develops a stick-slip contact model for dissimilar materials and performs a static friction analysis of rough surfaces. Chapter seven studies the normal contact with layered surfaces, in which coating and substrate materials are allowed to deform plastically.
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CHAPTER TWO: FAST FOURIER TRANSFORM BASED CONTACT ALGORITHMS Contact responses are generally formulated as the linear convolutions between the excitations and corresponding Green’s functions. Numerical evaluation of a linear convolution between two N-point series requires N2 multiplication operations using the direct multiplication method (DMM), which means a heavy computational burden. In the light of the convolution theorem, the convolution can be efficiently evaluated in the Fourier frequency domain. Therefore, the fast Fourier transform (FFT) method has been widely used to accelerate the numerical process of contact simulations. This chapter focuses on basic concepts associated with the contact linear equations and procedures of the FFT-based contact algorithms.



Keywords: FFT, convolution, Green’s function, influence coefficient



2.1 Introduction The accurate descriptions of the surface roughness and subsurface stress field need a fine discretization with a large number of elements, which may induce a dramatic increase in the computation burden if the direction multiplication method (DMM) is used. The multi-level multi-integration (MLMI) method was utilized to improve computational efficiency of the contact displacement and stresses [Brandt and Lubrecht, 1990; Polonsky and Keer, 1999]. Considering the fact that the convolution can be evaluated efficiently in the frequency domain, the fast Fourier transform (FFT) technique can be used to reduce the computational burden significantly [Ju and Farris, 1996; 1997; Lee and Ren, 1996; Polonsky and Keer, 2001; Liu and
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Wang, 2002; Liu et al., 2007a]. The multiplication operations for performing FFT or MLMI are in the order of O(N*log2N) if the element number is N. Application of FFT requires the contact geometry is periodic in the space domain. An aliasing error may occur on the domain boundary if the problem is nonperiodic. In order to reduce this kind of error, a sufficiently large computation domain (general 5~8 times of the physical domain) has to be used. Liu et al. [2000] proposed a discrete convolution and fast Fourier transform (DC-FFT) method with only twice domain extension in each dimension to circumvent the aliasing error. This method has been widely used in contact analyses of counterformal rough surfaces, where the real contact area is small compared to the sizes of contact bodies. However, contact of two nominally flat surfaces involves a large contact area; and the grid number needed to discretize surface asperities is beyond the power of a regular computer. Considering a periodic similarity may exist in surface topography [Arnell et al., 1991], contact of nominally flat surfaces may be solved on a characteristic domain, which has the same statistic parameters as the full domain and can be periodically extended to form the full surface. The continuous convolution and Fourier transform algorithm (CC-FT), based on the frequency response function, is perfect for a problem with periodical excitation and responses. This chapter introduces basic concepts associated with the application of Fourier transform in the contact modeling first. The discussions are based on the displacement solution of a point force on a half-space surface (Boussinesq solution). The features of different FFT-based algorithms are presented and compared, based on which a suitable algorithm is chosen for a certain type of problem. Numerical results of different algorithms are compared
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with analytical solutions in order to verify the applicabilities of algorithms.



2.2 Basic Concepts



2.2.1 Fourier Transform Fourier transform (FT) is a powerful tool to obtain the spectrum of a continuous function with respect to time or location. For a function f(x), its Fourier transform is defined as, ∞ ~ f (m) = ∫ f ( x)e −ixm dx −∞



(2.1)



Here, m is the corresponding frequency variable, i = − 1 , and ‘~’ means a Fourier transform operation. f(x) can be recovered by applying the inverse Fourier transform (IFT) on its counterpart in the frequency domain, f ( x) =



1 2π



∫



∞



−∞



~ f (m)e ixm dm



(2.2)



If it is difficult to obtain the Fourier integral explicitly, the function can be sampled into a discrete series; and the Fourier integral can be evaluated with a numerical procedure. Consider a discrete series, fj, ( 0 ≤ j ≤ N − 1 ). The discrete Fourier transform (DFT) and inverse discrete Fourier transform (IDFT) are, N −1



fˆα = ∑ f j exp(− i 2παj N ) ⇔ j =0



fj =



1 N −1 ˆ ∑ f α exp(i 2παj N ) N α =0



(2.3)



0 ≤ j, α ≤ N − 1 where ‘^’ denotes a discrete Fourier transform operation. The DFT and IDFT can be efficiently calculated by the fast Fourier transform (FFT) [Brigham, 1974], which can reduce the number of multiplication operations significantly (from N2 to N*log2N) if the N is very large. A standard routine of FFT can be given by Press et al. [1992].
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2.2.2 Green’s Function and Continuous Convolution Theorem Responses (stresses, displacements, or temperature) of an elastic body subjected to excitations (force, heat flux, or eigenstrains) are generally governed by partial differential equations (PDE). One of the approaches to solving PDE is to use the Green’s function, which is the response of PDE when the excitation is a Dirac delta function (a unit-point load at the coordinate origin). The consequent solution of PDE is the continuous convolution between the actual excitation and the Green’s function. For the Boussinesq problem (a homogeneous half-space subjected to a surface normal load), the Green’s function of the surface normal displacement, G3p , is [Johnson, 1985], G 3p ( x , y ) =



where



1



πE



∗



x2 + y2



(2.4)



1 (1 − ν 12 ) (1 − ν 22 ) is the reduced Young’s modulus, and E1, E2, ν1, ν2, are the = + E1 E2 E∗



Young’s moduli and Poisson ratios of two contact bodies. Therefore, the normal surface displacement u3 at (x, y) caused by a distributed pressure p(x’, y’) can be written in a continuous convolution as, u 3 ( x, y ) = ∫



∞



∫



∞



−∞ −∞



G3p ( x − x ' , y − y ' ) ⋅ p ( x' , y ' )dx' dy '



(2.5)



According to the continuous convolution theorem, a convolution in the space domain is actually a direct multiplication in the frequency domain. Thus, applying the two-dimensional FT on both sides of Eq. (2.5) results in, ~ ~ ~ ~ u~3 ( m, n) = G3p ( m, n) ⋅ ~ p (m, n)



(2.6)
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~ ~ where m, n are the frequency coordinates, and G3p is the frequency response function (FRF), as shown in Eq. (2.7). ~ ~ G3p ( m, n) =



2 E∗ m2 + n2



(2.7)



Eq. (2.6) is useful for the problem where the analytical Green’s function is difficult to obtain, for example, the layered half-space and the thermomechanical field. The displacement can be



~ calculated by applying the IFT on u~3 .



2.2.3 Influence Coefficient and Discrete Convolution Theorem Numerical simulation using a discretization scheme is perhaps the only choice if the closed-form solution of integral in Eq. (2.5) is unavailable. Numerical simulation relies on the discrete influence coefficient (IC), which is the response at each individual node due to a unit excitation at the source element. Several approaches can be used to obtain influence coefficients: (1) by the finite element method (FEM) [Shi and Wang, 1998; Wang and Liu, 1999; Liu et al., 2001a], the influence coefficient is the response of each node when a unit load is applied at a source node; (2) by integrating the Green’s function; and (3) by the conversion from the frequency response function (FRF). Details of the methods (2) and (3) will be discussed in this and next sections, respectively. If the Green’s function is known, the influence coefficient can be expressed as a convolution between a shape function and the Green’s function [Johnson, 1985]. Assume that the surface of interest is discretized into N 1 × N 2 rectangular elements (see Fig. 2.1). Each element
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has a size of 2∆ 1 × 2∆ 2 . The observation points are located at the center of elements; u 3[α , β ] and p[α , β ] are the normal displacement and pressure of the element centered at ( 2α∆1 , 2β∆ 2 ). Pressure in the element centered at ( 2α∆1 ,



2 β∆ 2 )



follows the distribution of



p[α , β ] ⋅ Y ( x − 2α∆ 1 , y − 2β∆ 2 ) , where Y(x, y) is the shape function.



Figure 2.1 Discretization of a surface domain.



The discrete influence coefficient (IC), D3p[α , β ] , is the response at ( 2α∆1 , 2β∆ 2 ) due to a unit pressure at the element centered at the origin ( p[ 0, 0] = 1 ). The general form of the IC is, D3p[α , β ] = ∫



∆1



∫



∆2



− ∆1 − ∆ 2



G3p ( 2α∆ 1 − x' ,2 β∆ 2 − y ' )Y ( x' , y ' )dx' dy '



(2.8)



In this thesis, a rectangular pulse (given in Eq. (2.9)) is used as the shape function (i.e., the excitation is treated as constant in each element). ICs obtained with other shape functions are discussed by Liu et al. [2007a]. 1, Y ( x, y ) =  0,



− ∆ 1 ≤ x ≤ ∆ 1 , and − ∆ 2 ≤ y ≤ ∆ 2 otherwise



Thus, the IC can be further reduced to D3p[α , β ] = ∫



∆1



∫



∆2



− ∆1 − ∆ 2



(2.9)



G 3p ( 2α∆ 1 − x' ,2 β ∆ 2 − y ' )dx' dy ' . The



indefinite integral of the Green’s function can be obtained explicitly,
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∫∫ G



p 3



( x, y )dxdy =



[



1 x ln( y + x 2 + y 2 ) + y ln( x + x 2 + y 2 ) ∗ πE



]



(2.10)



The displacement in Eq. (2.5) can then be written in a discrete convolution, N1 −1 N 2 −1



u 3[α , β ] =



∑ ∑D ξ ψ =0



p 3[α −ξ , β −ψ ]



p[ξ ,ψ ]



(2.11)



=0



Here, 0 ≤ α , ξ ≤ N 1 − 1 , 0 ≤ β ,ψ ≤ N 2 − 1 . It costs N2 times of multiplications to evaluate this discrete convolution by the conventional DMM. In the light of the discrete convolution theorem, the application of the DFT on both sides of Eq. (2.11) results in,



ˆ uˆˆ 3[α , β ] = Dˆ 3p[α , β ] pˆˆ [α , β ]



(2.12)



Here, ‘^’ means a DFT operation. The right hand side of Eq. (2.12) is the simple direct multiplication between DFTs of influence coefficient and pressure. u3[α , β ] can be obtained by applying the IDFT on uˆˆ 3[α , β ] . Considering the fact that the DFT and IDFT can be accelerated via using FFT (the time complexity is N*log2N), computational burden of a discrete convolution may be significantly reduced.



2.2.4 Mutual Conversion between IC and FRF Either the frequency response function (FRF) or the influence coefficient (IC) will be utilized to conduct numerical simulations in this thesis. IC can be computed from the integral in Eq. (2.8) if the Green’s function is known. A discrete series of FRF can be obtained by sampling the continuous FRF at corresponding frequency points. If one of the IC and FRF discrete series is difficult to obtain or its derivation needs significant analytical endeavor, it can be converted numerically from the other [Liu et al., 2000; Chen et al., 2008a]. For instance, the FRF of residual stresses in a half-space and the Green’s function of a layered half-space are unavailable
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in the literature so far. As shown in Eq. (2.8), IC is a continuous convolution of the Green’s function and the shape function. We have,



~ ~ ~ ~ ~ ~ D3p (m, n) = G3p (m, n) ⋅ Y (m, n)



(2.13)



The relationship between the FT and DFT series is, ˆ Dˆ 3p[α , β ] =



1 4∆ 1 ∆ 2



~ ~  πα 1 ~ πr πβ πs  πβ  ~ p  πα   ≈  , D3p  , − − 3  s = −∞r = −∞  N 1 ∆ 1 ∆ 1 N 2 ∆ 2 ∆ 2  4∆ 1 ∆ 2  N1∆1 N 2 ∆ 2  ∞



∞



∑ ∑D



(2.14)



The approximation relationship holds if the intervals, 2∆1 and 2∆ 2 , are sufficiently small. Only one term at r = s = 0 is significant in the summation. Under this simplification, the discrete ~ ~



series of FRF, G 3p[α , β ] , becomes, ~ ~ πβ ~ ~  πα G 3p[α , β ] = G3p  ,  N1∆1 N 2 ∆ 2 ˆ ≈ 4∆ 1 ∆ 2 ⋅ Dˆ 3p[α , β ]



 ~ πβ ~  πα  = D3p  ,   N1∆1 N 2 ∆ 2 ~ πβ  ~ πα  Y  , ∆ ∆ N N 1 1 2 2  



 ~ πβ ~ πα  Y  ,   N1∆1 N 2 ∆ 2



  



(2.15)



ˆ Dˆ 3p[α , β ] can be obtained by applying the DFT on the discrete IC series, D3p[α , β ] . The rectangular



pulse function is used as the shape function, whose Fourier transform is,



~ 4 ~ Y ( m, n ) = sin( m∆ 1 ) sin(n∆ 2 ) mn



(2.16)



Based on Eqs. (2.15) and (2.16), the mutual conversion between the discrete series of FRF and IC can be implemented. If the value of a FRF at the origin, which equals the area under the corresponding Green’s function in the spatial domain, is singular, the average value over the element at the origin can be a substitution value at this point [Nogi and Kato, 1997]. The verification for this procedure is made through the comparison of the approximated
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FRF discrete series converted from IC (Eq. (2.15)) with the exact FRF for the Boussinesq problem, whose FRF and IC can be found in Eqs. (2.7) and (2.8), respectively. The element size is 2∆1 = 2∆ 2 = 1um, and the mesh dimensions are 64×64. As shown in Fig. 2.2, the relative error of the numerically approximated procedure is 


~ ~ shown, and G0 is the average value of the FRF over the element at the origin). Thus the FRF series obtained from IC in this case is a good substitution for the analytical one. Note that the accuracy of Eq. (2.15) depends on the contribution from aliasing in Eq. (2.14) and the truncation of frequency domain, and the approximation is particularly suitable for a fast decaying influence coefficient or FRF (the alias phenomenon is tolerable) and a mesh with small elements. ~ ~ ~ ~ ~ ˆ ~ ( ∆ ⋅ Dˆ / Y − G ) / G0 (%)



π / ∆ (um−1 )



m



n Figure 2.2 Relative error of the FRF series converted from IC for a Boussinesq problem.



2.3 FFT-based Contact Algorithms



2.3.1 CC-FT Contact response is a continuous convolution between the excitation and the Green’s
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function. The discrete convolution (also named cyclic convolution) via using the discrete Fourier transform (DFT) technique requires sampling both the excitation and the Green’s function in a finite domain and forming a periodic series [Brigham, 1974]. If the problem has the periodic characteristics in each dimension (that is, the topography and pressure are periodic functions with the same period), the periodic features automatically fulfills the periodic extension required by the DFT technique. Therefore, only a single period is needed in the Fourier transform procedure without any domain extension. Consider a discrete pressure series p[α ,β ] . Applying the FFT on p[α , β ] gives pˆˆ [α ,β ] . The discrete series of ~ displacement, u~3∗[α , β ] , in the frequency domain is obtained by multiplying pˆˆ [α ,β ] with FRF at



the corresponding frequency coordinates, ( πα N1 ∆1 , πβ N 2 ∆ 2 ),



~ ~ πβ ~  πα , u~3∗[α , β ] = G3p   N1 ∆1 N 2 ∆ 2



ˆ  pˆ [α , β ] 



(2.17)



~ Apply the inverse FFT (IFFT) on u~3∗[α , β ] to obtain the displacement in one single period, u 3[α , β ] . The algorithm mentioned above is named as the continuous convolution and Fourier transform method (CC-FT), where the fast Fourier transform is applied to compute the Fourier transform. However, if the problem is nonperiodic, the alias phenomenon (or periodic error) may occur along the domain boundary caused by the periodic extension implemented by the DFT technique. In order to reduce this error, a computational domain much than the target physical domain is required and the excitation region outside the target domain is filled with the zero [Hu et al., 1999; Polonsky and Keer, 2000a]. Significant increase in the grid number will undermine computational efficiency. It should be noted the fine mesh in the target domain can not help



51



reduce the periodic error. More details were given by Liu et al. [2000]. Procedure of the CC-FT method is illustrated graphically in Fig. 2.3.



p[α ,β ] pˆˆ [α ,β ] ~ ~ ~ u~3∗[α , β ] = G3p ⋅ pˆˆ [α , β ]



∆



u 3[α ,β ]



~ ~  πα πβ   G3p  , N ∆ N ∆ 2 2   1 1 Figure 2.3 Schematic illustration of the CC-FT method.



2.3.2 DC-FFT A novel and versatile FFT-based method was proposed by Liu et al. [2000] to completely avoid the periodic error associated with the DFT operation in the nonperiodic problem. If IC is exact, the responses can be evaluated accurately at a cost of only doubling the target domain in each dimension. Liu et al. [2000] named this approach as the discrete convolution and fast Fourier transform (DC-FFT) method, which is perfectly for the counterformal contact problems with concentrated contact area and has been widely used in elastic/plastic and thermomechanical contact analyses [Liu and Wang, 2001; Liu and Wang, 2002; Liu and Wang, 2003; Chen et al., 2008b]. Procedure of the DC-FFT method is summarized in Fig. 2.4.
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ICs D3[α ,β ]



∆



Pressure



N



2N



∆



Wrap around order FFT



p [α , β ]



Zero padding FFT



ˆ Dˆ 3p[α , β ]



pˆˆ [α , β ]



ˆ uˆˆ 3[α ,β ] = Dˆ 3p[α , β ] pˆˆ [α ,β ] IFFT



u 3[ 0:2 N1 −1, 0:2 N 2 −1]



u3[ 0:N1 −1, 0:N2 −1] = u 3[ 0:N1 −1, 0:N2 −1]



Figure 2.4 Schematic illustration of the DC-FFT method.



The first step of the DC-FFT is to double the target domain and form a virtual domain ( 2 N 1 × 2 N 2 ). The IC series, D3p[α , β ] , is calculated in the virtual domain and organized using the wrap-around order. The discrete pressure p[α , β ] is expanded into the excitation in the virtual ˆ domain, p [α , β ] with zero padding. Apply the FFT on both IC and excitation to obtain Dˆ 3p[α , β ]



and pˆˆ [α , β ] . The temporary discrete frequency series of displacement is a direct product between ˆ Dˆ 3p[α , β ] and pˆˆ [α , β ] .



ˆ uˆˆ 3[α , β ] = Dˆ 3p[α , β ] pˆˆ [α , β ]



(2.18)



Here, 0 ≤ α ≤ 2 N 1 − 1 , 0 ≤ β ≤ 2 N 2 − 1 . Applying the IFFT on uˆˆ 3[α , β ] leads to u 3[α , β ] . The final element displacements in the target domain, u 3[ 0:N1 −1, 0:N 2 −1] , are obtained via discarding the spoiled terms outside the target physical domain.
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2.3.3 DCD-FFT and a Mixed Algorithm Another approach to solve problems with periodic features can be developed based on the DC-FFT method with certain modifications. Zero padding of excitation variables is one of the measures to circumvent the alias error occurring on the boundary for the non-periodic problems [Liu et al. 2000]. On the contrary, in order to reproduce periodic excitations in neighboring periods, excitations on the extended domains can be directly duplicated from the original domain, rather than zero padding [Chen et al., 2008a; Liu et al., 2007a]. ICs are prepared in the same way as the DC-FFT method. The modified DC-FFT algorithm with duplicated padding is denoted as DCD-FFT. Intuitively, the DCD-FFT algorithm is not as accurate and efficient for periodic problems as the CC-FT algorithm, and this is indeed supported by numerical examples discussed in the following verification section because DCD-FFT involves greater error and costs more computation power due to the double extension. However, the DCD-FFT algorithm can be used for certain specific problems that the CC-FT algorithm can not readily handle. For example, line-contact problems involve an infinite geometry in one direction but finite geometry in the other. Surface roughness can be formed through periodic extension along the direction with infinite geometry. Neither CC-FT nor DC-FFT along is valid for this one-dimensional periodic and one-dimensional non-periodic problem. An approximate method can be developed, i.e. duplicated padding pressure in the periodic direction (the DCD-FFT algorithm), zero padding pressure in the non-periodic direction (the DC-FFT algorithm). This mixed method is depicted in
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Fig. 2.5.



p[α ,β ]



2N 2N N N



Figure 2.5 Mixed method (the DCD-FFT and DC-FFT algorithms) for the one-dimensional periodic problem.



2.4 Algorithm Verifications In this section, the numerical results obtained with these FFT-based algorithms are compared with analytical solutions of a bi-sinusoidal pressure and a cylinder contact in order to verify the method accuracy and determine the applicable ranges of these methods.



2.4.1 Stress Field due to a Bi-sinusoidal Surface Pressure Consider a bi-sinusoidal pressure distribution in the form of p ( x, y ) = p ∗ cos(



2π



λ



x ) cos(



2π



λ



y)



(2.19)



applied on a half-space. Here, λ is the wavelength of pressure distribution and p ∗ the maximum pressure. Analytical solution of the subsurface stress field caused by a bi-sinusoidal surface traction was given by Tripp et al. [2003]. Subsurface stresses in the half-space were calculated
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numerically with the FFT-based methods in Section 2.3 in a physical domain of 2λ × 2λ × λ . The Green’s functions and frequency response functions of stresses in a half-space due to surface tractions will be discussed in Chapter three and four, respectively. When this problem is simplified into a nonperiodic problem subjected to only one period of pressure, the solution can be determined by the DC-FFT algorithm, whose results are also included in the following discussion for comparisons. Figure 2.6(a) presents the dimensionless von Mises stress profiles along the x axis below the surface at z = λ / 4 , where one half of the simulated region is shown. The domain was meshed into 128 × 128 × 64 grids. The coordinates were normalized by the wavelength of pressure distribution. The results obtained with the CC-FT and DCD-FFT algorithms agree with the exact solution well in the entire simulation domain. The result with the DC-FFT algorithm is close to the exact solution in the domain center but it deviates from the exact solution near the boundary. In order to further study method accuracy on the domain boundary, the stress profiles along the depth on the domain boundary are given in Fig. 2.6(b). Good agreements are still found for the results from the CC-FT and DCD-FFT algorithms, but that from DC-FFT overestimates the stress near the surface and underestimates the stress at a deeper location because the method neglects tractions on neighboring regions.
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Figure 2.6 Comparisons of dimensionless von Mises stress profiles (a) along the x axis at z = λ/4, and (b) along the depth on the domain boundary (x = λ, y = 0).



Relative error of the von Mises stress is defined as the absolute difference of analytical and numerical solutions divided by the maximum pressure, p ∗ . Relative errors obtained for results with different methods along the x axis at the depth of z = λ / 4 , are shown in Fig. 2.7(a), ∗ is the analytical stress value. Different mesh numbers, 64 × 64 × 32 , 128 × 128 × 64 , where σ VM



256 × 256 × 128 are used to study the same problem. It is found from Fig. 2.7(a) that relative errors of the results from the CC-FT algorithm are hardly visible, less than 10-6. The increase in grid number can not reduce the relative error. In Fig. 2.7(b), relative errors of the results from the DCD-FFT algorithm are less than 0.15% for all mesh sizes, and have the same period as the stress profile. The mesh refinement improves the result accuracy obviously (the relative error decreases to 0.01% for the mesh size 256 × 256 × 128 ). Relative errors of the nonperiodic solution obtained from the DC-FFT algorithm are negligible in the domain center, and become
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significant on the domain edge, larger than 18%. The grid number has little effect on the results from the DC-FFT algorithm. The bottom line is that the CC-FT method is the most suitable algorithm for the periodic problem because of its efficiency and accuracy.
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Figure 2.7 Relative errors of the von Mises stress along the x axis at the depth of z = λ/4 for the results obtained with (a) the CC-FT algorithm, (b) the DCD-FFT algorithm, and (c) the nonperiodic approach (DC-FFT).
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2.4.2 Stress Field due to a Line Contact of Cylinders The Hertz theory indicates that the elastic frictionless line contact between a cylinder and a flat surface produces a contact pressure in the form of  p 1 − x 2 / a 2 , 0 p( x) =  0 0 , otherwise



x ≤ a0



(2.20)



where a 0 is the Hertzian half contact width and p 0 the maximum contact pressure. For this line contact problem, the periodic boundary condition can be applied along the cylinder axis; and the nonperiodic contact condition along the perpendicular direction. The DCD-FFT and DC-FFT algorithms should be applied on the periodic direction and nonperiodic direction, respectively (the mixed method in Section 2.3.3). The size of the simulation domain is 4a 0 × 16a 0 × 8a 0 , which was divided into 256 × 256 × 128 grid points. Analytical solution of stresses in a half-space under a line contact pressure was given by Johnson [1985]. The maximum shear stress, τ 1 , given in Eq. (2.21), is used for comparison with the exact solution.



τ1 =



1 (σ 11 − σ 33 ) 2 + 4σ 132 2



(2.21)



On the other hand, a nonperiodic solution, ignoring the pressure on the neighborhood, can be calculated by the DC-FFT algorithm alone in order to examine the advantage of the mixed method. The profiles of the dimensionless maximum shear stress versus the depth at the origin and an edge point are presented in Fig. 2.8(a) and (b). It can be observed that both the mixed method and DC-FFT algorithms yield reasonably good solutions at the domain center as compared to the exact one. The mixed method keeps the same accuracy on the computational
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boundary ( y = 8a 0 ), while the results obtained from the DC-FFT algorithm alone notably deviates away from the analytical solution. Here, the DC-FFT algorithm underestimates the stress because pressure from neighborhood periods is neglected.
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Figure 2.8 Comparisons of the dimensionless maximum shear stress along the depth (a) at the origin point, and (b) on the domain boundary at y = 8a 0 .



Relative errors of the maximum shear stress along the cylinder axis at z = 0.78a 0 , where the exact maximum value occurs, are plotted in the Fig. 2.9 for the results obtained with different methods, and τ 1∗ is the analytical maximum shear stress. The mixed method has uniform and small relative errors, about 0.7%, over the entire domain. Relative error of the result obtained from the nonperiodic approach is less than 2% in the middle of the computational domain, may be comparable with that from the mixed method. However, the error increases rapidly when the
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observation point is 6a 0 away from the center point, and even differs by one order of magnitude from that of the mixed method at the boundary. Table 2.1 lists the maximum relative error of the mixed approach over the entire simulation space for different mesh numbers and computational domain sizes. Under the same domain size, mesh refinement can not help improve the result accuracy. On the other hand, even using the coarse mesh, 64 × 64 × 32 , the mixed algorithm still yields good solutions if a large extended computation domain, 4a 0 × 16a 0 × 8a 0 is used. In addition, the domain extension along the cylindrical axis (error = 0.67% for 4a 0 × 16a 0 × 8a 0 ) seems more helpful than that along the perpendicular direction (error = 0.99% for 8a 0 × 16a 0 × 8a 0 ). Therefore, the mixed padding approach is capable of solving the one-dimensional periodic line-contact problem.
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Figure 2.9 Relative errors of the maximum shear stress along the cylindrical axis at the depth of z = 0.78a 0 .
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Table 2.1 Maximum relative errors of the Tresca stress obtained from the mixed algorithm for different mesh numbers and domain sizes Domain size 4a0×4a0×2a0 Grid number



8a0×8a0×4a0



8a0×16a0×8a0



4a0×16a0×8a0



Relative error (%)



64×64×32



2.50



1.87



0.99



0.67



128×128×64



2.47



1.62



0.83



0.64



256×256×128



2.46



1.46



0.74



0.62



2.5 Summary Contact stress and displacement are in nature the convolutions of surface tractions and the corresponding Green’s functions. The usages of the fast Fourier transform (FFT) technique and the convolution theorems accelerate the contact analysis substantially. In terms of the algorithm selection, the DC-FFT method is suitable for the nonperiodic problem (such as the point contact); the CC-FT method yields the most accurate solution for the periodic problem without any domain extension; and the mixed method (combined DCD-FFT and DC-FFT) is preferred for the one-dimensional periodic problem (such as the rough-surface line contact). Comparisons between the numerical results of the half-space stress field induced by a periodic surface pressure and analytical solutions indicate that the CC-FT method is more accurate and efficient than the DCD-FFT method. The ability of the mixed method is examined with a one-dimensional periodic line-contact problem, and the domain extension along the periodic dimension may help reduce the numerical error.
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CHAPTER THREE: ELASTO-PLASTIC CONTACT MODEL OF A SPHERE AND A HALF-SPACE Single point contact of a sphere and a half-space is the most fundamental problem in tribology. It may be the fundament of the multiple asperity contact (assume asperities have the spherical tip) or an ideal validation case for the model development because of its simplicity. In addition, contacts in the indentation test and the roller-element bearing may be simplified to point contacts. Counterformal geometry of the point contact generally leads to a high contact pressure and plastic yielding in the material. Plastic deformation accumulation may occur under repeated loading, which is critical to the fatigue lives of many mechanical components. This chapter presents a three-dimensional numerical elasto-plastic contact model for a sphere and a half-space and analyzes the contact performance under different loading conditions including normal indentation and repeated rolling or sliding.



Keywords: Elasto-plastic point contact, DC-FFT, repeated loading



3.1 Introduction The classical analysis of frictionless contacts between two counterformal elastic bodies with quadratic surface geometry was presented by Hertz. Comprehensive reviews on the analytical and numerical approaches to solving the elastic or elasto-plastic point contact were given by Johnson [1985] and Bhushan [1996]. Numerical methods are generally required to solve elasto-plastic contact problems because of its nonlinear and load-dependent nature. Liu et al. [2001b] developed a
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two-dimensional elasto-plastic contact model for linear hardening and elastic-perfectly plastic materials using the finite element method (FEM). The contact problem between a rigid flat and an elasto-plastic sphere has been extensively investigated using FEM [Kogut and Etsion, 2002; Quicksall et al., 2004; Jackson and Green, 2005]. Curve-fitting formulas correlating the load and contact area with the interference were constructed in their papers. The boundary element method (BEM) was also utilized to analyze 2D and 3D elasto-plastic contact problems [Gun, 2004; Ribeiro et al., 2008]. For repeated rolling contacts on an elasto-plastic body, each cycle of loading can result in a repeated increment of plastic strain (ratcheting) if the load exceeds the “shakedown limit”, otherwise, the residual stress and the conformingly deformed geometry caused by the first several cycles may “shakedown” the material [Johnson, 1985]. Accumulative “ratcheting” in an elasto-plastic body may consequently lead to ductile fracture, which may be a mechanism of metallic wear [Kapoor and Johnson, 1994; Johnson, 1995]. Therefore, the ratcheting phenomenon attracted a lot of research efforts, and several ratcheting theories has been developed [Johnson, 1985; Ponter et al., 1985; Johnson and Shercliff, 1992; Kapoor et al., 1994]. FEM has been widely used to study the rolling contact problem subjected to the repeated loading [Bhargava et al., 1988; Kulkarni et al., 1990, 1991a; Jiang et al., 2002; Xu and Jiang, 2002]. Yu et al. [1995] presented a novel and efficient direct FEM approach to obtain the steady-state solution of a linear kinematic plastic hardening solid in a repeated point contact. Recently, a fast semi-analytical method (SAM) was developed by Jacq et al. [2002] to study elasto-plastic counterformal contacts. This method is based on the exact solutions of
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uniform eigenstrains (inelastic strains) in a single cubic inclusion in a half-space derived by Chiu [1978]. Compared to FEM, SAM is more efficient because only the contact region needs to be meshed and simulated. This approach is more flexible in terms of incorporating different material hardening laws, and has been extensively used to study elasto-plastic contact problems involving surface roughness, friction, wear, heating, and repeated loadings [Antaluca and Nélias, 2008; Boucly et al., 2005, 2007; Chen et al., 2008b, c; Chen and Wang, 2008a; Nélias et al., 2005, 2006, 2007a, b; Wang and Keer, 2005; Wang et al., 2008]. The purpose of this chapter is to present the development of a three-dimensional elasto-plastic model for point contacts, which is based on the model proposed by Jacq et al. [2002]. This model accounts for the conformity of contact geometry induced by surface profile variation under a contact load. In terms of material hardening behaviors, four types of strain hardening laws are employed to examine the contact performance. In addition, contact tractions are allowed to traverse repeatedly over the half-space surface. Shakedown and ractchetting phenomena are investigated for various relative peak pressure values and different strain hardening laws in terms of the plastic strain volume integral (PV) in the entire space. In order to simulate sliding contact, the shear traction is assumed to be a product of the contact pressure and a specified friction coefficient. Influence of friction coefficient on stress-strain states is then examined.
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3.2 Theory



3.2.1 Contact Problem Formulations Consider a contact between a sphere (E2, ν2) and a half-space (E1, ν1). The origin of the Cartesian coordinate system is set to be the initial contact point, and the z axis points inwards the half-space, as shown in Fig. 3.1. The increasing normal load, W, pushes the sphere into the half-space. For a repeated rolling or sliding contact, the spherical indenter translates along the x axis cyclically for a certain distance when the normal load remains; and the Coulomb friction ( µ f W ) is involved for a sliding case.



Repeated translation



E2 ,ν 2 μfW



W



hi



u3



h



ω x y



E1 ,ν 1



z Figure 3.1 Repeated contacts of a sphere on the surface of a half-space.



The general dry contact model [Johnson, 1985] with boundary constraints is summarized as follows,
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W =∫



∞



∫



∞



−∞ −∞



(3.1)



p ( x, y ) ⋅ dxdy



h( x, y ) = hi ( x, y ) + u 3 ( x, y ) − ω



(3.2)



where p is the normal pressure, u3 the normal displacement of contact bodies, hi the initial surface geometry ( hi = ( x 2 + y 2 ) 2 R for the sphere of radius R), and h and ω are the surface gap and the normal rigid body approach, respectively. Equation (3.1) is the equilibrium condition. The contact leads to a contact area, Ac, at the surface, where pressures are positive and the surface gap is closed.



p ( x, y ) > 0, h( x, y ) = 0,



( x, y ) ∈ Ac



(3.3)



( x, y ) ∉ Ac



(3.4)



Otherwise, in the non-contact boundary, we have,



p ( x, y ) = 0, h( x, y ) > 0,



In order to simplify the problem, only the half-space is allowed to deform plastically. If the stress intensity induced by the contact exceeds the elastic limit, σ Y , the plastic deformation will occur in the subsurface, and ε ijp are the resulting plastic strains. Surfaces of the two bodies are assumed to be smooth, however, it should be clarified that this model can handle rough surfaces without increasing numerical complexity.



3.2.2 Calculation of Surface Normal Displacement The surface normal displacement can be decomposed to: (1) the elastic displacement due to the surface normal and shear tractions, and (2) the residual displacement due to the subsurface plastic strain. The elastic displacement at (x, y) on a homogeneous half-space can be associated with distributed pressure p(x’, y’) and shear traction qx(x’, y’) (along the x axis) using the
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Boussinesq-Cerruti integrals [Johnson, 1985], u 3(1) ( x, y ) = ∫



∞



∫



∞



−∞ − ∞



[G3p ( x − x ' , y − y ' ) ⋅ p( x' , y ' ) + G3s ( x − x ' , y − y ' ) ⋅ q x ( x ' , y ' )]dx' dy '



(3.5)



where, G3p and G3s are the Green’s functions of the surface normal displacement due to normal



and



shear



tractions,



G 3s ( x, y ) = x πµ e ( x 2 + y 2 )



.



respectively.



is



G3p



given



in



Eq.



1 µ e = (1 + ν 1 )(1 − 2ν 1 ) 2 E1 − (1 + ν 2 )(1 − 2ν 2 ) 2 E 2



(2.4),



and



is



the



equivalent shear modulus. Following the localized Coulomb friction law, the shear traction, qx, is treated as a product of the local pressure and a friction coefficient, µ f , i.e., qx = pµ f . Using the same discretization scheme in Section 2.2.3, the normal displacement caused by surface tractions can be obtained as,



u 3(1[α) , β ] =



N1 −1 N 2 −1



∑ ∑ (D ξ ψ =0



p 3[α −ξ , β −ψ ]



=0



D3s[α , β ] = ∫



∆1



∫



∆2



− ∆1 − ∆ 2



where



∫∫ G



s 3



( x, y )dxdy =



[y ln( πµ 1



+ µ f ⋅ D3s[α −ξ , β −ψ ] ) p[ξ ,ψ ]



G3s (2α∆ 1 − x' ,2 β ∆ 2 − y ' )dx' dy '



(3.6)



]



x 2 + y 2 ) + x tan −1 ( y x ) , and D3p[α , β ] is given in Eq. (2.10).



e



For the residual normal displacement calculation, Jacq et al. [2002] derived a semi-analytical solution using the reciprocal theorem specifically for the volume-conserved plastic strain. Following the idea by Jacq et al. [2002], the solution of residual displacement at the surface point (x, y) of a half-space by a more general eigenstrain (the plastic strain is a special case) can be expressed as a volume integral,



u3( 2) ( x, y ) =



1 ∞ ∞ ∞ p ε ij ( x' , y' , z ' )σ ijn ( x'− x, y '− y, z ' )dx' dy' dz ' ∫ ∫ ∫ − ∞ − ∞ − ∞ P



(3.7)
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Here, σ ijn ( x'− x, y '− y, z ' ) are the elastic stresses at ( x' , y ' , z ' ) caused by a concentrated normal force P at a surface point (x, y); and Tijn = σ ijn P are elastic stresses caused by a unit normal force [Johnson, 1985]. The closed-form solutions of Tijn are listed in Appendix A. Subscripts (i,



j) range over 1, 2, 3; and the index summation convention holds. Therefore, there are nine component products in the integrand. Note that the integral in Eq. (3.7) is not a linear convolution with respect to x’ and y’. The domain of interest is meshed using small cubic elements, which have a uniform size of 2∆ 1 × 2 ∆ 2 × 2∆ 3 (see Fig. 3.2). N 1 , N 2 , N 3 are the element numbers along the x, y, and z directions. Stresses and strains in each subsurface cubic element are also treated to be constant.



ε ijp [α , β ,γ ] are plastic strains at the point of ( 2α∆1 , 2β∆ 2 , 2γ∆ 3 ), which are chosen to represent strains of the element centered at this point. u 3([2α) , β ] is the residual normal displacement of the surface discrete patch located at ( 2α∆1 , 2β∆ 2 ).



Figure 3.2 Description of the mesh system.
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Equation (3.7) can then be discretized as,



u



( 2) 3[α , β ]



N1 −1 N 2 −1N 3 −1



=



∑ ∑ ζ∑ D ξ ψ =0



=0



r p 3ij [α −ξ , β −ψ ,ζ ] ij [ξ ,ψ ,ζ ]



ε



,



=0



0 ≤ α , ξ ≤ N 1 − 1 , 0 ≤ β ,ψ ≤ N 2 − 1 , 0 ≤ ζ ≤ N 3 − 1



(3.8)



where, D3rij[α −ξ , β −ψ ,ζ ] = ∫



( 2ξ +1)∆1 ( 2ψ +1)∆ 2 ( 2ζ +1)∆ 3



∫



∫



(2ξ −1)∆1 ( 2ψ −1)∆ 2 ( 2ζ −1)∆ 3



Tijn ( x'−2α∆ 1 , y '−2 β ∆ 2 , z ' )dx' dy ' dz '



are



the



influence



coefficients (ICs) of the residual normal displacement. Indefinite triple integrals of Tijn are given in Appendix A. The total normal displacement is the elastic displacement plus the residual one,



u 3[α , β ] = u 3(1[α) , β ] + u 3([2α) , β ]



(3.9)



3.2.3 Calculation of Subsurface Stress Simulation of subsurface stresses is a necessary step leading to the understanding of plastic deformation evolution. Stresses in a half-space are composed of (1) the contact stress due to surface tractions, p and qx, and (2) the residual one due to plastic strains, ε ijp . Elastic contact stresses σ ij(1) at (x, y, z) in a homogeneous half-space caused by irregularly distributed surface tractions, p(x’, y’) and qx(x’, y’), can be calculated using the followed two-dimensional convolutions.



σ ij(1) ( x, y, z ) = ∫



∞



∫



∞



−∞ −∞



[Tijn ( x − x' , y − y ' , z ) ⋅ p( x' , y ' )



(3.10)



+ T ( x − x ' , y − y ' , z ) ⋅ q x ( x' , y ' )]dx' dy ' sx ij



Here, Tijn and Tijsx are the general solutions of stresses caused by a unit normal force and a unit tangential force (along the x axis) at the surface origin, respectively [Johnson, 1985].
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Closed-form solutions of Tijn and Tijsx are listed in Appendix A. Consider the same cubic element system used in Section 3.2.2. Tractions in each discrete surface patch are treated as constant, where values at the face center of patch are used. p[α , β ] and q x [α , β ] are pressure and shear tractions of the element centered at ( 2α∆1 , 2β∆ 2 ). σ ij(1) [α , β ,γ ] are elastic stresses at the point of ( 2α∆1 , 2β∆ 2 , 2γ∆ 3 ), which are chosen to represent the uniform stresses of the element centered at this point. Elastic contact stresses at a discrete element can be written as,



σ



(1) ij [α , β ,γ ]



N1 −1 N 2 −1



=



∑ ∑ (B ξ ψ =0



where Bijn[α −ξ , β −ψ ,γ ] = ∫



(2ξ +1)∆1 ( 2ψ +1)∆ 2



∫



( 2ξ −1)∆1 ( 2ψ −1)∆ 2



and Bijsx[α −ξ , β −ψ ,γ ] = ∫



( 2ξ +1)∆1 ( 2ψ +1)∆ 2



∫



( 2ξ −1)∆1 ( 2ψ −1)∆ 2



n ij [α −ξ , β −ψ ,γ ]



=0



p[ξ ,ψ ] + Bijsx[α −ξ ,β −ψ ,γ ] q x [ξ ,ψ ] )



(3.11)



Tijn (2α∆ 1 − x' ,2 β ∆ 2 − y ' ,2γ∆ 3 )dx' dy ' ,



Tijsx ( 2α∆ 1 − x' ,2 β∆ 2 − y ' ,2γ∆ 3 )dx' dy ' are ICs of stresses caused



by surface tractions. 0 ≤ α , ξ ≤ N 1 − 1 , 0 ≤ β ,ψ ≤ N 2 − 1 , and 0 ≤ γ ≤ N 3 − 1 . The indefinite double integrals of Tijn and Tijsx required by the influence coefficient calculation were derived by Love [1929], which are also given in Appendix A. Jacq et al. [2002] developed an approach of calculating residual stresses due to the plastic strain based on the original work of Chiu [1978], who derived eigenstress solutions of a single cuboidal inclusion with uniform eigenstrains in a semi-infinite body. Based on the approach of Jacq et al. [2002], residual stresses, σ ij( 2[α) , β ,γ ] , of the element centered at ( 2α∆1 , 2β∆ 2 , 2γ∆ 3 ) can be expressed as,



σ ij( 2[α) ,β ,γ ] =



N1 −1 N 2 −1N 3 −1



∑ ∑ ϕ∑ A ξ ψ =0



=0



=0



p ijkl[α −ξ , β −ψ ,ϕ ,γ ] kl[ξ ,ψ ,ϕ ]



ε
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0 ≤ α , ξ ≤ N 1 − 1 , 0 ≤ β ,ψ ≤ N 2 − 1 , 0 ≤ γ , ϕ ≤ N 3 − 1



(3.12)



where Aijkl [α −ξ , β −ψ ,ϕ ,γ ] are the influence coefficients [Jacq et al., 2002], whose detailed formulas are given in Appendix G. Superposition of the contact and residual stresses yields the total stress field,



σ ij[α , β ,γ ] = σ ij(1[)α , β ,γ ] + σ ij( 2[α) , β ,γ ]



(3.13)



3.2.4 Plasticity Modeling Plasticity is the irreversible behavior of a material in response to a load application. The



J-2 criterion (i.e., the von Mises criterion, valid for most metallic materials) in Eq. (3.14) is used to determine the onset of material yielding. Plastic deformation occurs when the von Mises equivalent stress exceeds the local material yield strength (i.e., f > 0) [Hill, 1950]. f = σ VM − g (λ ) =



3 S ij : S ij − g (λ ) 2



(3.14)



1 Here, σ VM is the von Mises equivalent stress, and S ij = σ ij − σ kk δ ij the deviatoric stress. 3



g (λ ) is the yield strength function (g(0) equals the initial yield strength, σ Y ), and



λ = ∑ dλ = ∑( 2dε ijp dε ijp / 3 ) the effective accumulative plastic strain. Equation (3.15) presents the Kuhn-Tucker conditions governing the increment of effective plastic strain, dλ , and the yield function, f, during the loading/unloading processes [Hill, 1950].



f ≤ 0, dλ ≥ 0, f ⋅ dλ = 0



(3.15)



The plastic strain variation is determined by the plastic flow rule [Hill, 1950], which is expressed in Eq. (3.16) when the J-2 yield criterion is used.



72



dε ijp = dλ



3S ij ∂f = dλ ∂σ ij 2σ VM



(3.16)



The simplest plastic model is to assume that materials possess the elastic-perfectly plastic (EPP) behavior, in which the yield strength, g (λ ) , always remains at the initial value, σ Y . In fact, work hardening usually happens after the first occurrence of plastic strain to resist further plastic deformation. There are two basic ways, isotropic and kinematic hardening, to model the strain hardening effect.



Isotropic Hardening Law Any stress state can be mapped to a point in the principal stress space. The yield surface is the boundary of the space domain in the principal stress space, inside which the stress state does not induce the plastic deformation in the material. The yield surface is generally plotted in the π-plane, which is the plane perpendicular to the line of σ 11 = σ 22 = σ 33 . The yield surface is a circle in the π-plane for the J-2 yield criterion, as shown in Fig. 3.3. With an isotropic hardening law (in Fig. 3.3(a)), the yield surface increases in size with the increasing plastic strain but keeps the same shape. In a quasi-static loading process, materials deform at a very low strain rate. Therefore, a rate-independent law is adequate. In the following study, two isotropic hardening laws are applied: the Swift power hardening law (PI) and the linear hardening law (LI). The Swift law is expressed as, g (λ ) = B(C + λ ) e



(3.17)



Here, B, C and e are work hardening parameters, and σ Y = B ⋅ C e . The linear hardening law is given as follows,
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g (λ ) = σ Y +



ET ⋅λ 1 − ET / E



(3.18)



where ET is the elasto-plastic tangential modulus. However, an isotropic hardening law alone is generally not suitable for materials subjected to repeated loadings.



(a)



(b)



Figure 3.3 Strain hardening laws: (a) isotropic, and (b) kinematic.



Kinematic Hardening Law On the other hand, the yield surface translates in the principal stress space without changing its shape and size based on the kinematic law (in Fig. 3.3(b)). The kinematic law may account for the effect of cyclic plastic deformation. The yield surface is dragged along the direction of increasing stress. Thus, materials become harder for a further increased load and softer for a reversed load (i.e. the Bauschinger effect). The back stress, Xij, is the center of new yield surface in the stress space. The back stress depends on the history of plastic deformation, and can be modeled by the hardening law by Armstrong and Frederick, [1966]:
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S ij   dX ij = dλ  K p − γX ij ,  σ VM 



X ij = 0 when λ = 0



(3.19)



where K p and γ are kinematic hardening parameters. However, plastic behaviors of some common engineering materials are too complicated to be described by neither isotropic nor kinematic law alone. Therefore, a more comprehensive hardening law combining the kinematic and isotropic laws should be used, and then the von Mises yield function becomes, f =



3 ( S ij − X ij ) : ( S ij − X ij ) − g (λ ) 2



(3.20)



Here, the first term is the von Mises equivalent stress indicated by the kinematic law, and g(λ) the yield strength modeled by the isotropic law.



3.2.5 Plastic Strain Increment Based on the stress field (Section 3.2.3) and the plasticity model (Section 3.2.4), the increment of plastic strain can be estimated. Fotiu and Nemat-Nasser [1996] developed a universal integration algorithm for constitutive equations of elastoplasticity including isotropic and kinematic hardening, as well as thermal softening. The method seems to be unconditionally stable and accurate. The current study employs this algorithm to calculate the increment of plastic strain accurately and efficiently. Yield occurs when f(λ) > 0. The actual increment of the effective plastic strain, ∆λ, should satisfy the condition expressed by f(λ+∆λ) = 0, in the plastic zone. f(λ) is a nonlinear equation in terms of ∆λ. Thus, the Newton-Raphson iteration scheme is utilized to find the solution of this equation. The yield function can be expanded approximately
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as,



f ( n+1) = f ( n ) + ∆λ( n ) ⋅ f ,λ( n ) = 0



(3.21)



The correction of effective plastic strain, ∆λ(n ) , between two consecutive iterative steps is expressed as,



f (n) f (n) = (n) f ,λ( n ) g ,(λn ) − σ VM ,λ



(3.22)



3γX ij S ij ∂σ VM = −3µ − K p + ∂λ 2σ VM



(3.23)



∆λ ( n ) = − where,



Here, µ is the material shear modulus. Detailed derivation of ∂σ VM / ∂λ is given in Appendix B. All related variables are updated as follows. ( n +1) (n) ( n) ( n) = σ VM + σ VM , λ( n +1) = λ( n ) + ∆λ( n ) , g ( n+1) = g (λ( n +1) ) σ VM ,λ ⋅ ∆λ



X



( n +1) ij



=X



(n) ij



( n +1)  S ij( n )  σ VM ( n) ( n +1) + ∆λ  K ( n ) − γX ij , S ij = (1) σ ij(1) '− X ij( n+1) σ VM  σ VM  ( n)



(3.24)



(1) Here, λ(1) , X ij(1) , σ VM , and σ ij(1) are the initial effective plastic strain, back stress, equivalent



von Mises stress, and Cauchy stress components, respectively. The prime means a deviatoric operation. Computation ends if the convergence condition is satisfied. ( n +1) σ VM − g ( n +1) f ( n +1) = < tolerance g ( n +1) g ( n +1)



(3.25)



Steps indicated in Eq. (3.22)-(3.25) are repeated until the iteration converges. The estimation of plastic strain increment is determined by the plastic-flow rule shown below. p ij



[



∆ε = λ



( n +1)



−λ



(1)



3S ij( n +1)



] 2σ



( n +1) VM



(3.26)
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3.2.6 Numerical Procedure of Elasto-Plastic Contact Plasticity is by nature nonlinear and dependent of the loading history. Therefore, an incremental loading process has to be simulated to show the plastic strain accumulation. The entire loading process is divided into NL quasistatic steps, in each of which the load keeps constant. Each load step starts from the normal contact problem, where the half-space is considered to be purely elastic. From Eqs. (3.2) and (3.5), the contact equation can be written in Eq. (3.27). 0 = hi[α , β ] − ω +



N1 −1 N 2 −1



∑ ∑ (D ξ ψ =0



p 3[α −ξ , β −ψ ]



+ µ f D3s[α −ξ , β −ψ ] ) p[ξ ,ψ ] ,



in Ac



(3.27)



=0



This linear equation system with an unknown pressure distribution can be solved by a single-loop conjugate gradient method [Polonsky and Keer, 1999]. In the course of the pressure iteration, the rigid body approach is estimated using the average gap of elements with positive pressure; and the load balance in Eq. (3.1) and the contact compatibility conditions in Eqs. (3.3) and (3.4) are enforced simultaneously. The contact area can be determined with the contact pressure without extra outer level iteration in terms of the rigid body approach. The discrete convolution and fast Fourier transform (DC-FFT) algorithm proposed by Liu et al. [2000] is also used to calculate the discrete convolutions existing in contact formulations efficiently. Once the contact pressure is obtained from the contact solution, the subsurface contact stress field can be evaluated by Eq. (3.11). Use the J-2 criterion to identify the trial plastic domain where the von Mises stress exceeds the local yield strength. The actual increment of effective plastic strain, ∆λ, is that which pulls the stress state back to the yield surface, i.e.,
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f(λ+∆λ) = 0. Increments of the plastic strain tensor ∆ε ijp can then be calculated by the flow rule in Eq. (3.26). The total stress field has to be updated with the stress disturbance caused by plastic strain increment, which can be calculated from Eq. (3.12). Because the stress field and the plastic strain variation are fully coupled, an inner iteration is needed to find the converged solution of plastic strain increment for this load step. After obtaining the converged solution of plastic strain, the surface residual deformation can be determined by Eq. (3.8), which will change the surface topography and further the contact pressure distribution. Therefore, the contact needs to be solved again based on the updated surface geometry. So far, a closed-loop linking the variations of the contact pressure, plastic strain, and surface geometry has been developed. This loop is repeated until the difference of the residual displacements between two adjacent iterations is less than the tolerance error. Once the convergence reaches, the normal load increases, and the next load step begins. The detailed flowchart of numerical procedure is given in Fig. 3.4.
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Figure 3.4 Flowchart of the numerical simulation of an elasto-plastic contact.



3.3 Model Verification The contact between an elasto-plastic sphere and a rigid half-space was investigated by Kogut and Etsion [2002] using FEM and by Chang et al. [1987] using a volume conservation model (the CEB model). The current model is verified by comparing results with these previous numerical solutions. In order to be consistent with the results obtained by Kogut and Etsion
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[2002], this part of the work uses the same elastic-perfectly plastic material property. The ratio of Young’s modulus, E, to the yield strength, σ Y , is 500, ν = 0.3, and the spherical radius, R, is 8mm. The simulation results are given as a function of the dimensionless interference, ω ω c , where ω c is the critical interference indicating the transition from an elastic contact to an elasto-plastic contact [Chang et al., 1987]. 2



 πK H H   R ∗  2E 



ωc = 



(3.28)



Here, H is the hardness of the sphere equal to 2.8 σ Y , and E* the equivalent modulus. The hardness coefficient, KH, is related to the Poisson ratio by KH=0.454+0.41ν. Evolutions of the plastic region versus the dimensionless interference are plotted in Fig. 3.5, where ac is the Hertz contact radius at the critical interference, ω c . A good agreement is found between the results obtained from the current model and the FEM model presented by Kogut and Etsion [2002]. The plastic region lies under the surface first, and then touches the surface as the interference increases up to about ω ω c = 6. Figure 3.6 compares the results of contact load and contact area with the increasing interference from the present model, the CEB model [Chang et al., 1987], and FEM [Kogut and Etsion, 2002]. Here, Wc is the critical load corresponding to the interference of ω c . As indicated in Fig. 3.6(a), the contact load obtained from this model agrees with the FEM results very well in the entire loading range investigated, and the relative error is less than 2%. The CEB model predicts a higher contact load than the FEM and the current models because of the assumptions of volume conservation and constant mean contact pressure. Figure 3.6(b) also indicates a
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satisfied agreement between the contact area from the current model and the FEM results even at the large contact interference; and the maximum relative error is about 2.6%. Similarly, the CEB model predicts a higher contact area as compared to the results from the current and the FEM models. Considering the fact that contact conditions of commonly used engineering components are within the range of ω 
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8 Figure 3.5 Evolutions of the plastic deformation region for 1 ≤ ω / ω c ≤ 11 , (a) from the current model, and (b) from the FEM analysis by Kogut and Etsion [2002].
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Figure 3.6 Model verifications, (a) the dimensionless contact load versus the dimensionless interference, and (b) the dimensionless contact area versus the dimensionless interference.



3.4 More Results and Discussion This section provides more results of the repeated rolling and sliding contact involving an elasto-plastic half-space and a rigid spherical punch. The radius of the punch is R = 18mm; and the half-space has the material properties of DP600 high strength steel. The indenter translates across the surface after a normal indentation. After that, the indenter is drawn back to the beginning indentation point. This process is repeated and simulated using the current model. The shear traction needs to be included in the model if a cyclic sliding contact is simulated. Repeated contact analyses result in the histories of stress-strain states and plastic strain volume integral (PV) in the elasto-plastic half-space. Simulation parameters and material properties are listed in Table 3.1. In the following results, the stresses are normalized by the initial yield strength, σ Y ,
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the space variables by the Hertz contact radius, a 0 , and the strains are represented in form of percentage.



Table 3.1 Parameters and material properties in the simulations Parameter



Value



Parameter



Value



E



210 (GPa)



ET



0.2E



ν



0.3



Kp



1782.24 (MPa)



σY



383.30 (MPa)



γ



15.80



B



787.68 (MPa)



R



18 (mm)



C



0.00082



Element size



12×12×12 (um)



e



0.132



Grid number



64×64×30



3.4.1 Repeated Rolling Contacts In this section, the maximum normal compressive load remains 25N. The corresponding ratio of the Hertz peak pressure and the shear strength is p0 k s = 5.2 ( k s ≈ σ Y



3 ), the Hertz



contact radius a 0 = 113.5um, and the dimensionless Hertz interference ω 0 ω c = 3.46. In each rolling contact cycle, the ball indenter is moved along the x axis from (-2 a 0 , 0) to (2 a 0 , 0).



Results Obtained From the Kinematic Law The simulation results of the material with kinematic hardening behavior (KP) in the first three rolling cycles are plotted in Fig. 3.7 and Fig. 3.8. As indicated in Fig. 3.7(a), the effective plastic strain along the z axis increases with repeated rolling contacts; however, the plastic strain increment drops substantially between two consecutive cycles. The maximum increment of the effective plastic strain reduces from 0.31% at the 1st rolling pass to 0.02% at the 3rd rolling pass.
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In addition, there is no obvious change of the range of the plastic zone with the cycle number. These are consistent with the observations reported by Kulkarni et al. [1991a]. Figure 3.7(b) shows that equivalent stress intensity equals the initial yield strength, σ Y , when the indenter passes the origin for the first time. As the rolling traction translates repeatedly, the stress intensity increases in the layer near surface and decreases within the plastic zone. However, the profiles of von Mises stress do not have obvious change and keep the same shape of the elastic solution outside the plastic zone. The reason can be found in the residual stress history presented in Fig. 3.7(c). The residual stress induced by the accumulative plastic strain counteracts the elastic stress field; it is the main factor leading to the material shakedown. As compared to the results obtained after the first passing, the residual stress intensity between the surface and the Hertz depth of 0.48 a 0 in the following cycles is reduced, which is consistent with the result reported by Nélias et al. [2007a]. The difference between residual stress profiles at the 2nd and 3rd cycles is unobvious. In addition, the residual stress decays fast and has a negligibly small influence on the elastic stress field outside the plastic zone.
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Figure 3.7 Simulation results obtained using the KP hardening law when the indenter passes the origin for the first three rolling contacts, (a) the effective plastic strain along the z axis, (b) the dimensionless total von Mises stress along the z axis, and (c) the dimensionless residual von Mises stress along the z axis.



Figures 3.8(a) and (b) show the histories of plastic stain components, ε 11p and ε 13p , along the rolling direction at z = 0.48 a 0 , respectively. The normal plastic strain, ε 11p , has small variation with repeated rolling contacts. The negative value of plastic shear strain, ε 13p , after the
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first passing indicates the noticeable lateral deformation along the rolling direction. The following rolling passages lift ε 13p upwards to zero and reduce the lateral deformation on the surface. (a)
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Figure 3.8 Simulation results obtained using the KP hardening law when the indenter passes x = 2 a 0 for the first three rolling contacts, (a) the normal plastic strain ε 11p along the x axis at z = 0.48 a 0 , and (b) the shear plastic strain ε 13p along the x axis z = 0.48 a 0 .



Comparisons of Different Hardening Laws Four different plasticity hardening behaviors: elastic-perfectly plastic (EPP), kinematic plastic (KP), linear isotropic kinematic plastic (LIKP), power isotropic kinematic plastic (PIKP) are included in this model for comparison. Table 3.1 lists the work hardening parameters used in the calculations. Figures 3.9-3.10 show the comparisons of the results obtained from these plasticity hardening laws.
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The variation of effective plastic strain versus the number of rolling passes at the Hertz depth of 0.48 a 0 below the origin is presented in Fig. 3.9(a), and the profiles of effective plastic strain along depth at the origin after the 3rd passing are plotted in Fig. 3.9(b) for different hardening laws. After the third passing, the maximum effective plastic strains obtained from the EPP, KP, PIKP and LIKP laws are 0.437%, 0.435%, 0.268%, 0.205%, respectively. Effective plastic strains using all hardening laws drop significantly with the cyclic loading. In addition, increments of the effective plastic strain corresponding to the PIKP and LIKP laws drop faster than those to the EPP and KP laws do. The range of the plastic zone is not affected by the strain-hardening laws obviously.
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Figure 3.9 Result comparisons of plastic strain from different strain hardening laws, (a) variations of effective plastic strain at z = 0.48 a0 below the origin as a function of the number of passes, and (b) effective plastic strain along the z axis after the third rolling pass.
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Figure 3.10(a) shows the dimensionless von Mises stress along the z axis when the indenter passes the origin for the third time. Due to the strong counteracting effect of the residual stress induced by the plastic strain in the neighboring space, the von Mises stresses from the EPP and KP laws are less than the initial yield strength, σ Y , within the plastic zone. However, the von Mises stresses from the PIKP and LIKP laws are larger than σ Y because of the weak effect of residual stress and the increased yield strength caused by work hardening. Figure 3.10(b) shows the curves of shear strain ε 13 versus shear stress σ 13 at z = 0.48 a 0 below the origin under the repeated rolling contacts. At the beginning, the purely elastic loading curves obtained using the EPP and LIKP laws overlap. When no plastic deformation occurs at the point of (0, 0, 0.48 a 0 ), the slopes of the stress-strain curves are the same as those of the purely elastic loading curves. For materials with the EPP behavior, ε 13 changes with σ 13 in each cycle, although the



ε 13 increment decreases with cyclic σ 13 . On the other hand, for the materials with the LIKP behavior, the curve of



ε 13 versus σ 13 becomes almost reversed after the first rolling pass. It



implies that the LIKP materials possess a strong work hardening character.
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Figure 3.10 Result comparisons of stress from different strain hardening laws, (a) the dimensionless von Mises stress along the z axis when the indenter passes the origin for the third time, and (b) curves of shear strain, ε 13 , versus shear stress, σ 13 , at z = 0.48 a 0 .



Shakedown and Ratchetting In order to investigate the steady-state (shakedown) and accumulative plastic deformation (ratchetting) in repeated rolling contacts, the plastic strain volume integral (PV), η, is first defined in Eq. (3.29), which can be used as an index to measuring the volume summation of plastic deformation in the entire space. Nv



η = ∫∫∫ λdV = ∆Ω ⋅ ∑ λ (i ) V



(3.29)



i =1



where ∆Ω is the elementary volume, N v the number of yield elements where the plastic strain has a none zero value, and λ (i ) the effective plastic strain in the ith element. “Shakedown” indicates the state where the PV increment vanishes beyond a certain number of rolling passes. On the other hand, “ratcketting” means the ceaseless accumulation of
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PV in the half-space under cyclic rolling contacts. Johnson [1985] discussed the shakedown phenomenon in terms of the ratio of the Hertz peak pressure versus material shear strength, p0 k s . The shakedown limit refers to a critical value of p0 k s , above which the contacting body will involve accumulative plastic deformation under a repeated rolling. The theoretical shakedown limit for the three-dimensional spherical rolling contact of an elastic-perfectly plastic solid is p0 k s = 4.68 [Johnson, 1985]. Three different relative peak pressure values, p0 k s = 3.84, 5.21, and 5.83, were used to investigate the load effect on plastic deformation accumulation. The PV increment, ∆η, as a function of the number of rolling passes are presented in Fig. 3.11(a) for the material with the KP hardening behavior. The half-space can reach the shakedown state when the relative peak pressure p0 k s is 3.84 or 5.21. Actually, increase in the peak pressure can elongate the period leading to the state of shakedown. For p0 k s = 5.83, the PV increment drops fast and converges to one stable value (about 9um3), by the amount of which the half-space involves a “ratchetting” of PV in each cycle. The half-space experiences shakedown (at p0 k s = 5.21) above the theoretical shakedown limit for



the



rolling



contact



because



the



current



model



considers



influences



of



the



conformingly-deformed contact geometry and strain hardening. In addition, the strain hardening law type can change the shakedown and ratchetting behaviors. Figure 3.11(b) shows the PV increment versus the number of passes for different hardening laws when p0 k s = 5.83. For the KP material, repeated ratchetting of plastic deformation occurs under this condition, while the PIKP material shakedowns at the rolling pass number of 13 and the LIKP material shakedowns at an even lower rolling pass number.
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Figure 3.11 Shakedown and ratcheting behaviors, (a) the increment of the plastic strain volume integral (PV) versus the rolling pass number for different relative peak pressure values of p0 / k s , and (b) the PV increment versus the rolling pass number for different strain hardening laws (The numbers indicate the cycle number when shakedown occurs).



3.4.2 Repeated Sliding Contacts In the simulations of repeated sliding contacts, the indenter is brought into contact with the half-space by a normal load of 18.2N, corresponding to p0 k s = 4.68, the Hertz radius a 0 = 102um, and the Hertz interference ω 0 ω c = 2.8. At the same time, a surface shear traction, equal to the product of a friction coefficient, µ f , and the normal pressure, is applied along the positive x axis on the contact interface. Similarly, the rigid ball indenter slides from (-2 a 0 , 0) to (2 a 0 , 0) in each sliding pass, and the half-space possesses a KP hardening behavior. In order to investigate the effect of shear traction on the repeated sliding contact, various friction
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coefficients µ f =0.0 (rolling), 0.1, 0.14, and 0.18 are used. Figure 3.12 and 3.13 present the comparisons of simulation results obtained for different friction coefficients when the indenter passes the origin for the second time. As shown in Fig. 3.12(a), the von Mises stress intensity increases with friction coefficient in the near surface layer and the plastic zone, while remains unchanged below the plastic zone. The increment in stress intensity induced by shear traction can lead to more plastic deformation; it may make the materials experience ratcketting under a lighter load. Therefore, the shakedown limit can be reduced by increasing shear traction. This is consistent with the well known conclusion [Johnson, 1985]. Figure 3.12(b) indicates that the friction coefficient increment enhances the effective plastic strain and also lifts the position of maximum effective plastic strain towards the surface. However, the range of the plastic zone is not influence by friction. Figure 3.12(c) presents the residual stress profiles along the z axis for various friction coefficients. The increase in friction coefficient reduces the residual stress intensity in the plastic zone. Contrary to the residual stress intensity in repeated rolling contacts (see Fig. 3.7(c)), the residual stress intensity decreases with the increased effective plastic strain in repeated sliding contacts.
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Figure 3.12 Results of the repeated sliding contacts for different friction coefficients when the indenter passes the origin for the second time, (a) the dimensionless total von Mises stress along the z axis, (b) the effective plastic strain along the z axis, and (c) the dimensionless residual von Mises stress along the z axis.



The detailed information of the stress-strain states for different friction coefficients is presented in Figure 3.13 after the second sliding pass. The profiles of the plastic strain components, ε 11p and ε 13p , along the x axis at z = 0.48 a 0 are plotted in Figure 3.13(a) and (b),
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respectively. The increase in friction coefficient reduces the normal plastic strain, ε 11p , within the sliding zone. This is because the reversed tangential load due to the sliding contact can alleviate the normal plastic deformation along the sliding direction. On the other hand, the shear plastic strain component, ε 13p , along the sliding direction increases significantly with the increasing friction coefficient. The reason is that the intenser shear stress field due to the increasing friction coefficient can generate larger irreversible shear plastic strain. In addition, the relatively large plastic strains, ε 11p and ε 13p , indicate the presence of surface lateral deformation drifting along the sliding direction. The increase of friction coefficient actually intensifies the degree of tangential plowing. Figure 3.13 (c) shows the profiles of normal residual stress component, σ 11r , along the z axis after unloading. It indicates that the compressive normal residual stress, σ 11r , in the plastic zone decreases with friction coefficient. This behavior is consistent with the trend of the normal plastic strain component, ε 11p . The increase in friction coefficient first enhances the tensile residual stress component, σ 11r , near the surface, but further friction increment reduces the tensile part of σ 11r .
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Figure 3.13 Results of the repeated sliding contacts for different friction coefficients after the second passing, (a) the normal plastic strain ε 11p along the x axis at z = 0.48 a 0 , (b) the shear plastic strain ε 13p along the x axis at z = 0.48 a 0 , and (c) the normal residual stress σ 11r along the z axis.
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3.5 Summary A three-dimensional elasto-plastic model has been developed for the contact of a spherical indenter over a half-space. This model employs a universal integration algorithm for elastoplasticity involving isotropic and kinematic hardening. Verification of this model was made through comparing numerical results of the current model with published FEM solutions for a normal indentation test. The current model was utilized to simulate evolutions of plastic strain, and total and residual stresses under the repeated rolling and sliding contacts. Four different strain hardening behaviors of materials, elastic-perfectly plastic (EPP), kinematic plastic (KP) and linear/power isotropic kinematic plastic (LIKP/PIKP), were extensively simulated and compared. The results indicate that the EPP material has the weakest capability of resisting further plastic deformation. The shakedown state may be readily achieved at a lighter load in a solid with the isotropic hardening character. In the simulation of repeated sliding contact, a Coulomb shear traction is applied with the normal pressure. Increase in friction coefficient enhances the plastic strain, the stress intensity, and the degree of tangential plowing; however, it reduces the residual stress intensity in the plastic zone after unloading.
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CHAPTER FOUR: ELASTO-PLASTIC CONTACT MODEL AND ANALYSIS OF NOMINALLY FLAT SURFACES Interaction of nominally flat engineering surfaces that leads to a large contact area exist in may mechanical systems. All the engineering surfaces are inevitably rough, and asperity tips may come into contact first and deform plastically. It is of importance to investigate the stress disturbance and the plastic strain distribution caused by surface irregularities. Considering the fact that the engineering surface may be formed by periodically extending the topography in a representative area, a numerical three-dimensional elasto-plastic contact model can be developed to simulate the contact of two nominally flat surfaces with the assistance of the frequency response function (FRF) and the continuous convolution and Fourier transform (CC-FT) algorithm. FRFs of elastic/plastic displacements and stresses are first derived in this chapter. This model is validated by comparing the numerical results with the published experimental data for the contact of a two-dimensional sinusoidal surface and a rigid flat. The contact analysis provides the results of the average surface gap, the contact area ratio, and the volume of plastically deformed material, which may be defined as performance variables. Empirical formulas are developed to correlate performance variables with surface roughness, material properties, and the load based on results of a group of full contact simulations.



Keywords: Nominally flat surface, CC-FT, Roughness, Contact performance formulas
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4.1 Introduction When two elements are brought into contact and relative motion, interfacial normal and shear tractions occur due to the direct interaction of the asperities of two surfaces in the dry contact. Contact analysis provides a basis for the investigation of many surface-related phenomena, such as roll-contact fatigue [Epstein et al., 2003], crack propagation [Polonsky and Keer, 2001] and wear [Johnson, 1995], which are of importance to the design of mechanical components. Variations in surface topography and material properties may have significant effects on contact behaviors of rough surfaces. Thus, a comprehensive investigation of these effects is a critical step towards understanding tribological phenomena in mechanical systems. Numerical models and simulations of rough surface contacts were reviewed thoroughly by Bhushan [1998] and Adams and Nosonovsky [2000]. A pioneered statistical model for the elastic contact between rough surfaces was introduced by Greenwood and Williamson [1966]. Whitehouse and Archard [1970] treated the rough surface as a waveform of a random signal, which could be completely defined by two factors, the height distribution and the autocorrelation function (ACF). Chang et al. [1987] extended the Greenwood and Williamson model to consider the plasticity of deformed asperities and formulated the contact area as a function of contact interference. Yu and Polycarpou [2002] studied the rough surface contact by assuming the topography has an asymmetric Weibull asperity height distribution. Tayebi and Polycarpou [2004] investigated the effects of skewness and kurtosis on the static friction coefficient. These statistical models may provide a fast
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estimation of a contact situation. However, it is difficult to use these models to portray details of the real contact area, stress and strain fields. On the other hand, rough surface contact problems can be formulated by means of the explicit relationship between excitation and material response. An exact solution for the elastic contact of one-dimensional sinusoidal surface with a flat was investigated by Westergaard [1939] and Dundurs et al. [1973]. Experimental results and numerical simulations of contact areas for two-dimensional sinusoidal surfaces were reported by Johnson et al. [1985]. The elasto-plastic single asperity contact models developed by Kogut and Etsion [2002] and Jackson and Green [2005] using finite element method (FEM) have been used in more accurate statistical contact models of the rough surface [Kogut and Etsion, 2003a; Jackson and Green, 2006]. A frictionless FEM contact model between a rigid plane and an elasto-plastic solid with a self-affine fractal surface was presented by Pei et al. [2005]. Recently, Gao et al. [2005] conducted a comprehensive FEM analysis on the elasto-plastic contact of one-dimensional sinusoidal surface. FEM needs a large amount of elements to mesh the fine surface roughness, which causes an intensive computation burden. The Gaussian distribution of asperity heights is assumed in many rough surface contact models [Greenwood and Williamson, 1966; Whitehouse and Archard, 1970; Chang et al., 1987; Kogut and Etsion, 2003a; Jackson and Green, 2006; Lee and Ren, 1996; Yu and Bhushan, 1996]. Actually, this assumption is not rigorously true for most engineering surfaces produced by common machining processes. For instance, the grooved surfaces generated by grinding and honing processes may have negative skewness and high kurtosis. A two-dimensional digital
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filtration technology has been developed by Hu and Tonder [1992] to generate random surfaces with a specified ACF and the first four order statistical moments, which can be retrieved from digital surfaces sampled by a modern measurement device. The influence of non-Gaussian features of an asperity height distribution on contact behaviors has been discussed in a number of literatures [Yu and Polycarpou, 2002; Tayebi and Polycarpou, 2004; Kim et al., 2006; Wang et al., 2006]. A semi-analytical model based on the Boussinesq-Cerruti integral equations can also be employed to simulate rough-surface contact problems in conjunction with the fast Fourier transform (FFT) algorithm. Lee and Ren [1996] conducted a group of contact simulations with a wide range of surface topographical parameters for elastic-perfectly plastic materials. The contact area and subsurface stress fields have been extensively investigated for various statistical parameters of surface roughness and material hardness by Yu and Bhushan [1996] and Kim et al. [2006]. Epstein et al. [2003] studied the fatigue life of real rough surfaces of lubricated machine components. Wang et al. [2006] analyzed the contact area ratio, maximum contact pressure, and average film thickness with different values of skewness, kurtosis and RMS of roughness. Wang et al. [2004] utilized the continuous convolution and Fourier transform (CC-FT) algorithm, based on the frequency response function (FRF), to investigate the asperity contact in the mix lubrication regime, and they assumed that the surface roughness is periodic expandable. Based on the approach by Wang et al. [2004], the counterformal elasto-plastic contact model proposed by Jacq et al. [2002] was extended by Chen et al. [2007, 2008a] to solve the elasto-plastic contact involving infinitely large rough surfaces by means of periodic domain extension.
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Reported in this chapter are the formulation of a three-dimensional numerical elasto-plastic contact model for nominally flat surfaces and the performance analyses of contacts involving a wide range of surface roughness, material properties, and loading conditions. The contact algorithm and the elastoplasticity model used in this model are the same to those in Chapter three, and can be borrowed directly. The CC-FT algorithm shown in Section 2.3.1 is used here to calculate the displacements and stresses instead of the DC-FFT algorithm for the counterformal contact model in Chapter three. FRFs of the elastic field caused by surface tractions and plastic strains are discussed in detail. This model does not make any assumption on the asperity shape and the height distribution, and fully takes into account the bulk deformation and the interactions among neighboring asperities. The rough surfaces having different statistical parameters and ranging from isotropic and strongly anisotropic are generated by computer and simulated. Materials have a linear isotropic hardening behavior (in Eq. (3.18)) in this chapter. Effects of surface topographical parameters, correlation length ratio, Young’s modulus, load, and a strain hardening parameter on the contact performance are extensively investigated. Based on results of the full simulation, a group of convenient regression formulas for the contact performance is constructed.



4.2 Theoretical Background



4.2.1 Numerical Generation of a Nominally Flat Surface A real engineering surface may be large and can be created by periodically extending a representative domain along two dimensions (shown in Fig. 4.1(b)). The representative domain
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(in Fig. 4.1(a)) has the same statistic parameters as the full nominally flat surface; and the contact analysis can be performed on this characteristic domain. Such a periodical domain extension is in favor of the application of the CC-FT algorithm, and the response should have the same period as the excitation loading [Liu et al., 2007a; Chen et al., 2008a].



W



ω



(a)



(b)



Figure 4.1 Numerical generation of nominally flat surface, (a) the contact on a representative domain, and (b) periodic extension of a representative domain.



A small surface patch used as the representative domain may be obtained from the measurement of the modern apparatus or from the numerical procedure of virtual rough surface generation. The numerical procedure is more flexible in terms of the surface roughness parameters and the mesh resolution. Based on the digital filtration technology proposed by Hu and Tonder [1992], a numerical surface-synthesis tool is developed for the generation of random rough surfaces with a known autocorrelation function (ACF) and the first four orders of moments of the asperity height
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distribution. If a surface is sampled as a two dimensional matrix, hi (i, j ) , its ACF, Rz , is defined as, 1 Rz (k , l ) = N1 N 2



N1 −1 N 2 −1



∑ ∑ h (i, j) ⋅ h (i + k , j + l ) i



(4.1)



i



i =0 j = 0



Here, N1 and N2 are the numbers of grids in two dimensions. Assume that surfaces studied in this chapter have an exponential ACF shown in Eq. (4.2).
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(4.2)



where Rq is the standard deviation of surface heights (namely, RMS), β x and β y are the correlation lengths defined as the coordinate values where the ACFs along x and y dimensions respectively drop to 10% of their values at the origin. The ratio of correlation lengths,



γ ∗ = β x β y , may be used to indicate the degree of surface anisotropy. γ ∗ = 1 implies an isotropic surface, while γ ∗ >> 1 features a longitudinal surface along the x axis. On the other hand, RMS roughness Rq, skewness Sk, and kurtosis K are the most important moments characterizing the asperity height distribution. Their definitions are given as follows,
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(4.3)



Here, hi is the expectation of asperity heights. A Gaussian distribution has zero skewness and a kurtosis of 3. Surfaces with negative skewness have more valleys than peaks. In addition, a surface with kurtosis larger than 3 may have more sharp peaks and deep valleys, while that with
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kurtosis smaller than 3 may have more blunt peaks and flat valleys. Details of the Hu and Tonder’s algorithm are summarized in Appendix C. Three typical computer-generated surfaces used in the contact simulations are presented in Fig. 4.2. These surfaces are given on a 128×128 mesh system whose sampling resolution is 7um×7um. The RMS roughness Rq is 0.667um, and β y =40um. Figure 4.2(a) shows a Gaussian and isotropic surface. The surface in Fig. 4.2(b) has the correlation length ratio of γ ∗ = 7, which clearly demonstrates anisotropic feature. Figure 4.3(c) gives a negative-skewness surface topography, which obviously has smoother peaks and more valleys as compared to a Gaussian surface.
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Figure 4.2 Generated rough surfaces, (a) a Gaussian surface, (b) a rough surface with a longitudinal texture, and (c) a rough surface with negative skewness.
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4.2.2 FRF of the Elastic Field Due to Surface Tractions on a Half-Space In this derivation, both the normal pressure, p, and the tangential traction (along the x axis), qx, distribute periodically on the half space surface; the x and y axes are at the surface and the z axis points into the half-space. The elastic field in a half space can be expressed in terms of the Papkovich-Neuber potentials, ψ 1 ,ψ 2 ,ψ 3 (only two of them are independent, therefore, assume that ψ 2 = 0) and ϕ [O’Sullivan and King, 1988]. In the absence of body force, all of the



potentials



are



harmonic



functions



(i.e.



Laplacian



operation



equals



zero,



∂2 f ∂2 f ∂2 f ∇ f = 2 + 2 + 2 = 0 ). Displacements and stresses can be expressed as functions of ∂x ∂y ∂z 2



potential functions,



2µu j = ϕ, j + xψ 1, j + zψ 3, j − (3 − 4ν )ψ j σ jk = 2µ (ε jk +



ν 1 − 2ν



 



δ jk ε ll ) = 2µ (u j ,k + u k , j ) / 2 +



ν 1 − 2ν



 



δ jk ul ,l 



(4.4)



where ν and µ are the Poisson’s ratio and shear modulus of the half-space, and δ jk is the Kronecker delta function. Frequency response functions of displacements and stresses at the depth, z, can be obtained by taking the double Fourier transform on both sides of Eq. (4.4) with respect to coordinates x and y. Because Papkovich-Neuber potentials are harmonic functions, double Fourier transforms of these potentials can be expressed in terms of exponential functions with six unknown coefficients A, A’, B, B’, C, and C’,



~



ϕ~ = Ae −αz + A' eαz ;



~



ψ~1 = Be −αz + B' eαz ;



~



ψ~3 = Ce −αz + C ' eαz



(4.5)



where m and n are the coordinates in the frequency domain corresponding to x and y, and
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α = m 2 + n 2 . In order to make the elastic field finite for the infinite value of z, coefficients A’, B’ and C’ should be zero. Based on FT properties (1)-(3) in Appendix D, the Fourier transform of the elastic field can then be written in terms of unknown coefficients A, B and C. Boundary conditions at z = 0 include:



~



~



σ~33 (m, n,0) = − ~p (m, n);



~



~



σ~13 (m, n,0) = −q~x (m, n);



~



σ~23 (m, n,0) = 0



(4.5)



The three boundary conditions result in three linear equations, which can be used to solve the three unknown coefficients A, B and C. (1 − 2ν ) ~ m(2ν − 1) 2 ~ ~ p + i q~x ; 3 2 2α (ν − 1) α 1~ m(2ν − 1) ~ C=− ~ p +i q~x α 2(ν − 1)α 2 A=



B=



~ 1 q~x 2(ν − 1)α



(4.6)



where i = − 1 . Substitution of coefficients into the transformed elastic field leads to FRFs of the normal displacement and subsurface stresses caused by surface tractions [Liu and Wang, 2002], ~ ~  2ν − 1 z  −αz ~  2(1 − ν )  2µu~3 (m, n, z ) =  + z e −αz ⋅ ~ p + i 2 − me ⋅ q~x α  α   α



(4.7)



~



~



~



~



~



σ~11 (m, n, z ) = [m 2 (αz − 1) − 2νn 2 ]α −2 e −αz ⋅ ~p + i[2(1 + ν )mα −1 − 2νm 3α −3 − m 3α −2 z ]e −αz ⋅ q~x ~



σ~22 (m, n, z ) = [n 2 (αz − 1) − 2νm 2 ]α −2 e −αz ⋅ ~p + i[2νmα −1 − 2νmn 2α −3 − mn 2α −2 z ]e −αz ⋅ q~x ~ ~ ~ σ~33 (m, n, z ) = −(αz + 1)e −αz ⋅ ~p + imze −αz ⋅ q~x ~



~



~



σ~12 (m, n, z ) = mn(αz − 1 + 2ν )α −2 e −αz ⋅ ~p + i[nα −1 − 2νnm 2α −3 − nm 2α −2 z ]e −αz ⋅ q~x ~



~



~



σ~13 (m, n, z ) = imze −αz ⋅ ~p + (m 2 zα −1 − 1)e −αz ⋅ q~x ~ ~ ~ σ~23 (m, n, z ) = inze −αz ⋅ ~p + mnzα −1e −αz ⋅ q~x



(4.8)



The FRF of surface normal displacement caused by a unit concentrated normal force, given in Eq.
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~ ~ (2.7), can be recovered by substituting q~x = 0 and ~p = 1 into Eq. (4.7). Similarly, substitution ~ ~ of q~x = 1 and ~p = 0 into Eq. (4.7) yields the FRF of surface normal displacement caused by a



unit concentrated tangential force at the origin. ~ ~ 2ν − 1 2(1 + ν )(1 − 2ν )im ~ G3s = u~3 (m, n,0) = im 2 = − 2α µ 2α 2 E



(4.9)



4.2.3 FRF of the Surface Normal Residual Displacement Equation (3.7) gives the solution of surface normal residual displacement, u 3( 2) , due to plastic strains, ε jkp . Applying the double Fourier transform on Eq. (3.7) with respect to coordinates x and y and using the FT property (4) shown in Appendix D, one has,



~ ∞ ~ ~ ~ u~3( 2) (m, n) = ∫ ε~jkp (m, n, z ' )T jkn (−m,−n, z ' )dz' −∞



(4.10)



~ ~ Here, T jkn (m, n, z ) are the FRFs of stresses caused by the unit concentrated normal force at the ~ ~ origin, which may be obtained by applying ~s = 0 and ~p = 1 in Eq. (4.8). So far, the horizontal



coordinates are in the frequency domain, while the vertical coordinate, z, is still in the space domain. The subsurface domain is divided into N3 equispaced layers (the layer thickness is 2∆3) along the z axis. The residual displacement can be rewritten as the superposition of the contributions of all layers. N3 −1 ~ 2 (γ +1) ∆3 ~ ~ ~ u~3( 2) (m, n) = ∑ ∫ ε~jkp (m, n, z ' )T jkn (−m,−n, z ' )dz '   2 ∆ γ 3 γ =0 



(4.11)



The plastic strains are assumed to be independent of the z coordinate in each layer, and then they can be factored from the integral,



107 N 3 −1 2 (γ +1) ∆ 3 ~ ~ ~ ~ u~3( 2 ) (m, n) = ∑ ε~jkp [γ ] (m, n) ∫ T jkn (−m,−n, z ' )dz '   2 γ∆ 3 γ =0  Nz ~ ~ ~ = ∑ ε~jkp [γ ] (m, n)G3r jk [γ ] (m, n)



(4.12)



γ =1



~ Here, ε~ jkp [γ ] means the double Fourier transform of the plastic strain component, ε jkp , at



~ 2 ( γ +1) ∆ 3 ~ ~ ~ T jkn (− m,− n, z ' )dz ' is called the FRF of the surface the γth layer, and G3r jk [γ ] (m, n) = ∫ 2 γ∆ 3



~ ~ ~ residual displacement corresponding to ε~ jkp [γ ] . The indefinite integrals of T jkn in terms of the z



axis are listed in Eq. (4.13). ~ m 2 e −αz (1 − αz ) + e −αz (2νn 2 − 1) ~n T ( m , n , z ) dz = 3 ∫ 11



(4.13)



α



~ ~ ~n ~n T ( m , n , z ) dz = T ∫ 22 ∫ 11 (n, m, z)dz ,



~ e −αz (αz + 2) ~n T ( m , n , z ) dz = ∫ 33



~ − mn(αz + 2ν )e −αz ~n , 3 ∫ T12 (m, n, z )dz =



~ m(1 + αz )e −αz ~n 2 ∫ T13 (m, n, z)dz = −i



α



~ ~n



∫T



23



α



α



~ ~ (m, n, z )dz = ∫ T13n (n, m, z )dz



4.2.4 FRF of the Residual Stress in a Half-Space by a Numerical Approach However, for the residual stress field in a half-space caused by plastic strains, the analytical form of FRF is unavailable, and the derivation needs significant analytical endeavor. On the other hand, the method to calculate influence coefficients (IC) of the residual stress can be found from an existing literature [Jacq et al., 2002], which is given in Appendix G. The efficient way to obtaining the discrete series of FRF from IC, shown in Section 2.2.4, can be used here to find the FRF series for residual stress.
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4.3 Validation, Contact Involving a Bi-sinusoidal Surface In order to validate this model, a contact of a rigid flat with a wavy surface is considered (in Fig. 4.3). The wavy surface possesses a bi-sinusoidal geometry, which extends periodically in two directions and has an initial shape hi. hi ( x, y ) = A p [1 − cos(2πx λ ) cos(2πy λ )]



(4.14)



where Ap and λ are the amplitude and wavelength of the sinusoidal surface. Suppose the two surfaces are brought into contact under a mean pressure, p . According to Johnson et al. [1985], if the mean pressure, p , exceeds a certain value, p ∗ = 2πE ∗ A p / λ , the gap between the flat plane and valleys of the sinusoidal surface should be completely closed. Here, E ∗ is the equivalent Young’s modulus. If p < p ∗ , only partial contact occurs.



Figure 4.3 Cross section of the contact involving a bi-sinusoidal surface.



The exact solution for the contact pressure of the two-dimensional wavy surface is not available; therefore, the numerical procedure of contact in Section 3.2.6 was employed here to obtain the contact pressure and actual contact area with the assistance of the CC-FT algorithm and FRFs given in Section 4.2. The dimension of the characteristic domain retrieved from the infinite space is 2λ × 2λ × λ , which was meshed into 64 × 64 × 32 grid elements. A p λ = 1 320 .
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Material properties are: E = 210GPa and ν = 0.3. Johnson et al. [1985] performed an experimental investigation of the variation of the contact area as a function of the external load for a purely elastic contact. Figure 4.4 presents the comparisons of the contact areas from the numerical



prediction



and



experimental



observation



at



three



average



pressures:



p / p ∗ = 0.08, 0.14 and 0.35 . Contact spots are approximately circular at a light load, p / p ∗ = 0.08 , and then become rectangles at p / p ∗ = 0.14 . When the pressure ratio, p / p ∗ , further increases up to 0.35, the separate contact spots link to each other and form a continuous region embracing rectangular non-contact areas. The ratios of real to apparent contact area obtained from the numerical simulation and the experiment are listed in Table 4.1. The numerical results show a satisfactory agreement with the experimental observations reported by Johnson et al. [1985]. Note that the axes of Fig. 9 in the literature [Johnson et al., 1985] are at 45º to those of Fig. 4.4.



Table 4.1 Ratios of real to apparent contact area p / p∗



Numerical Results Experimental Results



0.08 0.173 0.170



0.14 0.275 0.280



0.35 0.583 0.520
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Experiments



Simulations



p / p ∗ = 0.08



p / p ∗ = 0.14



p / p ∗ = 0.35



Figure 4.4 Evolution of the contact area as a function of the load. (White zones are the contact areas while black ones are non-contact areas.)



4.4 Contact Analysis and Regression Formulas Three-dimensional simulations were conducted for a frictionless contact involving a rigid half-space and an elasto-plastic body, whose surface is rough and generated by the method mentioned in Section 4.2.1. The rigid surface is assumed to be smooth for simplicity. The mean contact pressure is p . This analysis takes seven dimensionless variables as input factors under investigation: correlation length ratio γ ∗ = β x β y , asperity shape ratio χ = β y Rq , roughness skewness Sk , roughness kurtosis K , ratio of Young’s modulus to yield strength M = E ∗ σ Y , hardening
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modulus ratio S = ET E , and dimensionless average pressure L = p σ Y . Three output results are denoted as the performance variables: dimensionless average surface gap Γ = h Rq , contact area ratio Λ = Ac An , and dimensionless volume of plastically deformed zone Ω = V p An Rq . Here, σ Y is the initial yield strength, An the nominal contact area, and V p the total volume in the body where plastic strains have non-zero values. Actually, the choice of the number of mesh grids over the simulated representative domain can have a significant influence on the results of contact simulations. The variations of contact area ratio and plastic deformed volume versus the average pressure, when different mesh resolutions are applied in the contact simulation, have been calculated for comparison purpose. The analyses show that the performance variables are sensitive to the number of mesh grids until the use of 128×128×19. Further refinement of mesh dimension beyond the values of 128×128×19 has relatively little effect on the contact performance. Thus, a 128×128×19 mesh system is used here to discretize the representative domain of rough surface without losing accuracy, and the element is 7um×7um in size. Along the depth direction, the domain is discretized into 19 layers spaced with 7um each. In order to investigate the effects of input factors on the response of rough surface contacts, levels of the input factors within reasonable ranges were selected, as listed in Table 4.2. The performance variables were compared when one factor varied from a lower to a higher level while the others were kept at the same level. Totally, 27 contact cases were fully simulated for the parametric study. Three separately generated rough surfaces were evaluated for each case,
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and the average values of outputs were used. For the case with γ ∗ = 1, χ =60, Sk = 0, K = 3, M = 500, S = 0.2, and L = 1.0, the simulation results indicate that 37.1% of the nominal area is in contact, the average gap, Γ = h / Rq , is 0.549, and plastically deformed volume is mainly located at a thin layer near the surface with a magnitude of Ω =13.04. Figure 4.5 shows the contours of the von Mises stress and the effective plastic strain in one cross section for this case.



Table 4.2 Ranges and levels of input variables in the contact simulation Factors γ* χ M Sk K S L



Ranges 1~9 10~150 100~800 -0.8~0.8 2~9 0.1~0.5 0.002~1.0



Levels 1, 2, 3, 5, 7, 9 10, 20, 40, 60, 100, 150 100, 200, 300, 500, 600, 800 -0.8, -0.4, 0.0, 0.4, 0.8 2, 2.5, 3, 5, 9 0.1, 0.2, 0.3, 0.5 21 equispaced levels
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Figure 4.5 Simulation results of an example case, (a) map of the von Mises stress, and (b) map of the effective plastic strain.
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4.4.1 Average Surface Gap The average surface gap means the distance between the central surface (analogous to the central line of a two-dimensional profile) of the rough surface and the rigid flat, which is of importance for the elastohydrodynamic lubrication effect and interfacial adhesion. The variations of the average surface gap versus input factors are plotted in Fig. 4.6 in a log-log scale. The average gap is the largest when the surface is isotropic ( γ ∗ = 1 ), and the surface anisotropy may results in a decrease in the average gap. This trend is consistent with that found by Lee and Ren [1996]. For the surface with sharp and high asperities (small β y and large Rq ), the interfacial gap is large, and vice verse. In order to avoid logarithm on a negative value, the value of Sk+1, instead of Sk, is used in the study. The average gap increases with the increase in skewness under the light load, p = 0.1Y . This result can be verified by the comparison with the observations in other literatures [Yu and Polycarpou, 2002; Tayebi and Polycarpou, 2004; Kim et al., 2006], because the simulations in these works were conducted at a light load comparable with p = 0.1Y . However, the effect of skewness is reversed under the heavy load, p = 1.0Y . The increment of skewness is likely due to the increase in the number of tall asperities. At a low pressure, asperity peaks are sufficient to support the applied load, so that the surface gap is determined by the heights of peaks. On the other hand, asperities deform more plastically and are compressed closer to the central line at a higher pressure, thus the gap is determined by the depths of valleys. Kurtosis slightly increases the average gap at light loads, which is consistent with the conclusion made by Tayebei and Polycarpou [2004]. But the increase in kurtosis leads to a reduction of the
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gap at a high average pressure. The reason is that sharper peaks indicated by a larger kurtosis have worse deformation resistance than blunter peaks indicated by a smaller kurtosis. For more compliant materials (smaller M), the contact exhibits intenser deformation and has smaller average gap than a more rigid material does. The same effect of elastic modulus on the average gap was also reported by Quicksall et al. [2004] for the single asperity contact. In addition, Kogut and Etsion [2002, 2003a] showed that the difference in the contact performance of materials with various tangential hardening moduli is much small. The current work also demonstrates that strain hardening parameter, S = ET / E , does not noticeably change the average gap under either light or heavy load. Pertaining to the most important load factor L, the average gap is inversely proportional to the average pressure, p .
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Figure 4.6 Variations of the average gap as a function of (a) γ ∗ = β x β y , (b) χ = β y Rq , (c) Sk+1, (d) K, (e) M = E ∗ Y , or (f) L = p Y .
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Figure 4.6 (continued).



Full simulations of elasto-plastic contacts are generally complicated and time-consuming. In order to estimate the contact performance rapidly, the results of the full simulation may be utilized to build convenient empirical formulas. Empirical equations for single-asperity contact performances have been presented by many researchers [Greenwood and Williamson, 1966;
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Whitehouse and Archard, 1970; Chang et al., 1987; Kogut and Etsion, 2002; Jackson and Green, 2005], which correlate the real contact area and the contact load with the contact interference of an individual asperity under either elastic or elasto-plastic contact situation. Applying these equations on each single asperity of the rough surface, the empirical equations for rough surface contacts were developed [Chang et al., 1987; Kogut and Etsion, 2003a]. In addition, Lee and Ren [1996] built a set of curve fitting equations for the contact area and the surface gap for elastic-perfectly plastic rough surface contact based on the simulation results from a semi-analytical method. In the current work, the contact performance is correlated with up to seven parameters, ranging from material properties to the surface topographical parameters and loading. In order to obtain the regression model for the gap, the relationships between the gap and all input factors are curve fitted into polynomial formulas in the log-log scale, respectively, and these polynomials are printed on the corresponding plot in Fig. 4.6. The regression formula for the surface gap is formed by assembling all the curve-fitting equations together with unspecified coefficients. Because the effects of skewness and kurtosis are influenced by the loading condition, some necessary crossing terms with interactive factors should be embedded into the tentative regression model, as indicated in Eq. (4.15).



ln Γ = a0 + a1 ln γ * + a 2 ln χ + a3 ln 2 χ + a 4 ln(Sk + 1) + a5 ln 2 ( Sk + 1) + a6 ln K + a7 ln M + a8 ln 2 M + a9 ln L + a10 ln 2 L + a11 ln 3 L + a12 ln L ln(Sk + 1) 2



(4.15)



2



+ a13 ln L ln(Sk + 1) + a14 ln L ln ( Sk + 1) + a15 ln L ln K Here, ai (i = 0…15) are the coefficients to be determined. All simulation results of surface gap, together with values of factors, are used to perform the linear multi-variable regression procedure.
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The unknown coefficients, ai, are calculated, and thus the empirical regression formula for surface gap can be obtained in terms of seven input factors.



Γ = 0.03154 ⋅ γ *( −0.0315) χ p1 ( Sk + 1) ( −0.0816) K ( −0.2049) M p 2 Lp 3



(4.16)



where p1 = 0.1443 − 0.0283 ln χ , p 2 = 0.8772 − 0.0645 ln M , p3 = −0.7691 − 0.1938 ln( Sk + 1) − 0.0994 ln K − 0.0208 ln L ln(Sk + 1) − 0.1994 ln L − 0.0166 ln 2 L



.



4.4.2 Contact Area Ratio Real contact areas are the places where gap vanishes and contact pressure occurs. The information of the ratio of contact area over nominal area is helpful for the investigation of friction, adhesion, and wear. Figure 4.7 presents the variations of the contact area ratio as functions of the seven factors in log-log scales. A very small increase of the contact area ratio can be detected with the increase in surface anisotropy. For the effect of asperity shape ratio, more areas are brought into contact if a surface has wide and short asperities. The same trend was found by Lee and Ren in [1996]. The contact area is reduced when one changes the skewness from negative to positive under a light load. A surface with negative skewness has some short peaks and deep valleys that yield a large contact area, whereas a positive skewness surface consists of some sharp asperities that reduce the contact area. However, the effect of skewness becomes trivial at high normal pressure because asperity tips can not sustain the applied load any more under the severe loading condition, and the number of peaks in contact is almost same for either negative or positive skewness surfaces. On the other hand, an increase in the asperity height and a decrease in the asperity density due to the increase in kurtosis lead to a decrease in
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the contact area. Similarly, the effect of kurtosis is unobvious under high average pressure. These phenomena related to skewness and kurtosis effects on the real contact area agree well with the results obtained by other researchers [Yu and Polycarpou, 2002; Tayebi and Polycarpou, 2004; Kim et al., 2006] at the same loading condition. A reduced contact interference and asperity deformation due to the increase in the material rigidity also results in a decreased contact area. Moreover, strain hardening parameter S does not have a significant effect on contact area ratio within the investigated loading range. The trivial effect of strain hardening parameter was also portrayed by Kogut and Etsion [2002, 2003a].



(b)



(a) -0.8



-0.8



-1.2



-1.2 -1.6



-2.0



ln(Λ )



ln(Λ )



-1.6



p=0.1Y p=0.5Y p=1.0Y



-2.4



p=0.1Y p=0.5Y p=1.0Y



-2.4



2



lnΛ=b30+b31ln(Sk+1)



-2.8



lnΛ=b20+b21lnχ+b22ln χ



-2.8



-2.0



-3.2



-3.2 2.0



2.5



3.0



3.5



4.0



4.5



5.0



-1.6



-1.2



ln(χ)



-0.8



-0.4



0.0



0.4



0.8



ln(Sk+1)



Figure 4.7 Variations of the contact area ratio as a function of (a) χ = β y Rq , (b) Sk+1, (c) K, (d) M = E ∗ Y , or (e) L = p Y .
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Figure 4.7 (continued).



After the multi-variable regression, the regression model for contact area ratio can be simplified as,



Λ = 10.0172 ⋅ γ *( 0.0025 ) χ p 4 ( Sk + 1) ( −0.0264 ) K ( 0.0304 ) M where p 4 = −0.2082 + 0.0365 ln χ , p5 = −0.9146 + 0.068 ln M ,



p5



Lp 6



(4.17)
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p 6 = 0.8219 − 0.021 ln χ + 0.0273 ln(Sk + 1) + 0.0411 ln K + 0.0292 ln M .



The exponent of the load parameter, p6, is close to 1. A roughly linear relationship can be detected between the average pressure and contact area ratio (also shown in Fig. 4.7(e)). The approximately linear relationship was also indicated by the empirical equations given by Chang et al. [1987] and Kogut and Etsion [2003a].



4.4.3 Plastically Deformed Volume The plastically deform volume, V p , is a index used to measure the size of volume involving plastic deformation. This index may offer an insight into the investigation of wear and fatigue phenomena. Profiles of the plastically deformed volume versus input variables are presented in Fig. 4.8 in the log-log coordinates. The plastically deformed volume is normalized by the product of nominal area An and RMS roughness Rq in the results. Dimensionless plastic volume Ω is the smallest when the surface is isotropic. An increase in surface anisotropy can introduce more irreversible deformation in a larger volume in bodies. When γ ∗ is larger than a certain value (about 7), plastically deformed volume becomes independent of the correlation length ratio because surfaces are all obviously longitudinal [Lee and Ren, 1996]. A significant increase in Ω is found as the asperity shape ratio, χ , increases. A surface with shorter and wider asperities induces a larger contact area, and further a larger volume of plasticity. The effect of skewness on the size of the plastic zone is not monotonic under a light load, however, Ω decreases with the increase in skewness for a heavy load. Under a low average pressure, plastically deformed volume drops significantly for a surface with very
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large or very small value of kurtosis, and varies mildly for a surface with a quasi-Gaussian height distribution. However, Ω increases slightly with kurtosis under a high average pressure. The plastic zone expands as the contact body becomes stiffer because a contact involving a more rigid body results in a higher intensity of contact pressure and subsurface stress, which may make more volume near asperity surface deform plastically. On the other hand, Ω decreases as the hardening slope, S, increases because existing plastic strain may have a stronger resistance to further expansion of plastic deformation when the contact body possesses an intenser work hardening effect. In addition, plastically deformed volume increases with the dimensional average pressure L in a nearly linear proportional way.
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Figure 4.8 Variations of the plastically deformed volume as a function of (a) γ ∗ = β x β y , (b)



χ = β y Rq , (c) Sk+1, (d) K, (e) M = E ∗ Y , (f) S = ET E , or (g) L = p Y .



122



(c)



(d) 3.0



2.5 2.5



2.0 2.0



1.5



ln(Ω )



ln(Ω )



1.5



p=0.1Y p=0.5Y p=1.0Y



1.0



0.5



0.5



2



0.0



2



lnΩ=c30+c31ln(Sk+1)+c32ln (Sk+1)



0.0



p=0.1Y p=0.5Y p=1.0Y



1.0



-0.5



-0.5 -1.6



-1.2



-0.8



-0.4



0.0



0.4



-1.0 0.4



0.8



0.8



1.2



ln(Sk+1)



(e)



3



lnΩ=c40+c41ln(K)+c42ln (K)+c43ln (K)



1.6



2.0



2.4



ln(K)



(f) 3 2.5



2



2.0



ln(Ω )



p=0.1Y p=0.5Y p=1.0Y



1.0



p=0.1Y p=0.5Y p=1.0Y



0.5



0 2



lnΩ=c50+c51lnM+c52ln M



0.0



-1



lnΩ=c60+c61lnS



-0.5



4.5



5.0



5.5



6.0



6.5



-2.5



7.0



-2.0



-1.5



ln(M)



ln(S)



4 2



(g)



0



ln(Ω )



ln(Ω )



1.5



1



-2



M=100 M=500 M=800



-4 -6



lnΩ=c70+c71lnL



-8 -7



-6



-5



-4



-3



-2



ln(L)



Figure 4.8 (continued).
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The reduced regression formula for plastically deformed volume is developed as follows,



Ω = 6.888 × 10 −4 ⋅ (γ *) p 7 χ p 8 ( Sk + 1) p 9 K p10 M



p11



S ( −0.1183) L p12



(4.18)



where p 7 = 0.4339 − 0.0995 ln γ * , p8 = 1.1695 − 0.0497 ln χ , p9 = −0.2305 − 0.0705 ln(Sk + 1) , p10 = −1.6159 + 1.3193 ln K − 0.3068 ln 2 K , p11 = 1.8138 − 0.1295 ln M ,



p12 = 2.5826 − 0.0523 ln γ * −0.0634 ln(Sk + 1) − 0.1505 ln 2 ( Sk + 1) + 0.7308 ln K − 0.1904 ln 2 K − 0.5467 ln M + 0.0415 ln 2 M + 0.014 ln L ln(Sk + 1)



.



These regression formulas are applicable when the input variables are within the corresponding regions listed in Table 4.2. Considering the fact that properties of most commonly used engineering materials fall into ranges shown in Table 4.2, these formulas can cover the needs of many engineering applications.



4.4.4 Regression Model Verification In order to verify these regression models, both the full numerical simulation and the empirical regression equations are applied on a contact involving a real rough surface to obtain the contact performances, and the results of two methods are compared. A 128×128 asperity height matrix is sampled from a real gear tooth surface with a grid space of 7um×7um, as shown in Fig. 4.9. The statistical moments of this surface are, Rq ≈ 1.035um, Sk ≈ -0.378, and K ≈ 5.029. This is an isotropic surface with a correlation length of β x ≈ β y ≈ 49um . The properties of contact body materials are those of a common steel, Young’s modulus E = 210GPa, Poisson ratio



ν = 0.3, yield strength σ Y = 308.3MPa, and hardening tangential modulus ET = 0.2E. Thus,
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dimensionless input variables can be calculated: χ ≈ 47.34, γ ∗ ≈ 1.0, M = 748.52, and S = 0.2. The mate flat surface is supposed to be rigid and smooth for simplicity. The results are calculated when the average pressure p varies from 0 to 1.0 σ Y .
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Figure 4.9 The real rough surface of a gear tooth.



Figure 4.10 presents comparisons of the results obtained from the regression model with those from the numerical simulation. These results clearly show a satisfactory agreement between the two types of methods. The maximum relative errors for the average gap, contact area ratio, and plastically deformed volume are 5.1%, 5.6% and 8.9%, respectively. Thus, the regression model can be an alternative and more efficient way to evaluate rough surface contact behaviors.
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Figure 4.10 Comparisons of the results from the present regression model and the full numerical simulation, (a) dimensionless average gap, (b) contact area ratio, and (c) dimensionless plastically deformed volume.



Further verification is conducted through comparing the results from the present regression model with those from a previous curve-fitting model developed by Lee and Ren [1996] for a Gaussian rough surface (i.e. Sk = 0 and K = 3.0). Assume that the ratio of Young’s modulus over yield strength M is 100, the asperity shape ratio χ =60, and the correlation length
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ratio γ ∗ =1.0. Figure 4.11 (a) and (b) demonstrate respectively comparisons of variations of the average gap and the contact area ratio as a function of the average pressure. Good agreements can still be found for the results obtained from the present regression model and the existing Lee and Ren’s model.
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Figure 4.11 Comparisons of the results from the present regression model with those from the Lee and Ren’s model [Lee and Ren, 1996], (a) dimensionless average gap, and (b) contact area ratio.



4.5 Summary An elasto-plastic contact model of nominally flat surface is developed in this chapter based on the frequency response functions (FRFs) and the continuous convolution and Fourier transform (CC-FT) algorithm. The agreement between the numerical prediction of the contact area of a bi-sinusoidal surface and the experimental observation reported in a literature validates
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the accuracy of this model. Extensive numerical analyses were performed to examine the effects of topographical characteristics of roughness, material properties including a hardening parameter, and the load on contact behaviors. Based on the simulation results, regression formulas were developed to correlate real contact area, gap, and plastically deformed volume with seven input factors. Comparison of the results obtained from this regression model and those from the full numerical simulation and an existing curve-fitting model demonstrates a satisfactory agreement.
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CHAPTER FIVE: THERMOMECHANICAL ANALYSIS OF ELASTO-PLASTIC SPHERICAL CONTACTS Heating may occur at the contact interface due to the frictional work, the electrical energy loss, and other types of heat source. Heating leads to the temperature rise at the interface and in contact bodies, which is responsible for the development of thermal stress, surface geometry expansion, and degradation of material strength. An interactive thermomechanical contact analysis is critical to understanding tribological behaviors of machine components subjected to both mechanical and thermal loadings. A three-dimensional thermo-elasto-plastic model for counterformal point contact is developed in this chapter. This model takes into account the thermal softening behavior, a real heat partition between surfaces, and the interaction between thermal and mechanical deformations. Material responses under the transient and steady state heat conduction are analyzed and compared. Contact of a sliding half-space over a stationary sphere is simulated, where the sphere is considered to be fully thermo-elasto-plastic and the half-space is treated to be thermo-elastic. Thermal effects on the contact pressure, subsurface stress distribution, plastic strain evolution, and temperature rise are widely investigated.



Keywords: Thermomechanical analysis, Thermal softening, Heat partition



5.1 Introduction Most of the dissipated energy in contact is transformed into heat, which is responsible for thermally induced component failures, such as scuffing, seizure, and melting wear. Plastic deformation is another critical issue for component failure under severe condition. The material
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strength deterioration plays an important role in thermo-elasto-plastic contacts. Mutual interaction exists between the thermal and mechanical deformation. Surface thermal expansion in turn alters the real contact area, pressure distribution, and the heat generation and conduction. Thus, thermal and mechanical analyses should be fully coupled and conducted simultaneously. An overview of thermoelastic contact studies has been given in the well-known contact mechanics book [Johnson, 1985]. Carslaw and Jaegar [1959] presented a transient analytical integral formula for the temperature rise on the surface of a half-space subjected to a moving surface heat flux. Transient thermomechanical models have been developed for contacts involving viscous and dry frictional heating [Gao et al., 2000; Lin et al., 2005; Zhai and Chang, 2000; Green, 2002]. Analytical temperature fields were derived for circular and square heat sources [Francis, 1970; Tian and Kennedy, 1994]. Elastic field due to the line heat source moving over the surface of a half plane was also studied by Barber [1984]. The statistical temperature distribution at rough surface contacts were studied by Wang and Komvopoulos [1994, 1995] and Komvopoulos [2008], who characterizd the surfaces as fractals and assumed spherical asperity tips. Temperature rises at the two surfaces are related to the way in which frictional heating is partitioned between them. In order to simplify the numerical work, frictional heating was assumed to be evenly partitioned by two bodies [Liu and Wang, 2001] or be solely absorbed by one body [Boucly et al., 2005] regardless the interfacial temperature distribution. Blok [1937] proposed a heat partition postulate by matching the flash temperature on two surfaces, which was employed by Tian and Kennedy [1994] and many others. Francs [1970] studied the heat partition
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by holding the interfacial temperature as the harmonic mean of two surface temperatures when each body receives all heating. Bos and Moes [1995] discussed a direct algorithm for the heat partition by matching the temperatures of two surfaces at all points within the contact area. Investigations on the temperature distribution and heat partition in lubricated disk contacts were conducted by Clarke et al. [2006]. The finite element method (FEM) has been widely used to investigate the thermo-elasto-plastic contacts involving the repeated loading [Kulkarni et al., 1991b], temperature-dependent material properties [Gupta et al., 1993], the electrical contact resistance [Kim et al., 1999], and the layered medium [Ye and Komvopoulos, 2003a; Gong and Komvopoulos, 2004]. FEM was also employed to calculate the generic solutions of thermal displacement and temperature on a half-space surface due to a unit heat flux at a source point (influence coefficients); and these solutions may be used in a fast contact algorithm [Wang and Liu, 1999; Liu et al., 2001a]. In the past decade, semi-analytical methods (SAM) were introduced to solve contact problems. Gong and Komvopoulos [2005] conducted a two-dimensional thermoelastic analysis of a sliding contact with a fractal surface. Three-dimensional thermomechanical models for counterformal contact with rough surfaces were developed under stationary [Liu and Wang, 2001] and moving [Liu et al., 2003] distributed heat sources. Based on the model by Liu and Wang [2001], Yu et al. [2004] studied the effect of temperature-dependent yield strengths on asperity contact behaviors. Moreover, a fast Fourier transform (FFT) based model [Kim et al., 2006] has been developed to simulate the steady-state and transient temperature rises under sliding



131



electrical contact, and then later been used to compute rough surface melting of electrical contacts subjected to a high current density [Kim, 2006]. In their models, a cutoff value, equal to the hardness of the softer material, was used to limit the contact pressure in order to approximately account for the perfectly plastic response of a metallic material. Transient temperature and stress field in the semi-infinite space were derived by Liu and Wang [2003] in terms of frequency response functions (FRF) in the wave domain. The elasto-plastic contact model [Jacq et al., 2002] was extended in several literatures [Boucly et al., 2005; Chen and Wang, 2008a; Chen et al., 2008c] to investigate the thermal effects on contact behaviors. The main objective of this chapter is to develop a numerical three-dimensional thermo-elasto-plastic contact model based on the formulations derived by Liu and Wang [2003] and the algorithm presented by Jacq et al. [2002]. The present model has several improvements over the model developed by Boucly et al. [2005]: 1) a realistic heat partition at the contact interface is considered instead of assuming that one body is adiabatic, 2) a more accurate temperature-dependent strain hardening law is incorporated in this model, and 3) the plastic strain accumulation due to the transient heat conduction is simulated. Transient three-dimensional simulations cause a dramatic increase in the computation time. The discrete convolution and fast Fourier transform (DC-FFT) algorithm [Liu et al., 2000] and the conjugate gradient method (CGM) [Polonsky and Keer, 1999] can help reduce the computational burden. A sliding point contact was simulated by both the transient and steady-state models. Results of the contact pressure, temperature, and subsurface stress and strain states were discussed and compared.
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5.2 Theory and Formulations



5.2.1 Problem Description and Hypotheses The sliding contact of a half-space over a sphere is studied. The normal applied load is W, and a tangential force pushes the half-space to slide over the sphere at the speed of Vs. The shear traction in the contact area follows the localized Coulomb friction law; and the friction coefficient is µ f . The sphere can be treated as a semi-infinite body because the contact area dimensions are much smaller than the characteristic size of the sphere. In the present model, a quasi-static loading process is utilized because the loading speed is assumed to be sufficiently slow; that is, the effect of normal loading speed on plasticity is not considered. All the frictional work is assumed to convert to hearting, which is partitioned between two contacting solids. The area outside the real contact area is assumed to be adiabatic; thus the model predicts the upper limit of interfacial temperature. The bulk temperature of the contact bodies at the infinite distance equals the ambient temperature. The contact equations and the numerical procedure in Chapter three are used. Here, the thermal deformation u3(t ) needs to be added into the normal displacement formula to take into account the effect of thermal expansion on the contact performances.



u 3 = u 3(1) + u 3( 2) + u 3( t )



(5.1)



where u 3(1) and u 3( 2 ) are the elastic and residual displacements, respectively. In order to consider the effect of heating on the plastic strain variation, the stress disturbance caused by the thermal distortion σ ij(t ) has to be superposed into the total stress field.
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σ ij = σ ij(1) + σ ij( 2 ) + σ ij(t )



(5.2)



where σ ij(1) and σ ij( 2 ) are the elastic and residual stresses, respectively. Considering the counterformal contact geometry in this problem, the DC-FFT algorithm (in Section 2.3.2) is used to calculate the displacement, temperature rise, and stress. An isotropic hardening law (in Section 3.2.4) is used in this chapter, where an additional temperature-dependent term is embedded in the yield strength function to account for the thermal softening behavior.



5.2.2 Temperature Rise and Thermoelastic Field Heat generated at the sliding contact raises the surface temperature, which causes thermal expansion and thermal stress. Temperature rise and the thermomechanical field in a half-space due to an irregularly-distributed surface heat source were discussed by Liu and Wang [2003] based on the work of Seo and Mura [1979]. Their formulas in the form of the frequency response function (FRF) were derived using the Fourier transform method. In order to present the formulations, several dimensionless variables are introduced, T = α tT ,



q = qα t l K ,



x= x l,



y= y l,



u i = u i l (1 + ν ) ,



z=z l



t = tκ l 2 , (5.3)



where T is temperature rise, q heat flux, t time, α t linear thermal expansion coefficient, K thermal conductivity, κ the thermal diffusivity, l the characteristic length (l = 1mm is used in this chapter), and ν the Poisson ratio. The Cartesian coordinates system (x, y, z) is shown in Fig. 5.1. V1 and V2 are the velocities of heat source with respect to the half-space in the x and y
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directions. The dimensionless Péclet numbers Pe1 and Pe2 are defined as Pe1 = V1l κ and Pe2 = V2 l κ when the velocities V1 and V2 are time-independent. The time-dependent surface



heat flux q( x, y, t ) ( q = 0 for t < 0 ) causes a transient temperature rise, T ( x, y, z, t ) , inside the body, which induces a transient thermoelastic displacement, u j ( x, y, z, t ) . The bulk temperature of the contact bodies at t = 0 equals the room temperature. The physical problem is presented in Fig. 5.1.



q ( x, y,0, t )



Pe1



x



z



T ( x, y , z , t ) u j ( x, y , z , t )



Pe2



y Half-space (E, ν)



Figure 5.1 Description of the physical problem and the coordinate system.



The uncoupled partial differential governing equations for transient heat conduction and quasistatic thermoelastic deformation are as follows: T , jj =



∂T + Pe1T ,1 + Pe 2 T , 2 ∂t



u k , jj +u j , jk /(1 − 2ν ) = 2T , k /(1 − 2ν )



(5.4) (5.5)



135



The temperature boundary conditions at the surface are, − T ,3 = q (1 − 2ν )(u 3 , j +u j ,3 ) + 2νδ 3 j u k , k = 2δ 3 j T



(thermal conduction condition)



(5.6)



(traction free boundary condition)



(5.7)



where δ jk is the Kronecker delta function. Roman indices (j, k) range over 1, 2, 3; the summation convention is assumed; and comma means partial derivative. The traction free boundary condition allows the thermoelastic analysis to be directly superimposed with an isothermal elastic contact analysis. The temperature rise caused by the surface heat flux is derived by Carslaw and Jaeger [1959] in the form of integral equation. Applying the two-dimensional Fourier transform with respect to the x and y directions, the temperature rise of the half-space in a hybrid domain (frequency, depth and time) is expressed by, ~ t~ ~ T (m, n, z , t ) = ∫ q~( m, n,τ ) 0



  1 z − (t − τ ) w' 2  dτ exp− π (t − τ )  4(t − τ ) 



(5.8)



where m and n are the frequency coordinates corresponding to x and y, w = m 2 + n 2 , a = i (m ⋅ Pe1 + n ⋅ Pe 2 ) , w' = w 2 + a , i = − 1 , and each “~” means a Fourier transform operation.



~ If the heat flux is time-invariant, q~ (m, n) can be factored from the integral. The frequency response function (FRF) of transient temperature rise can then be derived exactly [Liu and Wang, 2003].
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~ ~ ~ ~ ∆T T (m, n, z , t ) G (m, n, z , t ) = ~ = q~ (m, n)  1   z − w'  exp(− w' z ) erfc 2 t  2 w'    z2    t  −  − x 3 erfc z 2 exp  2 t  4t   π    where



erf (ξ ) =



2



π



∫



ξ



0



exp(−τ 2 )dτ



and



  z  t  − exp(w' z ) erfc + w' t  , w' ≠ 0  2 t 



(5.9)



  , w' = 0  



erfc (ξ ) =



2



π



∞



∫ξ



exp( −τ 2 ) dτ



are error function and



complementary error function, respectively. The thermoelastic field in the half-space due to a surface heat flux is developed by Liu and Wang [2003]. The FRFs of the quasi-static normal surface displacement caused by the time-invariant heat flux is, ~ ~ t u~ 3 (m, n,0, t ) ~t G3 (m, n,0, t ) = ~ = −2 ∫ exp(aτ ) erfc(w τ )dτ = 0 q~ (m, n) 2  w   a 1 − exp(at ) erfc( w t ) − w' erf( w' t ) , a ≠ 0, w ≠ 0 (moving )       2 − 2 t erfc(wt ) − exp(− w t ) t + erf( wt )  , a = 0, w ≠ 0 ( stationary)   2 w 2  w π   − 2t , w' = 0 (at origin)



(5.10)



Using the double Fourier transform, Liu and Wang [2003] derived the closed-form solutions of the thermoelastic stress in the stationary semi-infinite body (a=0) in the frequency domain, which are given as follows.
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~ ~



~



~



~



σ~11 = c m − 4π T + m 2ϕ~ I + ((3 − 4ν )m 2 + 4νw 2 − 2 x 3 wm 2 )ϕ~ II  ~



σ~22 ~



σ~33 ~



σ~12 ~ σ~



13



  ~ ~ ~ ~ = c m  − 4π T + n 2ϕ~ I + (3 − 4ν )n 2 + 4νw 2 − 2 x 3 wn 2 ϕ~ II    ~ ~ ~ ~I = c m − 4π T − ϕ~, 33 + (1 + 2 x 3 w)w 2ϕ~ II    ~ ~ I II = c m mn ϕ~ + (3 − 4ν − 2 x 3 w)ϕ~ ~ ~ ~ ~ ~ = ic m m − ϕ~, 3I + (1 − 2 x 3 w)wϕ~ II σ~23 = ic m n − ϕ~,3I + (1 − 2 x 3 w)wϕ~ II



(



[ [



)



]



]



[



(5.11)



]



Here, cm = E 4π (1 − ν ) , E is the Young’s modulus, and subscript ‘,3’ means partial derivative ~ ~ ~ ~ with respect to z . ϕ~ I and ϕ~ II are the Fourier transforms of potential functions. ϕ~ I , ϕ~ II , and



~ the derivatives of ϕ~ I are given in Appendix E. Because the sphere radius is much larger than



the contact area dimensions, the above equations, which are developed for a half-space, are also applicable for the sphere in this study. At the time of t = 0 , the transient FRFs of the thermomechanical field vanish, while at the infinite time of t = ∞ , the transient FRFs can be reduced to the steady-state FRFs, which are listed in Eqs. (5.12) and (5.13).



~ ~ exp( − w ' z ) G ∆T ( m , n , z , ∞ ) = w' 2  −  w' ( w + w' ) , a ≠ 0 (moving ) ~ ~t G3 (m, n,0, ∞) =  − 1 , a = 0 ( stationary )  w2



(5.12)



(5.13)



The FRFs derived in Eqs. (5.9)-(5.11) are for the cases with time-invariant surface heat flux. However, the heat flux may be a function of time because the contact area variation due to thermal distortion reversely alters the heat flux distribution. In order to account for the time-dependent heat flux, the total simulation time range, t , is divided into Nt time intervals, and the ending time of the kth time interval is t k (i.e., t 0 = 0, t Nt = t ). Then the temperature rise in Eq. (5.8) can be written as a summation of integrals over discrete time intervals.



138 Nt ~ tk ~ ~ T (m, n, z, t ) = ∑ ∫ q~ ( m, n,τ ) M (t − τ )dτ k =1



t k −1



(5.14)



where M (ξ ) = exp(− z (4ξ ) − ξw'2 ) πξ . The heat flux in each time interval is assumed to be constant, and then they can be factored out from the integrals, Nt ~ tk ~ ~ T (m, n, z , t ) = ∑ q~(m, n, t k ) ∫ M (t − τ )dτ t k −1



k =1



(5.15)



~ In order to make use of the FRFs for the time-invariant heat flux, G~ ∆T , further manipulation is



done to Eq. (5.15) to change the upper limits of integrals to the total simulation time, t . Nt ~ t t ~ ~ T (m, n, z , t ) = ∑ q~ ( m, n, t k )  ∫ M (t − τ )dτ − ∫ M (t − τ ) dτ  tk  t k −1  k =1 Nt



=∑ k =1



t ~ ~ q~ (m, n, t k ) − q~ (m, n, t k −1 ) ∫ M (t − τ )dτ



[



]



(5.16)



t k −1



Using the variable substitution of η = τ − t k −1 , one has, Nt ~ t −t k −1 ~ ~ ~ T (m, n, z , t ) = ∑ q~ (m, n, t k ) − q~ (m, n, t k −1 ) ∫ M (t − t k −1 − η )dη



[



]



k =1 Nt



=∑



0



~ ~ ~ ~ q~ (m, n, t k ) − q~ (m, n, t k −1 ) G ∆T (m, n, z , t − t k −1 )



[



]



(5.17)



k =1



~ Here, q~ (m, n, t 0 ) = 0 is from the initial condition. The inverse FFT (IFFT) algorithm is used to



convert the known frequency response functions to influence coefficients in the space domain which are needed in thermomechanical contact simulations. The detailed process was described in Section 2.2.4. It should be noted that only the relative value of thermal displacement can be obtained here, whose absolute value depends on the selection of a reference point. In this study, the reference point is selected at the corner of the simulation domain. However, the selection of the reference point does not affect the contact simulation because the normal translation from the
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reference point is in nature a rigid body displacement, which does not alter the contact surface geometry and can be superposed into the rigid body approach of the contact problem.



5.2.3 Heat Partition It is a key issue how the generated heating is partitioned between two contact bodies. Instead of assuming that heating is evenly partitioned between the two bodies or solely absorbed by one body regardless the interfacial temperature distribution, a deterministic scheme [Chen and Wang, 2008a] is employed to calculate the amount of heat flowing into each contact body following the idea proposed by Blok [1937] and Gao et al. [2000]. The generated heat is partitioned so as to assure that the temperature rises on the two surfaces at corresponding contact points are the same. Assume that q1 and q2 are the heat flux flowing into the sphere and the half-space, respectively. Suppose that the contact bodies only take heat influx. Temperature rises on two contact bodies can be written in matrix form,



{q} = {q1}+ {q2 } {∆T1} =



{0} ≤ {q1}, {q2 } ≤ {q}



D1∆T {q1}



{∆T2 } =



D2∆T {q2 }



(5.18)



where q is the total heat flux generated at the interface, D1∆T and D2∆T are the influence coefficients matrices of temperature rise on two bodies, and



{}



is the vector containing values



of heat flux or temperature rise at all mesh nodes. Based on the postulate that temperatures at the interface are continuous, Eq. (5.18) can be rearranged as a linear equation set in terms of heat flux q1 ,



(D



∆T 1



)



+ D2∆T {q1} = D2∆T {q}



(5.19)
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which can be solved by using the standard conjugate gradient method (CGM). Once the heat flux is obtained, the normal surface displacement due to thermal expansion and the thermomechanical stress field developed in the sphere body can then be evaluated.



5.3 Applications and Discussion



5.3.1 Steady-state Analysis of a Sliding Contact Consider a sliding contact of a half-space (Body 2) over a sphere (Body 1), as shown in Fig. 5.2. The relative sliding velocity is Vs along the x axis, which ranges from 0.5-50 m/s. Pressure distribution resulting from the contact is p(x, y). All the frictional work is converted into heat; and the total heat flux generated during the sliding is q ( x, y ) = µ f Vs p ( x, y ) . The Coulomb friction coefficient is µ f = 0.025. The stationary sphere is considered to be fully thermoelastoplastic. In order to simplify the numerical work, materials of two contact bodies are assumed to be the same and have the properties of commonly used steel, two surfaces are smooth, and the half-space is treated to be thermoelastic. The results of the subsurface strain and stress fields shown in this section are those evaluated in the sphere body. A sufficiently slow loading rate is assumed; and the heat conduction is allowed to become stable before the mechanical load varies. Thus, a steady state thermomechanical analysis is conducted for this problem.
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y z Figure 5.2 Sliding contact of a moving half-space and a stationary sphere.



In this section, the strain hardening behavior of the steel is modeled by the isotropic Johnson-Cook power hardening law [Johnson and Cook, 1986], which incorporates the thermal softening effect on the material yield strength.   ∆T g (λ ) = B (C + λ ) 1 −    Tm − T0 e



  



βt



  



(5.20)



where B, C, and e are the strain hardening parameters, βt is the thermal softening exponent, and T0 and Tm are the reference temperature (room temperature, for instance) and material melting point. If temperature rise ∆T is larger than Tm − T0 , then the material yield strength vanishes. The material properties of steel and the simulation parameters are summarized in Table 5.1.
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Table 5.1 Parameters and material properties in the steady-state thermomechanical analysis Parameter E ν σY B C e Thermal conductivity, K αt



Thermal diffusivity, κ



Value 210 (GPa) 0.3 383.30 (MPa) 787.68 (MPa) 0.00082 0.132 50.2 (W/mK) 11.7 (um/mK) 10-4 (m2/s)



Parameter Characteristic length, l βt



Tm T0 (K) Sphere radius, R Mesh size, 2∆ µf



Vs Normal load, W



Value 1 (mm) 0.7 1500 (K) 300 (K) 15 (mm) 11×11×11 (um) 0.025~0.5 0~50 (m/s) 65 (N)



In order to simulate the actual loading history, the entire loading procedure of gradual increase of the normal load from 0 to the maximum value (65N) is divided into 40 steps. In each step, a small normal load increment is added to the load in the previous step. The contact is solved using the current normal load, and the plastic strain increment due to the load increment in this step is also taken into account. The maximum normal load is W = 6Wc, where Wc is the critical normal load indicating the transition from an elastic contact to an elasto-plastic one [Kogut and Etsion, 2002]. Wc =



(πK H )3  H 6



2



 2  ∗  HR E  



(5.21)



In the equation above, E* is the equivalent modulus, H is the material hardness, and KH the hardness coefficient related to the Poisson ratio by KH = 0.454+0.41v. The Hertz solutions of contact radius and peak pressure are a 0 = 0.185mm and p 0 = 960.2MPa. The coordinates are normalized by a 0 , contact pressures by p 0 , and the stresses by initial yield strength σ Y .
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Figure 5.3 gives comparisons of simulation results of the sphere body obtained from different analysis models, including the purely elastic, thermo-elastic, elasto-plastic, and thermo-elasto-plastic models with and without the thermal softening effect. The pressure distribution along the x axis is presented in Fig. 5.3(a). Pressure distribution obtained from the purely elastic analysis well matches that of the analytical Hertz solution. It is suggested that the discretization schema used in this study is accurate enough to simulate the current problem. The peak pressure from the thermo-elastic model is higher than that from the purely elastic model, which may be attributed to thermal expansion that intensifies the non-conformity of contact geometry and shrinks the contact area. On the other hand, plastic deformation makes the contact more conformal and expands the contact area, causing the peak pressure to be lowered. If heating is included in the elasto-plastic model, the peak pressure increases. Further inclusion of the thermal-softening effect reduces the contact pressure. Figure 5.3(b) presents the comparison of the von Mises stress profiles along the depth. The maximum von Mises stress that a material can hold is limited by the local yield strength. The peak von Mises stresses in the elasto-plastic and thermo-elasto-plastic cases without thermal softening are almost the same and much smaller than that in the elastic contact. However, the temperature rise softens the material (degrades the yield strength) if the thermal softening effect is included, which further decreases the von Mises stress intensity.
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Figure 5.3 Comparisons of the results from different analysis models, (a) pressure distribution along the x axis, and (b) dimensionless von Mises stress along the depth.



In the remainder part of this section, results from the thermo-elasto-plastic analysis with the thermal softening effect are given and discussed. Figure 5.4 presents the comparison of contact pressure profiles along the x axis when sliding speed Vs = 0.5, 5, 10, 20 and 50m/s. The maximum contact pressure rises with the increase in sliding speed. The contact pressure is approximately symmetric with respect to x = 0 when the speed is low (Vs = 0.5m/s). However,
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frictional heating distorts the contact pressure distribution under higher sliding speeds and shifts pressure profile along the mating surface sliding direction. Mating Flat Surface Sliding Direction
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Figure 5.4 Pressure profiles along the x axis with respect to various sliding velocities.



Figure 5.5 gives the variation of real contact area versus sliding speed from the models with and without thermal softening, where the real contact area is normalized by the Hertz contact area. Two contributions of frictional heating to contact area are found. One is that thermal expansion due to the increase in sliding speed makes the contact geometry less conformal and reduces the contact area. The other is that thermal softening causes more plastic deformation and increases the contact area. It is suggested that the effect of thermal expansion offers more than the thermal softening effect does for the cases in the investigated sliding speed range. Curves of the circumferential stress component, σ 11 , along the x axis in the surface are shown in Fig. 5.6 for different sliding velocities. For the case at the low sliding speed (Vs =
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0.5m/s), the stress profile is approximately symmetric, and is found to be tensile at the edge of the contact region and compressive beneath the normal contact. The inclusion of the compressive thermomechanical stress in the surface intensifies the compressive stress at the contact center. It is interesting to note that the status of the circumferential stress at the edge of contact area changes from tensile to compressive due to the presence of frictional heating. The possibility of crack initiation and propagation may be reduced for the contacts with a strong thermal effect. This observation well agrees with that found by Gong and Komvopoulos [2005].



1.10 Results with thermal softening Results without thermal softening
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Figure 5.5 Variation of the real contact area with respect to sliding velocity.



147 Mating Flat Surface Sliding Direction



0.5 0.0 -0.5



σ 11/σ Y



-1.0 -1.5 -2.0



Vs=0.5m/s



-2.5



Vs=10m/s



Vs=5m/s Vs=20m/s



-3.0



Vs=50m/s



-3.5 -2.5



-2.0



-1.5



-1.0



-0.5



0.0



0.5



1.0



1.5



2.0



2.5



x/a0



Figure 5.6 Circumferential stress σ 11 along the x axis in the surface corresponding to various sliding velocities.



Figure 5.7(a) gives the variation of the surface temperature rise distribution along the x axis with respect to the increasing sliding speed. The surface temperature rise increases noticeably as the sliding speed increases (the maximum temperature increases about 500% when the sliding speed changes from 5m/s to 50m/s). The temperature rise distribution becomes skew under higher sliding speeds (the maximum temperature shifts along the sliding direction of the mating flat). This trend of temperature with the sliding speed is consistent with that observed by Gong and Komvopoulos [2005].



The variation of temperature rise profile can be explained by



the actual heat flux flowing into the sphere body, which is presented in Fig. 5.7(b). Here, the heat flux is normalized by the Hertz peak pressure multiplying the heat factor, µ f V s . For the case of the contact of the same materials at a low sliding speed, the heat flux distribution approximately resembles the shape of the pressure curve because the contact bodies evenly absorb the frictional
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heating when they are almost stationary. However, for the case with a higher sliding speed, the dimensionless heat flux into the sphere decreases at the center and the trailing edge of the contact region because the new ‘cold’ surface of the half-space comes into contact with the sphere continuously at the rear contact area, and most frictional heating flows into the moving body to maintain the temperature continuity at the contact interface. This is consistent with the conclusion made by Clarke et al. [2006] that more energy goes into the fast moving contact bodies. On the other hand, the dimensionless heat flux into the sphere increases at the leading edge of the contact region and shifts the maximum temperature rise along the sliding direction.
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Figure 5.7 (a) Distributions of surface temperature rise along the x axis corresponding to various sliding velocities, and (b) dimensionless heat flux along the x axis corresponding to various sliding velocities.
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Figure 5.7 (continued).



Contours of the subsurface von Mises stress and effective plastic strain in the sphere are plotted in Figs. 5.8 for three different sliding speeds, Vs = 5, 20, and 50m/s. In these figures, the von Mises stress is normalized by the yield strength, σ Y . The effective plastic strain is given in the form of percentage, and the maximum values are marked by triangles. Fields of the von Mises stress and the effective plastic strain are approximately symmetric under the low sliding speed, but are severely distorted by the thermomechanical stress under the high sliding speed. Increasing the sliding speed shifts the positions of the maximum von Mises stress and the maximum effective plastic strain closer to the surface and towards the leading edge of the contact area.
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Figure 5.8 Contours of the dimensionless von Mises, σ VM σ Y , and the effective plastic strain,



λ (%), in the plane of y = 0 at three sliding speeds, (a) Vs = 5m/s, (b) Vs = 20m/s, and (c) Vs = 50m/s.



The variations of maximum von Mises stress and maximum effective plastic strain versus sliding speed are shown in Fig. 5.9. At the low sliding speed, the maximum value tends to decreases with the sliding speed because the thermal softening effect caused by the temperature rise reduces the material yield limit. On the other hand, the maximum von Mises stress increases
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with the sliding speed under the high sliding speed (about Vs > 20m/s) because the thermal stress is dominant over the mechanical stresses in the domain near the surface and the strain hardening effect due to thermo-plastic deformation is larger than the thermal softening effect. It is also observed that the maximum plastic strain increases with the sliding speed much faster in the high speed region (about Vs > 20m/s) than it does in the low speed region.
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Figure 5.9 Variations of the maximum von Mises stress and maximum effective plastic strain as functions of the sliding speed.



The effect of friction coefficient on contact performances are presented in Fig. 5.10 when the sliding speed is Vs = 0.5m/s. The equivalent plastic strain profiles along the depth at the contact center are shown in Fig. 5.10(a) for friction coefficients ranging from 0.1 to 0.5. The remarkable effect of friction coefficient on the plastic strain can be observed. The maximum plastic strain increases dramatically from 0.22% at µf = 0.1 up to 2.95% at µf = 0.5. Three possible contributions of friction coefficient are related to plastic strain variation: 1)
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shear-traction induced stress, 2) thermal stress, and 3) thermal softening due to frictional heating. Another interesting observation is that plastic deformation may happen at the contact surface for a friction coefficient of µf ≥ 0.2, which agrees well with the numerical result presented by Nélias et al. [2007b]. The von Mises stress profiles along the depth for different friction coefficients are given in Fig. 5.10(b). It is indicates that the stress intensity increases at the surface while decreases at the depth of about Hertz radius. The maximum von Mises stress, which is located below the surface at the low friction coefficient, may rise at the surface when the friction coefficient is larger than 0.3. The same trends of the von Mises stress were also observed by Nélias et al. [2007b].



(a)



Effective Plastic Strain, λ (%)



3.0 2.5



Vs=0.5m/s µf=0.1 µf=0.2



2.0



µf=0.3 µf=0.4



1.5



µf=0.5



1.0 0.5 0.0 0.0



0.4



0.8



1.2



1.6



2.0



Depth/a0



Figure 5.10 Results with respect to various friction coefficients at the sliding speed of Vs = 0.5m/s, (a) effective plastic strain profiles along the depth, and (b) equivalent von Mises stress profiles along the depth.
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Figure 5.10 (continued).



5.3.2 Transient Analysis of a Sliding Electrical Contact A sliding contact involving a moving flat and a stationary sphere (see Fig. 5.2) is also considered in this section. Here, the electrical current is applied between contact bodies; and the flowing of the electrical current through an interface resistance causes energy loss, which is source of the electrical Joule heating. The two contact bodies are 7075 aluminum alloy. Same to the previous section, the sphere is treated to be fully thermoelastoplastic, while the mating surface is thermoelastic. Electrical contact resistance (ECR) [Holm, 1967] can be categorized into three components: the constriction resistance, interaction resistance, and film resistance due to the electron tunneling effect. The tunneling effect is referred to the process of electron penetrating the potential barrier of an insulating oxide film. It has been demonstrated that the film resistance is the dominant part of ECR for most metal surfaces [Ruschau et al., 1992; Kogut and
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Komvopoulos, 2004]. Kim [2006] showed that the film resistance is about 99.9% of the total ECR on an aluminum surface. Thus, the constriction resistance and interaction resistance are neglected in this study for simplicity, and the size of contact resistance can be characterized by the tunneling resistivity of the insulating film, σ F . It was found that Al2O3 films on Al tend to stop growing after reaching a thickness of about 50Å [Holm, 1967], which implies that the insulating films formed between two aluminum components are about 100Å in thickness. Dietrich [1952] developed a general curve of the tunneling resistivity for TiO2 on Ti as a function of film thickness (in Fig. 5.11), which was thought to be approximately applicable to most metal materials [Ruschau et al., 1992]. From the figure, the tunneling resistivity between aluminum bodies can be approximately determined to be σ F = 0.1Ω·mm2. Because the oxide film of Al2O3 is very thin, the contact analyses may be conducted based on the properties of the bulk material [Kogut and Komvopoulos, 2004, Liu et al., 2005a].



Figure 5.11 Tunneling resistivity for TiO2 film on Ti as a function of film thickness [Dietrich, 1952].
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Suppose that all the energy dissipated is transformed to heat which is distributed between two contact solids. A sliding electrical contact may involve two major heat sources: Joule heating caused by electrical resistance and frictional heating as a result of relative motion. Thus, the total heat flux in a local contact area can be defined as, q = q Fri + q ECR = µ f pV s + J 2σ F



(5.22)



Here, p is the local normal pressure and J the current density (the current passing a unit area). In this section, the electrical current density is up to J = 120A/mm2, the friction coefficient is µf = 0.1, and the Péclet numbers are Pe1 = 10 and Pe2 = 0. The compressive stress-strain response of 7075 aluminum alloy has been investigated by Lee et al. [2000] experimentally under different temperatures. A temperature-dependent isotropic strain hardening law can be derived from the experimental results, g (λ ) = B (C + λ ) e (1 − γ t ⋅ ∆T )



(5.23)



The strain hardening parameters are: B = 867.9MPa, C = 3.3×10-4, and e = 0.068. The thermal softening coefficient is γt = 1.35×10-3 K-1, and ∆T is the temperature rise. The mechanical loading process is divided into 20 steps, where the normal load increases gradually from 0 to its maximum of W/Wc = 2.56 (W = 300N). The thermal loading is applied after the mechanical loading reaches the peak value. Both the transient and steady-state thermomechanical models were used to analyze this problem. Simulation results of pressure, temperature, and subsurface stress and strain evolution with time in the sphere body are presented. Material mechanical and thermal properties of aluminum alloy and simulation parameters are summarized in Table 5.2.
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Table 5.2 Simulation parameters and material properties of Al7075 alloy Parameter E Ν σY B C E Thermal conductivity, K αt



Thermal diffusivity, κ Current density, J



Value 71.7 (GPa) 0.33 503.24 (MPa) 867.9 (MPa) 3.3×10-4 0.068 130 (W/mK) 25.2 (um/mK) 5×10-5 (m2/s) ≤ 120 (A/mm2)



Parameter Characteristic length, l γt Tm T0 (K) Sphere radius, R Tunneling Resistivity, σF µf



Péclet number, Pe1 Normal load, W



Value 1 (mm) 1.35×10-3 ( K-1) 805 (K) 300 (K) 8 (mm) 0.1 (Ω·mm2) 0.1 10 300 (N)



From Fig. 5.11, the tunneling resistivity is very sensitive to the surface film thickness, and its value may vary from 80Å (0.002Ω·mm2) to 100Å (0.1Ω·mm2). In addition, the tunneling resistivity curve of TiO2 is used approximately to obtain the tunneling resistivity of Al2O3. The studies on the effects of tunneling resistivity on temperature and contact pressure are necessary. Figure 5.12 presents the distributions of temperature and pressure along the axis of symmetry based on different tunneling resistivities. The tunneling resistivity has a relatively small influence on pressure especially when the tunneling resistivity is below 0.01Ω·mm2; and has a remarkable influence on the temperature rise. The temperature rise at σ F = 0.1Ω·mm2 is 5 times larger than that at σ F = 0.002Ω·mm2. In order to justify the tunneling resistivity of Al2O3 used in this paper (0.1Ω·mm2), the numerical result of temperature rise is compared with the experimental measurement in [Kim, 1997] for an electrical contact between two aluminum parts. In the experiments in [Kim, 1997], the average pressure is 4.39MPa and the current density is 1.89A/mm2. The pressure in the numerical simulation equals 4.39MPa to mimic the mechanical
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loading condition in the experiment. The temperature rise measured in the experiment is 0.4K when the electrical current has been applied for 25 seconds. The average temperature rise in the contact area predicted by the steady-state numerical model is 0.6K, which is in the same magnitude of the experimental data. The reasons for the result different could be that the films formed on the specimens were non-uniform, and that the temperature in experiment did not rise to the final steady-state value.
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Figure 5.12 Simulation results using different tunneling resistivities (J = 40A/mm2), (a) pressure along the axis of symmetry, and (b) temperature along the axis of symmetry.
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Simulation results from the transient and steady-state models are shown and compared in Figs. 5.13-17 when the current density is J = 40A/mm2. Figure 5.13 gives the surface temperature distributions along the x axis obtained from the steady-state and the transient model at different times. The surface temperature increases gradually with time. At the early stage of the simulation, only the area immediately beneath the contact experiences the temperature rise because the heat is unable to transfer into the surrounding area in such a short time period. The maximum temperature from the transient analysis at t = 2.5×10-2 sec is 509.29K, which is very close to the maximum temperature of 510.36K from the steady-state model (relative difference less than 0.2%). It indicates that the heat conduction becomes stable and temperature rise at t = 2.5×10-2 sec converges to that from the steady-state model. This time may be treated as the stability time of the transient analyses. In addition, the maximum temperature position is shifted along the sliding direction.
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Figure 5.13 Evolutions of temperature profiles along the axis of symmetry (J = 40A/mm2).
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Due to the thermal softening effect, high temperature rise deteriorates the material strength and reduces the maximum stress level that a material can sustain. The subsurface von Mises stresses along the depth from the transient and the steady-state models are presented in Fig. 5.14. Here, the stress is normalized by the yield strength, σ Y . For an elastic frictionless Hertzian contact, the theoretical maximum von Mises stress occurs at the depth of 0.48 a0 . The von Mises stress at this depth decreases with time as expected. The depth of the maximum von-Mises stress increases as the thermal contribution becomes more significant. A larger drop of the von Mises stress is detected in the zone near the surface because this zone involves a higher temperature rise than the deeper zone. In addition, the stress intensity from the transient model at the stability time of 2.5×10-2sec is lower than that from the steady-state model.



1.2



0.48a0



2



J=40A/mm



1.0



σ VM/σ Y



0.8 using the transient model t=0 (s) mechanical load alone -4 t=2.5x10 (s) -3 t=1.1x10 (s) -3 t=2.5x10 (s) -2 t=2.5x10 (s)



0.6



0.4



using the steady-state model



0.2 0.0



0.2



0.4



0.6



0.8



1.0



1.2



1.4



1.6



Depth/a0



Figure 5.14 Evolution of the equivalent von Mises stress along the depth (J = 40A/mm2).
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Figure 5.15 shows transient contact pressure profiles along the axis of symmetry at different times and also the steady-state pressure profile. An interesting observation is that the contact pressure from the transient model first increases above the steady-state pressure, and then drops below the latter as the time increases.
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Figure 5.15 Evolution of surface pressure along the axis of symmetry (J = 40A/mm2).



Figure 5.16 shows the history of the subsurface effective plastic strain along the depth at the origin and the steady-state result. The plastic strain obtained from the transient model experiences a more than two-fold increase after the heat is applied, and is much higher than that from the steady-state model. The difference is likely due to the fact that the plastic deformation is loading-history dependent. On the other hand, the steady-state thermomechanical model is history independent and can hardly handle a process involving thermal plasticity accumulation. More explanation and evidence will be given in the following discussions. Another interesting



161



point is that the transient plastic strain becomes stable earlier than stress, pressure and temperature.
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Figure 5.16 Evolution of the effective plastic strain along the depth (J = 40A/mm2).



Figure 5.17 summarizes the variations of the peak contact pressure, the maximum subsurface effective plastic strain, and the real contact area as functions of time. The contact area shows a reversed tendency as compared to the contact peak pressure. The contact area at the stability time predicted by the transient model is larger than that by the steady-state model. This can explain why the transient peak pressure at the stability time drops below the steady state peak pressure. It makes sense that the larger load bearing area leads to a smaller contact pressure. The peak pressure and the maximum plastic strain reach the maximum values at the same time (about t = 2×10-3sec). The pressure drops after that moment, while the plastic deformation is irreversible and maintains its peak value.
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Figure 5.17 Transient maximum pressure, maximum effective plastic strain, and the real contact area as functions of time (J = 40A/mm2).



The reason why the contact pressure shows such a non-monotonic transitional trend with time may be attributed to the transient thermal expansion. In order to exclude the influence of plasticity and thermal softening, a thermo-elastic contact simulation was conducted using the same material properties and loading conditions, and the results are presented in Fig. 5.18. Figure 5.18(a) shows the variations of the peak contact pressure and the real contact area as functions of time. The same tendencies of the peak pressure and the real contact area are found as those in Fig. 5.17. It indicates that the thermal expansion has the dominant effect on the transient variation of the contact pressure and real contact area. Evolution of the normal displacement due to thermal expansion is also presented Fig. 5.18(b). Because the temperature rise is governed by the time-dependent Fourier equation, the thermal deformation caused by the temperature gradient lags behind the thermal loading [Green, 2002]. At the early stage, heat is unable to diffuse into
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the surrounding area; and the surface thermal expansion mainly occurs at the area immediately next to the contact region. The concentrated thermal distortion increases curvature of the surface geometry and enhances contact intensity. The thermally induced geometry distortion increases to the most severe state at the time of about t = 2×10-3sec, thus the contact pressure reaches the maximum value at that moment. When heat conduction becomes stable, the surface at the surrounding area is also uplifted due to the lagged thermal expansion, which alleviates surface contact severity and lowers the pressure. In contrast, the steady-state model can not consider the transient variation process of surface geometry caused by thermal expansion.
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Figure 5.18 Results for the thermo-elastic contact (J = 40A/mm2), (a) maximum pressure and the real contact area as functions of time, (b) evolution of the normal displacement along the axis of symmetry due to thermal expansion.
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Figure 5.18 (continued).



Another advantage of the transient model over the steady-state model is that the former can identify the melting inception time under the application of a high electrical current density. Figure 5.19 gives the transient temperature distributions along the x axis and the steady-state one when a current density of J = 75A/mm2 is applied. The peak temperature predicted by the steady-state model is 910.38K, which is higher than the material incipient melting point (805K). A more sophisticated model incorporating phase transfer has to be used to capture the material behavior when the temperature is higher than the melting point. In order to identify the melting initiation time, the transient analysis has to be performed instead of the steady-state one. As illustrated in Fig. 5.19, at the time of about t = 1.94×10-3sec, the maximum temperature at the surface reaches the Al7075 alloy’s incipient melting temperature, which suggests that melting wear may occur within a short time interval of the millisecond order on the surface of such a sliding electrical contact (with J = 75A/mm2) involving the Al7075 contact pairs.
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Figure 5.19 Melting inception time identification using the transient model (J = 75A/mm2).



Effects of the electrical current density and mechanical load on the material melting inception time are presented in Fig. 5.20. As indicated in Fig. 5.20(a), the melting inception time decreases significantly with the increase in electrical current density. The melting inception time drops almost two orders of magnitude (10ms to 0.125ms) when the applied current density increases from 70A/mm2 to 120A/mm2. One of the reasons is that the heat flux is proportional to the square of current density. In addition, the aforementioned thermal energy concentration phenomenon at the initial stage is more obvious in the higher current density case, and the interfacial heat is almost all absorbed by the material in and just beneath the contact area within a short time. Thus, the temperature rise in a higher current density case is much faster than that in a lower current density case. Figure 5.20(b) and (c) show that the melting inception time decreases with the increase in normal load or the increase in friction coefficient. A larger normal load can
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lead to higher surface tractions (causing more frictional heating) and a larger contact area (resulting in a stronger electrical heat source for the case with a given current density). On the other hand, the increase in contact area expedites heat transfer, which lowers temperature. The results indicate that the effect of strengthening heat source outweighs the effect of faster heat conduction under the conditions analyzed in this study. A larger friction coefficient leads to a higher surface shear traction that causes more energy dissipation and larger temperature rise. (a)
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Figure 5.20 Melting inception time variation with (a) the increase in electrical current density, (b) the increase in normal load, and (c) the increase in friction coefficient.
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5.4 Summary A three-dimensional coupled thermo-elasto-plastic contact model has been developed for counterformal bodies, which considers the temperature-dependent strain hardening behavior and a realistic heat partition scheme. Formulations of thermomechanical fields due to the interfacial heat source are given. This model can be used to analyze the transient thermal responses of bodies (such as evolutions of pressure, temperature, and subsurface stress and strain with time) or directly gives the steady-state thermal responses when heat conduction becomes stable. A sliding contact of a half-space over a stationary elasto-plastic sphere was simulated using both the transient and steady-state models. Considering the loading path dependent nature of plasticity, the transient heat transfer model may be more suitable for the elasto-plastic contact analysis. Based on the steady-state analyses, it is found out that increasing the sliding velocity causes the temperature and contact pressure to rise and the contact area and the heat flux flowing into the stationary body to decrease. The thermomechanical stress induced by frictional sliding distorts the distributions of the surface temperature rise and pressure, as well as the subsurface stress and strain fields. The tensile circumferential stress at the edge of contact is noticeably reduced and even surpassed by the compressive thermal stress in the surface. Increasing friction coefficient leads to a noticeable increase in plastic strain and the von Mises stress at the surface. The transient model can well capture the plastic strain accumulation during the heat conduction; and the steady-state model underestimates the plastic strain because of the neglect of the actual thermal loading path. The transient model is capable of identifying the inception
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melting time under a high electrical current density. Melting wear may occur at the electrical contact surfaces of the Al7075 alloy within a short time of the order of millisecond under the current density of about J = 75A/mm2. A shorter melting inception time may be achieved in a contact with a larger electrical current density, a larger normal load, or a higher friction coefficient.
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CHAPTER SIX: FRICTIONAL STICK-SLIP CONTACT MODEL AND STATIC FRICTION ANALYSIS OF ROUGH SURFACES The relative motion between two surfaces under a normal load is impeded by friction. Local micro-slip occurs when the magnitude of shear traction reaches the shear stress limit. The onset of gross sliding may be identified as the moment when the entire contact area experiences slip and junction are about to be separated. Such a process is known as a static friction mechanism. This chapter presents a three-dimensional numerical model for the simulation of the contacts of elastically dissimilar materials, which considers the stick-slip phenomenon and the mutual interaction of normal and tangential tractions. The Green’s functions of surface displacements due to surface tractions are used as the kernel solutions. An iterative conjugate gradient method (CGM) is utilized to determine the unknown contact and stick area efficiently and accurately. Comparison of the numerical results with analytical solutions provides the model validation. Simulations are performed for a sphere-on-flat contact with increasing tangential loading. In addition, this model is extended to study the maximum tangential force that a rough surface contact can sustain (static friction). The material are assumed to be elastic-perfectly plastic for simplicity; and the localized hardness and shear strength are set as the upper limits of the contact pressure and shear traction, respectively. The numerical results are first compared with published experimental data. Static friction coefficients are predicted for various material pairs in contact first, and then the behaviors of static friction of rough surfaces are investigated.



Keywords: Stick-slip, Static friction, Dissimilar-material contact
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6.1 Introduction The classic laws of friction are attributed to the works by Amonton and Coulomb [Arnell et al., 1991]. Modern scientific understanding of friction mechanisms was established by Bowden and Tabor [1950]. They pointed out several important components of friction, including adhesion and ploughing, and their experiments showed that adhesive friction was the dominant component of friction for many commonly used engineering metals. An impressive review paper written by Tabor [1981] summarized three main elements involved in a typical friction process of dry contacts. In the past several decades, many experimental studies on friction processes [Paslay and Plunkett, 1953; Etsion and Amit, 1993; Etsion et al., 2005; Ovcharenko et al., 2008a, b; Nolle and Richardson, 1974; Liu et al., 1998; He et al., 2008] indicated that the friction coefficient is virtually dependent on the normal load, roughness parameters, and texture orientation. All these interesting observations suggest an in-depth exploration of friction dependence on material properties and surface topography. Frictionless contacts of counterformal elastic bodies were modeled by the Hertz theory [Johnson, 1985]. However, the frictionless assumption is only valid when contact bodies have the same material properties or can not sustain shear tractions. Interfacial shear tractions due to the relative tangential displacement can not be neglected when contact bodies have dissimilar materials. If the shear traction magnitude in a contact area exceeds the static friction limit, the contact area may experience local micro-slip opposite to the friction direction; otherwise it remains stick. When an increasing external tangential loading is applied, more and more contact
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areas are involved in the relative slip until a gross sliding begins. The exact partial slip solution of cylindrical contacts of similar materials subjected to a global tangential loading was independently discussed by Cattaneo [1938] and Mindlin [1949]. The Cattaneo-Mindlin solution has been proven to be valid for a general elliptical or circular contact [Johnson, 1985]. Analytical solutions of the normal contact considering a tangential traction were also derived [Nowell et al., 1988; Spence, 1975]. Explicit formulae for stresses beneath a sliding Hertz contact were developed by Hamilton [1983]. Hills and Sackfield [1987] derived an equation for the stress field in a half-space, which is subjected to the boundary Hertz pressure and the Spence’s shear tractions. Numerical models [Munisamy and Hills, 1992; Liu and Wang, 2002] were developed to analyze the subsurface stress field caused by an arbitrarily distributed surface pressure based on the generic stress solution of a uniform traction in a surface rectangle [Love, 1929; Hills et al., 1993]. Numerical simulation is an effective approach to revealing the performance of a normal contact with friction. Brizmer et al. [2007a, b] used FEM to investigate the contact of an elastic-plastic sphere and a rigid flat under combined normal and tangential loading, where the contact interface maintains the full-stick status. Several researchers have numerically studied the interfacial stick-slip phenomenon in frictional contacts [Bjorklund and Andersson, 1994; Li and Berger, 2003; Liu et al., 2007c; Chen and Wang, 2008b, c]. Moreover, Chen and Wang [2008b] investigated the subsurface stress field in a half-space under a stick-slip contact boundary. Frictional contact considering the effect of elasto-plastic deformation was extensively investigated using a semi-analytical model (SAM) [Boucly et al., 2007; Nélias et al., 2007b].
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Chang et al. [1988] proposed a new friction model (named as the CEB model) based on the closed-form solution of contact stress developed by Hamilton [1983]. CEB model was used by Tayebi and Polycarpou [2004] to examine effects of the surface skewness and kurtosis on static friction coefficient. However, the CEB model underestimates the real static friction due to its conservative assumption that the asperity with a single yielding point may not support additional tangential force. Kogut and Etsion [2003b, 2004] improved the CEB model via treating the sliding inception as the moment when the entire contact zone yields. However, the static friction predicted by the Kogut and Etsion’s model [Kogut and Etsion, 2003b] vanishes when the normal load exceeds a certain value, which obviously contradicts the experimental observation reported by Etsion et al. [2005]. Recently, Chang and Zhang [2007] presented a mathematical model for static friction of a sphere-on-flat contact combining contact mechanics and finite-element simulations. Chen and Wang [2008c] proposed a deterministic static friction model based on the Mindlin’s stick-slip theory and the material shear strength. The purpose of this chapter is to develop a three-dimensional numerical model for a contact subjected to both normal and tangential loads, which considers the stick-slip behavior and the mutual effect of shear and normal tractions. The potential contact area is discretized into small rectangular elements. General solutions of displacements due to uniform tractions over the element at the origin are derived. The resulting surface tractions and subsurface stress field are presented. This model was also utilized to predict the static friction coefficient for sphere-on-flat contacts of rough surfaces. Here, the material is assumed to be elastic-perfectly plastic and the limits of pressure and shear tractions are governed by the Tabor equation. A preloaded normal
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contact simulation is performed first, and followed by a process of gradually increasing the tangential force. The static friction equals the tangential force at the gross sliding incipient moment when the shear stress in the entire contact area exceeds the critical value leading to micro slip. Such a treatment should be more realistic than the usage of the localized Coulomb friction law. In addition, junction growth due to the application of a tangential force can be captured by this model.



6.2 Theory



6.2.1 Problem Formulations The geometry of the contact problem between a ball (body 2, E2 and ν2) and a half-space (body 1, E1 and ν1) is shown in Fig. 6.1, where notations used in the formulation below are also given. The ball indenter is compressed onto the half-space by a normal load, W, along the z axis. Interaction between the ball and the half-space induces normal pressure p and shear tractions qx and qy in the interface. Note that the tractions acting at a point on one surface should act on the corresponding point on the other surface with the same size but at the opposite direction. Based on the Boussinesq-Cerruti integral equations [Johnson, 1985], the relative surface displacements at any point (x, y) can be expressed as, u x ( x, y ) = ∫



∫ {G



+∞ +∞



−∞ − ∞



xx



( x − x' , y − y ' ) ⋅ q x ( x' , y ' ) + G xy ( x − x ' , y − y ' ) ⋅ q y ( x' , y ' )



}



+ G xz ( x − x' , y − y ' ) ⋅ p ( x' , y ' ) dx ' dy ' = G xx ∗ q x + G xy ∗ q y + G xz ∗ p



u y ( x, y ) = G yx ∗ q x + G yy ∗ q y + G yz ∗ p u z ( x, y ) = G zx ∗ q x + G zy ∗ q y + G zz ∗ p



(6.1)
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Here, symbol ‘∗ ’ means the continuous convolution, Gmn (m, n = x, y and z) are the Green’s functions, which are listed as follows,



1  x2 y2  G xx = 3  + ∗  , πr  E ′ E 



G xy =



xy , πµ ∗ r 3



G xz = −



x , πµ ′r 2



G yx =



xy , πµ ∗ r 3



G yy =



1  x2 y2  y  ∗+  , G yz = − , 3  E′  πr  E πµ ′r 2



G zx =



x , πµ ′r 2



G zy =



y , πµ ′r 2



where r =



G zz =



1 πE ∗ r



(6.2)



x 2 + y 2 , 1 E ′ = (1 +ν 1 ) E1 + (1 +ν 2 ) E2 ,



1 E ∗ = (1 − ν 12 ) E1 + (1 − ν 22 ) E 2 , 1 µ ′ = [(1 + ν 1 )(1 − 2ν 1 )] 2 E1 − [(1 + ν 2 )(1 − 2ν 2 )] 2 E 2 , and 1 µ ∗ = [ν 1 (1 + ν 1 )] E1 + [ν 2 (1 + ν 2 )] E 2 . The Green’s functions of normal displacements, G zz and G zx , correspond to G3p and G3s in Section 3.2.2, respectively.
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Figure 6.1 Contact problem shown in the x-z plane, where ωx and ωz are the rigid-body approaches, ux and uz the normal elastic displacement, and h is the surface gap.
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The same surface rectangular mesh system in Section 2.2.3 is used here. Tractions and displacements in each discrete patch are treated as constant. q n[α , β ] and u m[α , β ] (m, n = x, y and z) are surface traction q n and elastic displacement u m of the element centered at ( 2α∆1 , 2β∆ 2 ), respectively. Here, q z = p . The displacement can then be written in the form of discrete convolution, N1 −1 N 2 −1



u m [α , β ] =



∑ ∑ (q ξ ψ =0



x[ξ ,ψ ]



my mz D[mx α −ξ , β −ψ ] + q y [ξ ,ψ ] D[α −ξ , β −ψ ] + p[ξ ,ψ ] D[α −ξ , β −ψ ] )



=0



0 ≤ α , ξ ≤ N 1 − 1 , 0 ≤ β ,ψ ≤ N 2 − 1



(6.3)



where D[mn α , β ] are the discrete influence coefficients (ICs), which is the displacement u m at ( 2α∆1 , 2β∆ 2 ) due to a unit surface traction along the ‘n’ direction at the element centered at the origin.



D[mn α ,β ] = ∫



∆1



∫



∆2



− ∆1 − ∆ 2



Gmn (2α∆ 1 − x' ,2β∆ 2 − y ' )dx' dy '



(6.4)



Closed-form expressions of the indefinite integrals of these Green’s functions are listed here for the sake of completeness [James and Busby, 1995].



∫ ∫ G xx ( x, y )dxdy =



x ln( y + x 2 + y 2 ) − x



∫ ∫ G xy ( x, y )dxdy = −
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πµ



∗
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xz
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1



y ( y ln x 2 + y 2 − y + x tan −1 ) , πµ ′ x



∫ ∫G



yx



( x, y )dxdy = ∫ ∫ G xy ( y, x)dxdy ,



∫ ∫G



yy



( x, y )dxdy = ∫ ∫ G xx ( y, x)dxdy ,



∫ ∫G



yz



( x, y )dxdy = ∫ ∫ G xz ( y, x)dxdy ,



∫ ∫G



zx



( x, y ) dxdy = − ∫ ∫ G xz ( x, y ) dxdy ,



∫ ∫G



zy



( x, y )dxdy = − ∫ ∫ G yz ( x, y )dxdy , and
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∫ ∫G



zz



( x, y )dxdy =



Use u m = D



x ln( y + x 2 + y 2 ) + y ln( x + x 2 + y 2 )



πE ∗ mn



N1 −1 N 2 −1



⋅ qn =



∑ ∑Dα ξ β ψ q ξ ψ =0



mn [ − , − ]



(6.5)



to represent the basic discrete convolutions.



n[ξ ,ψ ]



=0



Symbols with single underlines are vectors containing N1×N2 values of corresponding variables at all elements, and those with double underlines are the matrices of influence coefficients. Thus, Eq. (6.3) can be rewritten as, xx u x   D    yx u y  =  D u   D zx  z  



D



xy



D



yy



D



zy



xz D  q x    yz D  q y   zz   D  p   



(6.6)



The general contact model [Johnson, 1985] is summarized as follows, ux −ωx = sx, u y −ω y = sy u z + hi − ω z = h



(6.7)



Here, ω x , ω y and ω z are the rigid-body translations of N1×N2 elements due to external forces along three axes respectively, s x and s y the relative slip distance parallel to the x and y axes, hi



is the initial surface clearance, and h the surface gap after loading. The meanings of



variables are illustrated in Fig. 6.1 graphically. The element centered at ( 2α∆1 , 2β∆ 2 ) is represented by the notation [α, β]. The contact element set Ac and non-contact element set A c can be defined as, Ac = {[α , β ] | h[α , β ] = 0, p[α , β ] > 0},



Ac = {[α , β ] | h[α , β ] > 0, p[α , β ] = 0}



(6.8)



The local shear strength, τ m[α , β ] , is used as the limit of the shear traction. τ m[α , β ] may be a function of contact pressure and material properties. In the stick region, the shear traction magnitude is less than the shear strength, and the slip distance should vanish. The stick element
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set, Ast , and the slip element set, Asl , are defined as, Ast = {[α , β ] | q [α , β ] ≤ τ m[α , β ] , s [α , β ] = 0} Asl = {[α , β ] | q [α , β ] = τ m[α , β ] , s [α , β ] ≠ 0}



(6.9)



where q [α , β ] = q x2[α , β ] + q 2y[α , β ] , s [α , β ] = s x2[α ,β ] + s y2[α , β ] . In the slip region, the orientation of the micro-slip vector should be opposite to that of the shear traction vector. That is,



(q



, q y [α , β ] ) ⋅ (s x[α , β ] , s y[α , β ] ) = − q [α , β ] ⋅ s [α , β ] T



x [α , β ]



if [α , β ] ∈ Asl



(6.10)



In addition, the contact area is compose of the stick and slip regions, Asl ∪ Ast = Ac ,



Asl ∩ Ast = 0



(6.11)



The subsurface elastic stresses, σ mn , at (x, y, z) due to surface tractions can be expressed as,



σ mn ( x, y, z ) = ∫



∞



∫



∞



−∞ −∞



[Tmnx ( x − x' , y − y ' , z )q x ( x' , y ' ) + Tmny ( x − x' , y − y ' , z )q y ( x' , y ' )



+ T ( x − x' , y − y ' , z ) p ( x ' , y ' )]dx' dy ' , z mn



(6.12)



m, n = x , y , z



Here, Tmnx , Tmny , and Tmnz are the Green’s functions of stresses due to a point force along x, y, and z directions, respectively. Tmnx and Tmnz are given in Appendix A. Tmny can be derived via exchanging x and y in subscripts and coordinates in Tmnx . For instance, Txyy ( x, y, z ) = T yzx ( y, x, z ) . The convolutions in Eq. (6.12) may be evaluated using the discretization scheme shown in Section 3.2.3.



6.2.2 Numerical Procedure First of all, the normal frictionless contact without the tangential load can be solved by the algorithm proposed by Polonsky and Keer [1999]. The contact area and contact pressure, p, are then obtained.
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If the localized Coulomb friction law is utilized (i.e., the shear stress limit equals the product of pressure with a friction coefficient, µ f ), the initial rigid body horizontal translations,



ω x and ω y , may be estimated from the specified tangential load using the exact formula [Johnson, 1985]. Even though this equation is derived under several restricted assumptions, it is a fairly good estimation to start the numerical iteration.



[



]



ω m = ω ∗ 1 − (1 − Fm µ f W )2 3 ,



m = x, y



(6.13)



where ω ∗ = 3µ f W ⋅ [(2 − ν 1 )(1 + ν 1 ) E1 + (2 − ν 2 )(1 + ν 2 ) E 2 ] 8a 0 , and Fx and Fy are the tangential forces along the x and y directions. Because the part of the contact area in stick is unknown in advance, an iterative method based on the conjugate gradient (CG) algorithm is employed here to determine the real stick zone. We initially assume that the entire contact area is in stick, thus the relative slip distances of all elements are zero. Plugging Eq. (6.6) into the first two equations in Eq. (6.7), one has,



 D xx  yx  D



D



xy



D



yy



q  xz D   x  ω x   s x  0  = = yz  q  −  D   y  ω y   s y  0  p  



(6.14)



Eq. (6.14) is actually a linear equation system with respect to unknowns q x and q y , which can be solved by the CG algorithm iteratively. At the nth iterative step, the residual values of the (n)



(n)



equations, s x



and s y , (i.e. the relative slip distances) are calculated using tractions in the (n)



current step, q x



(n)



and q y . Then the square sum of the residual vectors is calculated, g (n) =



[(s ∑∑ α β



N1 −1 N 2 −1



=0



=0



) + (s



2 (n) x [α , β ]



)]



2 (n) y [α , β ]



for [α , β ] ∈ Ast



(6.15)
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We can calculate the conjugate directions, t x



t k( n[α) , β ]



and t y , for solution searching as,



 (n) g ( n ) ( n −1) s k [α , β ] + ( n −1) t k [α , β ] = g 0 for [α , β ] ∉ Ast 



for [α , β ] ∈ Ast



,



where k = x, y (6.16)



The updating length, τ (n ) , along the conjugate directions is then computed as,
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Next, the shear tractions are updated by using a vector whose orientation is along the conjugate directions, as indicated in Eq. (6.16). q ( n +1)   q ( n )  t (xn )  x x ( n )  =  −τ ⋅   ( n) q ( n +1)   q ( n )  t y   y   y  (0)



(0)



( 0)



(6.18)



( 0)



Here, the values are initialized by setting q x = q y =0, t x = t y =0, and g ( 0 ) =1. The boundary conditions in Eqs. (6.9) and (6.10) are checked to determine the stick and slip status for each element. If q [α , β ] > τ m , the element [α, β] is removed from the stick element set Ast, and the shear traction magnitude over this element is set equal to the shear strength, τ m . Another examination is to check the orientations of the shear traction and micro-slip for the element in the slip set Asl. The element is drawn back to the stick element set Ast if the micro-slip is not opposite to the shear traction on this element. The (n+1)th iterative step is performed based on the new stick element set and the new ( n +1)



element shear tractions, q x



( n +1)



and q y



. The entire procedure from Eq. (6.15) to (6.18) is



repeated until the square sum of residual values g ( n ) is less than a specified tolerance error.
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Because of dissimilarity of material properties, the tangential tractions will induce relative normal displacements and change normal contact geometry and the pressure distribution. Therefore, the normal contact needs to be re-simulated with the updated surface geometry. The total tangential forces in this step are calculated as, N1 −1 N 2 −1



N1 −1 N 2 −1



α =0 β = 0



α =0 β = 0



Fx ' = ∆ 1 ∆ 2 ∑ ∑ q x[α , β ] , Fy ' = ∆ 1∆ 2 ∑ ∑ q y[α , β ]



(6.19)



The rigid body translations are adjusted based on the differences between the computed tangential forces ( Fx ' , Fy ' ) and the specified forces ( Fx , Fy ).



ω x = ω x Fx Fx ' ,



ω y = ω y Fy Fy '



(6.20)



A new stick-slip loop needs to be performed using the updated rigid body translations. Computation ends until both the normal pressure and shear tractions converge. Figure 6.2 shows the flowchart of the numerical procedure.
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Figure 6.2 Flowchart for the numerical simulation of a contact involving stick-slip.



6.2.3 Model Verification In order to verify the current model, the numerical results of a point contact of two elastic bodies are compared with the analytical solutions given by Johnson [1985]. Here, the interfacial shear traction is limited by the localized Coulomb friction. An increasing tangential force, Fx, less than the Coulomb limiting tangential force, µfW, is applied along the x axis. The analytical solution is derived based on the assumptions that shear tractions have no mutual interaction with pressure and are parallel to the tangential force everywhere. Exact solution of the rigid body
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displacement is given in Eq. (6.13), and that of the shear traction along the x axis is shown in Eq. (6.21). 2 2    r  c r     q x ( x , y ) = µ f p 0 1 −   − H (c − r ) ⋅ 1−    a0  a0 c    



(6.21)



Here, H(r) is Heaviside’s step function, c a 0 = (1 − Fx µ f W ) ) the stick zone radius, and a0 13



and p 0 are the Hertz contact radius and peak pressure, respectively. The numerical verification is conducted using the same assumptions as those used in the analytical derivation. Note that these assumptions are released in the following ‘Results and Discussions’ section. Figure 3(a) presents the longitudinal traction distribution, qx, along the x axis, and Figure 3(b) shows variations of the stick radius, c, and the rigid body displacement, ω x , with the increasing tangential load. Excellent agreements can be found between the current numerical results and the analytical solutions. (b) 1.0
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Figure 6.3 Comparisons of the numerical results with analytical solutions, (a) shear traction qx along the x axis, and (b) variations of the stick zone radius and tangential rigid body deformation as functions of the increasing tangential force.
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6.3 Results and Discussions



6.3.1 Contact with Coulomb Friction Limit The current model is used to analyze a point contact of dissimilarly elastic materials with shear tractions at the interface. The localized Coulomb friction law is used to identify the onset of micro-slip. Suppose that a rigid ball indenter with a radius of R = 18mm is compressed on an elastic half-space by a normal load W = 20N. The half-space is assumed to be steel with elastic properties of E1 =210GPa, and ν 1 =0.3. A 256×256×32 mesh system is used here to discretize the physical contact domain with dimensions of 3 a0 ×3 a0 ×1.5 a0 . In the following analyses, the surface traction corresponds to that applied on the half-space, the stresses are normalized by the Hertz peak pressure, p 0 , and the dimensional variables are normalized by the Hertz contact radius, a0 . The normal contact pressure can cause a relative tangential deformation at the interface. Shear tractions are generated to oppose the tendency of this relative tangential deformation. This kind of interaction between the normal and shear tractions relies on the degree of material dissimilarity, which can be quantified by the Dundurs constant, β.



β=



(1 + ν 1 )(1 − 2ν 1 ) 2 E1 − (1 + ν 2 )(1 − 2ν 2 ) 2 E 2 (1 − ν 12 ) E1 + (1 − ν 22 ) E 2



(6.22)



Here, the properties of contact bodies result in β=0.2857. Note that for the contact of the same materials, β=0. The coefficient of friction, µ f , has a significant influence on the stick-slip phenomenon; however, this effect virtually depends on the discrepancy of material elastic
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properties. Therefore, the ratio of friction coefficient over the Dunders constant, µ f β , is used to characterize contact performances. A contact with normal load alone is simulated first. The characteristic contact variables, including the peak pressure, the contact radius, and the stick zone radius, are listed in Table 6.1 under different values of µ f β . As the value of µ f β increases, the contact radius decreases slightly, while the stick zone expands significantly. The presence of shear tractions enhances the peak pressure, but the increase in µ f β reduces the peak pressure.



Table 6.1 Comparisons of contact feature variables under different values of µ f β µf β pmax p0



a a0 c a0



0.0 (Hertz) 1.0000 1.0000 0.0000



0.5 1.0811 0.9915 0.1853



1.0 1.0789 0.9839 0.4887



1.4 1.0770 0.9792 0.6248



1.8 1.0761 0.9773 0.7060



Once the normal contact is established, an increasing tangential loading, Fx, is applied to push the spherical indenter along the x axis. However, the magnitude of Fx is not large enough to induce a gross sliding. In this part of study, the ratio of friction coefficient over the Dundurs constant is µ f β = 1.0. Figure 6.4(a) presents the evolution of the stick part of the contact area as the tangential load, Fx, increases gradually, and Figure 6.4(b) shows the variation of the stick to contact area ratio as a function of the increasing shear force. When Fx µ f W is less than 0.6, the stick zone is dragged by the tangential force towards the trailing edge of friction (it touches the contact
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border as Fx µ f W is about 0.6), and the stick area reduces steadily. Further increase in the tangential force makes the stick zone shrinks dramatically at the rear part of contact area until the stick zone vanishes completely. For the contact of the same materials, the gross sliding takes place at Fx = µfW because only the x-direction shear traction, qx, exists. Figure 6.4(b) indicates that the stick zone reduces to zero at Fx µ f W = 0.945, thus a tangential force less than µfW will lead to a gross sliding due to the occurrence of the y-direction shear traction, qy.
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Figure 6.4 (a) Evolution of the stick zone with the increasing shear force (The dashed lines are the boundaries of the stick zones, and the regions between the solid line and the dashed lines are the slip zones.), and (b) variation of the stick area as a function of the shear force. (The dimensionless shear force leading to a zero stick area is given in the rectangular box.)



The profiles of pressure, p, along the x axis are plotted in Fig. 6.5 for different magnitudes of the tangential force. The increase in the tangential force reduces pressure at the
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contact edge in the friction leading direction and enhances that at the edge in the friction trailing direction. Variation of the peak pressure is trivial when Fx µ f W 
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Figure 6.5 Surface pressure distributions along the x axis.



Figure 6.6 gives contours of the shear traction components, qx and qy. As indicated in these figures, qx contours are symmetric and while qy contours anti-symmetric with respect to the x axis. The x-direction shear traction, qx, has both positive and negative values under the light tangential load ( Fx µ f W = 0.2). As the tangential force increases, the zone containing positive qx expands and that containing negative qx shrinks; and the magnitude of negative qx decreases dramatically. qx in the entire contact area becomes positive (having the same direction of friction) when the tangential force is larger than the transitional value of 0.6µfW. The boundaries of stick zones are marked by the dashed lines. The maximum positive and negative values of qx locate at the boundary of the stick zone, and their positions move along with the stick zone towards the
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trailing edge of friction. Figure 6.6 validates the existence of the y-direction shear traction, qy, in dissimilar-material contacts subjected to the x-direction tangential load, Fx, alone. The maximum qy decreases with the increasing tangential load. The positions of maximum qy are also at the interface of stick and slip zones, and they are shifted opposite to friction and close to the x axis. The dimensionless von Mises stress contours in the vertical cross section (y = 0), σ VM p 0 , are presented in Fig. 6.7 for the increasing tangential force, Fx. The local maximum



stresses under the surface are marked by triangles, and those on the surface by circles. The corresponding stick zones are labeled on the figures. Figure 6.7 reveals that the global maximum stress is at the interface of stick and slip zones and locates at the leading edge of stick zone. When Fx is below 0.6µfW, the increase in the tangential force enhances the surface maximum von Mises stress and lifts the position of subsurface maximum stress. However, the increase in Fx beyond 0.6µfW actually decreases the intensity of surface maximum stress and lowers the position of subsurface maximum stress. In addition, the increase in the tangential force has a negligible effect on the intensity of the maximum subsurface von Mises stress in the plane of symmetry.
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Figure 6.6 Contours of the dimensionless shear tractions, qx and qy, on the surface, (a) Fx µ f W =0.2, (b) Fx µ f W =0.6, and (c) Fx µ f W =0.9. (The bold dashed lines enclose the stick



zones, and the regions between the bold solid lines and the bold dashed lines are in slip.)
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Figure 6.7 Contours of the dimensionless von Mises stress, σ VM p 0 , in the y = 0 plane, (a) Fx µ f W =0.2, (b) Fx µ f W =0.6, and (c) Fx µ f W =0.9.



6.3.2 Static Friction Analysis of Rough Surfaces The method of using a localized Coulomb friction law to define the upper limit of shear
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traction is convenient, but may be problematic. It may give an unrealistic prediction of tangential traction exceeding the shear strength of a material. In addition, this approach has difficulty explaining the trends of friction coefficient variation with roughness parameters and the normal load. Considering the fact that shear rupture of asperity junctions between two contacting bodies is the most important friction mechanism, static friction can be predicted from the contact condition and material strength. Assume that the local shear strength, τm, can be related to the local normal strength, pm, and hardness of the softer material, H, by the Tabor equation [Tabor, 1959]. p m2 + ατ m2 = H 2



(6.23)



Here, H is roughly 2.8σ Y for elastic-perfectly plastic materials, and α the Tabor constant. Here, we estimate the Tabor constant by an extreme case following the idea of Chang and Zhang [2007]. When two clear surfaces are adhered together under high vacuum conditions with contact pressure much less than the shear traction, the local shear strength approaches the bulk shear strength of the softer material, ks ( ≈ σ Y



3 ). Therefore, the Tabor constant, α, approximately



equals ( H k s ) 2 ≈ 23.52 . This value of the Tabor constant should be valid for cases with light load and small roughness because it is estimated with the relatively small normal pressure and the carefully cleaned surface (strong adhesion). However, the applicability of this value will be validated via comparing the numerical results with the experimental measurements reported by Etsion et al. [2005]. As indicated in Eq. (6.23), the local normal strength decreases with the increase in the tangential force. Thus, the contact area has to expand to accommodate the normal
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load (i.e., the junction growth). When the entire contact area experiences yielding under the combined effect of normal and shear tractions, the junction growth should cease and a gross shearing could occur at the surface [Tabor, 1959]. Note that one of the surfaces in this model is assumed to be smooth; thus friction mechanisms due to ploughing and tilted asperity contacts are not considered. A sphere-on-flat contact is still investigated in this section. In order to evaluate the static friction force along the x axis (without losing the generality), an increasing tangential force, Fx, is applied on the sphere. The static friction force is the maximum tangential force that the normal contact can support at sliding inception. Following the statement made in the last section, sliding inception is assumed to happen at the moment when the stick area, Ast, drops to zero. Finally, the static friction coefficient, µ f , is determined by the static friction divided by the pre-applied normal load. In order to illustrate the procedure clearly, an example of the frictional contact between a smooth copper ball (R = 7.5mm) and a steel half-space is simulated using the present model. The surface of the half-space is chosen to be either perfectly smooth or rough (RMS roughness is Rq = 0.06um). Material properties are given in Table 6.2. The applied normal load is W = 6Wc. Formula of the critical load, Wc, is given in Eq. (5.21).



192



Table 6.2 Specimen properties, geometry, and roughness in the experiments conducted by Etsion et al. [2005] Body Sphere (Copper) Half-space (Harden steel) Half-space (Sapphire)



Modulus, E (GPa) 106



Poisson ratio, ν 0.33



Hardness (GPa) 1



Roughness, Rq (µm) 0.02



205



0.31



6.2



0.01



Diameter, D (mm) 3, 5, 10 and 15 N/A



435



0.30



19



0.003



N/A



Figures 6.8 and 6.9 present the real contact area for the cases of the smooth and rough surfaces, respectively. For the spherical contact of the smooth surface, the initial contact area under the normal load alone is a circle (solid line); the dashed circle is the contact area boundary at the sliding inception. The contact area increases 32% due to the application of tangential force. The junction growth phenomenon can also be found in the case with the rough half-space. As shown in Fig. 6.9(a), several non-contact islands exist within the nominal contact area under the normal load alone. At the sliding inception, shown in Fig. 6.9(b), the non-contact islands disappear for such a small roughness case; and the outer boundary of the contact area is largely expanded. The percentage of contact area growth at the sliding inception is 40%. The sliding inception moments are identified using the curves of the stick area versus the tangential force, which are presented in Fig. 6.10. Based on the criterion that full sliding occurs when the stick area vanishes, the static friction force can be determined. It indicates that the static friction at the smooth surface contact interface (1.91Wc) is larger than that at the rough surface contact
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interface (1.64Wc). 1.5 1 0.5
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Figure 6.8 Real contact area between a copper sphere and a smooth steel half-space. (the solid line is the contact area boundary with the normal load alone, and the dashed line the contact area boundary at the gross sliding inception.)
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Figure 6.9 Real contact area between a copper sphere and a rough steel half-space (Rq = 0.06um), (a) with the normal load alone, and (b) at the gross sliding inception. (The grey area is in contact.)
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Figure 6.10 Identification of the sliding inception moment for the contacts of a copper sphere and a steel half-space under the normal load of W = 6Wc.



Validaiton of Static Friction Model An experimental investigation was conducted by Etsion et al. [2005] to examine the static friction at the interface of a sphere loaded against a half-space. The material of the ball specimens is copper with negligible strain hardening effect (consistent with the assumption of the elastic-perfectly plastic behavior modeled in this section), and the half-space specimens are made by either hardened steel or sapphire. All the specimens were polished to a high surface finish. The material properties and roughness parameters in the experiments are summarized in Table 6.2. In order to account for the effect of surface roughness, the simulations were conducted for a smooth sphere against a rough half-space, whose surface has the composite roughness of both contacting bodies in the experiments, which is Rq = Rq21 + Rq22 . Isotropic rough surfaces were generated by the process mentioned in Section 4.2.1 with an autocorrelation length of βx = 40um.
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Figure 6.11(a) presents comparisons of the static friction coefficients for the contact of the copper ball with the sapphire flat using two different sphere diameters (D = 5 or 15mm) when increasing the normal load, P, up to 80N. As indicated by the experimental results, the static friction coefficient increases with the increase in the ball diameter but decreases dramatically with the increase in normal load for the larger sphere diameter test. These are contradictory to the classic friction law. The present model fairly captures the trends of the static friction coefficient observed in the experiment. The comparison between the variation of the dimensionless static friction as a function of the dimensionless normal load measured in the experiment and those predicted by the present model, as well as those from the Kogut-Etsion friction model (or the KE model) [Kogut and Etsion, 2003b], is shown in Fig. 6.11(b). In order to incorporate the effects of material hardness and sphere radius, both the normal load and the static friction are normalized by Wc. The present model gives a better prediction on the static friction force than the KE model in the investigated load range of W/Wc < 14. Both the present model and the KE model overestimate the static friction under lower normal loads, W/Wc < 6. In addition, The KE model suggests that the static friction would vanish when the plastically deformed zone first reaches the surface (roughly at W/Wc = 14). Such a zero friction is in disagreement with the experimental results. Moreover, the static friction force measured from the copper-on-steel test is higher than that from the copper-on-sapphire test within the load range of W/Wc < 14, which was not shown in the KE model. The analysis of the present model, shown in Fig 6.11(b), not only demonstrates an improved agreement with the experimental friction trend as a function of normal load, but also
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predicts the friction discrepancy of the two material combinations.
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Figure 6.11 Model validations through comparison with the experimental results reported by Etsion et al. [2005], (a) the static friction coefficient versus dimensionless normal load for copper on sapphire, and (b) maximum tangential force (static friction force) versus dimensionless normal load for copper on sapphire and copper on steel.



Effect of Different Material Combinations The present model is also used to analyze the static friction coefficient of a contact of a
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smooth ball (R = 5mm) and a half-space with rough surface. The results of the static friction coefficient are presented as a function of the dimensionless normal load. A 192×192 mesh system is used, in which the element sizes are 1.031×1.031um. This section analyzes the contact performances for three different material combinations: copper and copper (β = 0), copper and steel (β = 0.072), and copper and sapphire (β = 0.146). Larger material difference leads to a larger Dundurs constant, β. The softer material, which is copper in all these cases, has a hardness of H = 1GPa. All material properties can be found in Table 6.2. The half-space surface has a RMS of Rq = 0.04um and an autocorrelation length of βx = 40um. Figure 6.12 shows the profiles of static friction coefficient versus dimensionless normal load for the three material combinations. The static friction coefficient decreases exponentially as the normal load increases, which is consistent with the experimental observations reported in a lot of literatures [Paslay and Plunkett, 1953; Etsion and Amit, 1993; Etsion et al., 2005]. The comparison indicates that the static friction coefficient is smaller when the property dissimilarity of materials in contact is larger. For the contact of materials with larger property discrepancy or higher Dunders constant β, the shear traction induced by the normal pressure is larger; and the junctions of contact asperities are weaker and easier to be sheared. This point agrees well with the tribological practice of using dissimilar materials in a contact pair for low friction.
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Figure 6.12 Comparison of static friction coefficient variations as a function of the dimensionless normal load for the contacts of the copper ball on the rough half-space of different materials.



Effect of Surface Roughness A group of rough surfaces with different RMS roughness values is generated by the synthetic procedure described in Section 4.2.1. The present model is used to evaluate the static friction coefficients on these rough surfaces. Here, the ball is copper and smooth, and the half-space is sapphire and rough. Variations of the static friction coefficient as a function of the dimensionless normal load for different surface roughness values (Rq = 0.02, 0.06, and 0.12 um) are presented in Fig. 6.13, which reveals that the static friction coefficient is lower for the contact with rougher surfaces when the roughness is in the studied range and the mating surface is smooth. The same effect of the RMS roughness on the static friction coefficient was shown by the experiment results reported by many researchers [Paslay and Plunkett, 1953; Etsion and Amit, 1993; Nolle and
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Richardson, 1974]. For the rougher surfaces, the contact area is smaller, and the average contact pressure on asperities is higher, and the local shear strength is lower, and thus a smaller static force is needed to induce sliding inception. However, the static friction coefficient becomes nearly independent of RMS roughness at high contact loads for the three cases studied in this paper. This observation is in agreement with the experiment results given by Nolle and Richardson [1974]. Considering the facts that the roughness values used in the simulations are relatively small (less than 120 nm) and the asperity normal load capacity may be undermined by tangential force, most asperities in the contact area are compressed nearly flat by the normal load; thus the roughness effect may become trivial under a high contact load. This statement can be proved by the contact area map shown in Fig. 6.9(b), where nearly all the areas below the sphere come into contact without noticeable non-contact island at the sliding inception.
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Figure 6.13 Effects of surface RMS roughness, Rq, on static friction coefficient for the copper ball on the sapphire half-space.
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6.4 Summary A three-dimensional numerical model for the frictional contact of elastically dissimilar materials has been developed, where the stick-slip mechanism and the coupling effect of the normal pressure and shear tractions are considered. A good agreement with the Mindlin solution verifies the accuracy of the present model. The contact analysis indicates the peak pressure is larger than that from the Hertz solution due to the occurance of surface shear tractions. An increasing tangential force, Fx, is applied to investigate the effect of friction on the contact of dissimilar materials. The stick zone is dragged opposite to friction as Fx increases and eventually vanishes at the rear part of the contact area. The global maximum von Mises stress is on the surface and locates at the leading interface of stick and slip zones. The y-direction shear traction, qy, is also induced at the surface under the x-direction tangential force alone. A numerical procedure was also developed to predict the maximum tangential force in terms of static friction coefficient. The sliding inception occurs when the shear tractions in the entire contact area reach the localized shear strength governed by the Tabor equation and the stick area drops to zero. The static friction can be calculated based on the contact situation and material strength. Validation was provided via comparing the numerical results with the experimental observations in a recently published paper. The numerical analyses show that load increment significantly decreases static friction coefficient. This model was further utilized to investigate the static friction coefficient of the contact involving rough surfaces.



201



CHAPTER SEVEN: ELASTO-PLASTIC POINT CONTACT MODEL OF LAYERED BODIES Protective coating layers are applied on many engineering components, such as cutting tools, cam and gear, magnetic storage media, and biomedical devices, to improve the tribological performances. Some of these components may work under the heavy-duty conditions and may involve plastic deformations in both the layer and the substrate. Reported in this chapter is the development of a fast numerical model for solving the three-dimensional elasto-plastic contact problems involving layered bodies. The analytical solutions of a unit surface pressure and a unit subsurface eigenstrain in a half-space are employed in this model, and the topmost layer is simulated by an equivalent inclusion with a fictitious eigenstrain. The accumulative plastic deformation is determined by a procedure involving an iterative plasticity loop and an incremental loading process. The analytical elastic solution and an indentation experiment are used to examine the accuracy of this model. A sample application of this model to a rigid ball loaded against an elasto-plastic layered half-space is analyzed. Numerical results demonstrate effects of the modulus, the yield strength, and the thickness of the coating on the hardness, stiffness, and plastic deformation of the composite body.



Keywords: Layered contact, Equivalent inclusion method, Hardness and stiffness



7.1 Introduction The deposition of a coating is a widely used surface-reinforcement method to reduce friction, increase the wear resistance, and elongate the fatigue life of a component [Tichy and
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Meyer, 2000; Bhushan and Peng, 2002]. The layered material generally has a non-conformal contact geometry and may experience plastic deformation even in the case of a hard surface coating. The contact performance of layered materials may differ remarkably from homogeneous bodies because of the material dissimilarity of layer and substrate. A numerical elasto-plastic contact model for layered bodies is necessary to assist coating design, such as the layer material selection and the coating thickness determination. The contact of layered bodies is a mathematically complicated problem. The spatial dimensions of the governing differential equations of elasticity are generally reduced by using the integral transform methods, such as the Hankel [Burmister, 1945] and Fourier transforms [Chen, 1971; Ju and Chen, 1984; Plumet and Dubourg, 1998]. The displacements and stresses in a layered body can be solved in a hybrid space-frequency domain. O’ Sullivan and King [1988] extended the method studied by Chen [1971] to compute the subsurface stress field subjected to a sliding boundary condition; and Nogi and Kato [1997] developed the explicit frequency response functions of the elastic field for a purely pressure-loaded layered body. The approach of O’ Sullivan and King’s was extensively used in a lot of contact analyses of layered materials [Polonsky and Keer, 2000b, 2001; Liu and Wang, 2002; Liu et al., 2005a, b; Liu et al., 2007b]. An extensive review on the numerical methods applied to the layered contact problems was given by Bhushan and Peng [2002]. Peng and Bhushan [2001, 2002] developed a layered material contact model of elastic/plastic solids with computer-generated rough surfaces using the variational principle method, where the contact pressure was limited by a cut off value of the material hardness to simulate the elastic-perfectly plastic behavior. The finite element method
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(FEM) was used by Kral and Komvopoulos [1997] and Ye and Komvopoulos [2003a, b] to study the problem of a sliding ball over a layered elasto-plastic half-space. FEM needs a large number of elements to mesh the entire layered body, which may cause an intensive computational burden. The exact solutions of uniform eigenstrains in a single cubic inclusion in a half-space were derived by Chiu [1978], which was utilized in the development of a elasto-plastic contact model for homogeneous bodies [Jacq et al., 2002]. The purpose of this chapter is to develop a fast numerical model for the three-dimensional elasto-plastic contact involving layered bodies. The simulation domain is meshed into small cuboidal elements, and the approach to determining the plastic strain increment in Chapter three is used. The equivalent inclusion method previously developed for the inhomogeneous inclusion problem [Mura, 1982] is utilized here to simulate the stress and displacement perturbations due to the presence of layer. This model is applied to study the contact of a rigid sphere against a layered elasto-plastic half-space. The simulation results of the surface pressure, the interface shear stress, and plastic deformation corresponding to different coating properties are provided and compared.



7.2 Theoretical Background



7.2.1 Problem Description Consider the contact of a ball (Eb, νb) with a layered half-space (see Fig. 7.1), where the elastic constants of the coating and substrate materials are (Ec, νc) and (Es, νs), respectively. The coating is relatively thin in this model, where the coating thickness, d, is comparable with or less
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than the contact radius. The maximum indentation load is W, and both the coating and substrate materials may yield when the stress intensity exceeds the elastic limit. ε ijp are the resulting plastic strains. The surfaces of the two bodies are assumed to be smooth.
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Figure 7.1 Elasto-Plastic contact of a sphere with a layered substrate.



In order to simplify the problem, the sphere is treated as an elastic homogeneous body. The model assumes that the coating is perfectly bonded to the substrate without interface slipping and locally detaching. The tangential tractions and surface adhesion are not considered in this model. The contact equations in Section 3.2.1 are used; but the formulation for the surface displacement of a layered body is different from that of a homogeneous body. In terms of the numerical algorithm, the discrete convolution and fast Fourier transform (DC-FFT) in Section 2.3.2 is employed due to the counterformal contact geometry of this problem.
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7.2.2 Equivalent Inclusion Method for Layered Medium The presence of the coating layer may largely disturb the contact deformation, the stress field, and further the plasticity responses of the body. The domains of the layer, the substrate, and the plasticity zone are denoted as Ωc, Ωs, and Ψp, respectively (in Fig. 7.2). The elastic moduli of c s layer and substrate materials are C ijkl and C ijkl .



C ijkl = λδ ij δ kl + µ (δ ik δ jl + δ il δ jk )



(7.1)



where λ = Eν (1 + ν )(1 − 2ν ) and µ = E 2(1 + ν ) are the Lamé's constants. In light of the Hooke’s law, the stresses in Ωc can be expressed as, c σ ij = C ijkl (ε kl − ε klp ) ,



(7.2)



in Ω c



Here, ε kl is the total strain caused by external contact loading, which may be the elastic strain in the plasticity-free domain in the layer (i.e., ε klp = 0 in Ω c ∩ Ψ p ). (a)



(b)



σij = C (εkl − ε ) in Ωc ∩ Ψp c ijkl



p kl



c Cijkl



s σ ij = Cijkl (ε kl − ε kl∗ − ε klp ) in Ωc ∩ Ψp
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Figure 7.2 Equivalent inclusion method to solving the stress disturbance due to the coating, (a) the original problem of a layered substrate, and (b) the equivalent problem of a homogeneous body with a fictitious surface inclusion occupying the layer space.
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The equivalent inclusion method was used to study the disturbance of stress field in an infinitely extended matrix containing an inhomogeneous inclusion, which has dissimilar material constants with the surrounding matrix and may have its own eigenstrains (inelastic strain) [Mura, 1982]. The idea is applied here to simulate the stress disturbance due to the layer using the eigenstress caused by an inclusion which occupies the coating space Ωc. The virtual inclusion has the same material constant as the substrate, in which an equivalent (fictitious) eigenstrain, ε ij∗ , is introduced to simulate the disturbance originated at the material inhomogeneity. Therefore, the problem of a layered half-space becomes the problem of a homogeneous body containing a surface inclusion, which may be solved by the numerical approach developed by Chiu [1978]. In order to determine the equivalent eigenstrain, ε ij∗ , the stresses in the fictitious homogeneous material are formulated as Eq. (7.3) based on the Hooke’s law. s σ ij = C ijkl (ε kl − ε klp − ε kl∗ ) ,



(7.3)



in Ω c



The necessary and sufficient condition for the equivalency of the stresses in the above two problems of a layered body and an inclusion is, c s σ ij = C ijkl (ε kl − ε klp ) = C ijkl (ε kl − ε klp − ε kl∗ ) ,



in Ω c



(7.4)



Further manipulation leads to the relationship between the equivalent eigenstrains and total stresses in Eq. (7.5). −1



s c s C ijkl C klab σ ab − σ ij = C ijkl ε kl∗ , c where C ijkl



−1



in Ω c



(7.5)



= − δ ij δ klν c E c + (δ ik δ jl + δ il δ jk ) 4 µ c is the elastic compliance of the coating



material; subscripts (i, j, k, l, a, b) range over 1, 2, 3, and the index summation convention holds. As shown in the next section, the subsurface stresses can be obtained as a function of the
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equivalent eigenstrains, ε ij∗ , when the eigentrains are in a homogeneous material. Thus, Eq. (7.5) is an implicit equation with respect to unknown ε ij∗ . A numerical iteration method is used to determine ε ij∗ , which will be discussed in Section 7.2.4. It is noteworthy that the DC-FFT method, which is desired by the counterformal contact geometry, uses the nonperiodic boundary condition and is unable to consider the fictitious inclusion outside the simulation domain. Therefore, the actual problem solved by this method is that of a block embedded in the substrate, where the block has the same material as the layer and the horizontal dimensions of block are the same as those of the simulation domain. For concentrated load contacts, neglecting the coating outside the simulation domain will cause unexpected error on the stress field especially at the domain boundary. However, a sufficiently large simulation domain can make this error negligible because the layer structure outside the domain has trivial influence on the elastic field near the load application point. For the nominally flat surface contacts, this kind of error can be completely circumvented by using the periodic boundary condition and the continuous convolution and Fourier transform method (CC-FT) in Section 2.3.1.



7.2.3 Formulations for Stress and Surface Displacement In a layered elasto-plastic contact body, the surface displacement and subsurface stresses may have three possible sources: (1) the elastic part, u 3(1) and σ ij(1) , due to surface pressure, p, (2) the residual part, u 3( 2 ) and σ ij( 2 ) , due to plastic strain, ε ijp , and (3) the disturbance part, u 3(3) and σ ij(3) , due to the equivalent eigenstrain, ε ij∗ . The formulations for u 3(1) , u 3( 2 ) , σ ij(1) , and



σ ij( 2 ) are presented in Sections 3.2.2 and 3.2.3, respectively.
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As mentioned in Section 3.2, the equations of the eigen-displacement and eigenstresses are derived for the general form of eigenstrain instead of a special volume-conserved plastic strain (i.e., ε jjp = 0 ). Thus, the eigen-displacement and eigenstresses due to the equivalent eigenstrains can be calculated using the formulations for the residual displacement and stresses. Assume that the simulation domain is discretized with the same cubic mesh system used in Section 3.2.2, and the Nc is the number of elements in the coating layer, Ωc, along the z direction. Eigen-displacement of the surface element centered at ( 2α∆1 , 2β∆ 2 ) can be written as,



u



( 3) 3[α , β ]



N1 −1 N 2 −1Nc −1



=



∑ ∑ ζ∑ D ξ ψ =0



=0



r ∗ 3ij [α −ξ , β −ψ ,ζ ] ij [ξ ,ψ ,ζ ]



ε



(7.6)



=0



and the eigenstresses of the volume element centered at ( 2α∆1 , 2β∆ 2 , 2γ∆ 3 ) are,



σ ij(3[α) , β ,γ ] =



N1 −1 N 2 −1Nc −1



∑ ∑ ζ∑ A ξ ψ



ijkl [α −ξ , β −ψ ,ζ ,γ ]



=0



=0



ε kl∗ [ξ ,ψ ,ζ ]



(7.7)



=0



where 0 ≤ α , ξ ≤ N 1 − 1 , 0 ≤ β ,ψ ≤ N 2 − 1 , 0 ≤ ζ ≤ N 3 − 1 , 0 ≤ ζ ≤ N c . Detailed forms of the influence coefficients, D3rij and Aijkl , have been discussed in Section 3.2 and in Appendix G, respectively. The total surface normal displacement and subsurface stresses are,



u 3[α ,β ] = u 3(1[α) ,β ] + u 3([2α) ,β ] + u 3([3α) ,β ]



(7.8)



σ ij [α , β ,γ ] = σ ij(1[)α , β ,γ ] + σ ij( 2[α) ,β ,γ ] + σ ij(3[α) , β ,γ ]



(7.9)



7.2.4 Numerical Procedure In this study, both the layer and substrate materials are assumed to be elastic-perfectly plastic, i.e, without the strain hardening effect. σ Yc and σ Ys are the yield strengths of the coating and the substrate. The von Mises criterion described in Section 3.2.4 is used to determine
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when and where plastic deformation occurs. The framework of the numerical procedure for the elasto-plastic contact of a layered material is the same as that for the elasto-plastic contact of a homogeneous body shown in Section 3.2.6, where a subroutine to determining the equivalent eigenstrains in the layer should be incorporated to account for the disturbance due to the material dissimilarity. In the process of indenting a material, the indentation load gradually increases and the entire process can be divided into several quasistatic steps. In each step, the surface pressure, the subsurface stress, and the plastic strain increment may be simulated under the specified indentation load based on the procedure show in Section 3.2.6. The simulation accomplished above is for a homogeneous half-space. In order to consider the effect of the material inhomogeneity, the equivalent eigenstrains, ε ij∗ , need to be calculated using the equivalent inclusion method. Substituting the equations of stresses in Eq. (7.9) into the governing equation of the equivalent eigentrains in Eq. (7.5) and using the tensor form (in the bold format) to simplify the formulas, one has,



(C s C c



−1



− I ) : (σ [(α1), β ,γ ] + σ [(α2 ), β ,γ ] + σ [(α3), β ,γ ] ) = C s : ε [∗α , β ,γ ] ,



in Ω c



(7.10)



Here, C s and C c are the 4th order tensors of material constants, I is the 4th order identity tensor, and σ and ε are the 2nd order tensors of stresses and strains, respectively. Defining a new material constant tensor, L = (C s C c



−1



− I ) −1 C s , Equation (7.10) can be written as,



σ [(α1), β ,γ ] + σ [(α2), β ,γ ] + σ [(α3), β ,γ ] = L : ε [∗α , β ,γ ] ,



in Ω c



(7.11)



The equations of σ (1) and σ ( 2 ) are given in Eqs. (3.11) and (3.12). The eigenstresses
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σ (3) may be linked to the equivalent eigenstrains ε ∗ using Eq. (7.7). N1 −1 N 2 −1Nc −1



L : ε [∗α , β ,γ ] − ∑ ∑ ∑ A [α −ξ , β −ψ ,ζ ,γ ] : ε [∗ξ ,ψ ,ζ ] = σ [(α1), β ,γ ] + σ [(α2), β ,γ ] ξ =0 ψ =0 ζ =0



0 ≤ α , ξ ≤ N 1 − 1 , 0 ≤ β ,ψ ≤ N 2 − 1 , 0 ≤ γ , ζ ≤ N c



(7.12)



where A is the 4th order tensor of the influence coefficient. In each element of the coating domain, there are six unknown equivalent eigenstrain components, ε ij∗[α , β ,γ ] . The total number of unknowns is 6 N 1 N 2 N c . The linear system in Eq. (7.12) has 6 N 1 N 2 N c equations. An iterative numerical approach based on the conjugate gradient method (CGM) can be applied here to obtain the equivalent eigenstrains. Calculations of the eigenstresses in a half-space can be accelerated by a 3D FFT method proposed by Zhou et al. [2008]. Based on the solution of plastic strain increment and equivalent eigenstrains, the surface normal eigen-displacement can be calculated using the Eqs. (3.8) and (7.6). The surface geometry is updated by the eigen-displacement, and the surface normal contact simulation should be performed again to obtain the new pressure. Figure 7.3 gives a detailed flowchart of the numerical procedure, which includes an incremental load process, a closed-loop for the surface eigen-displacement, and an iterative loop for the plastic strain increment. The algorithm routines, which are different from those in Fig. 3.4, are highlighted in grey.
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Figure 7.3 Flowchart of the numerical simulation of an elasto-plastic layered contact.



7.3 Model Validations



O’ Sullivan and King [1988] utilized a series of basic functions to represent the elastic contact pressure between a sphere indenter and a layered half-space, which was used to determine the subsurface stress field in a layer and substrate based on the explicit frequency
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response functions (shown in Appendix F). In order to verify accuracy of the present model, the simulation of the elastic contact of a rigid ball loaded against a layered half-space is performed. The numerical results of the present model are compared with those from the O’ Sullivan and King’s model in Fig. 7.4. Here, a0 and p0 are the Hertz solutions of the contact radius and peak pressure, which are obtained for a homogenous half-space of the substrate material. The coating thickness, d, is taken to be a0, and Poisson ratios of the layer and the substrate are 0.3. The simulation domain of (4.5 a0×4.5 a0×2.4 a0) is meshed into 72×72×39 cubic elements. Figure 7.4(a) shows the contact pressure profiles beneath the indenter for the cases with different E c E s . The increase in the coating modulus increases the contact pressure and reduces the contact area. Stress profiles of σ 11 and σ 33 along the depth at the origin are given in Figs. 7.4(b) and (c). It is found that σ 11 is discontinuous while σ 33 is continuous at the interface of layer and substrate. This is consistent with the continuous traction condition at the layer interface. Figure 7.4(d) gives the interfacial shear stress, σ 13 , along the x axis. Larger shear stress σ 13 is found for the case with stiffer layer. Figure 7.4 shows excellent agreements between the present numerical results and the solutions given by O’ Sullivan and King [1988]. Another noteworthy point is that shear stress, σ 13 , at the boundary of simulation domain predicted by the present model matches well with that given by O’ Sullivan and King [1988]. It indicates that the domain sizes used in this study are sufficient to avoid the boundary error induced by neglecting the layer structure outside the simulation domain. Therefore, the contact pressure and subsurface stresses from the numerical model for an elastic layered contact are validated.
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Figure 7.4 Model Validation with the O’ Sullivan and King’s results, (a) contact pressure along



the x axis, (b) σ 11 along the depth at the origin, (c) σ 33 along the depth at the origin, and (d)



σ 13 along the x axis at the interface of coating and substrate.
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Another simulation is performed to validate the model when plasticity is involved. Michler and Blank [2001] gave an experimental load-displacement curve as well as an FEM-simulated one for the indentation of a 10um-radius diamond indenter into a tooling steel substrate coated with a 3.5um diamond-like carbon (DLC) layer, where only the steel substrate involves obvious plastic deformation (the diamond tip and the DLC layer could be considered as purely elastic). The steel substrate was modeled as elastic-perfectly plastic in the FEM simulation [Michler and Blank, 2001], which is consistent with the plasticity assumption used in the present model. The present model is applied to simulate the same experiment problem, and the material properties used in the simulation are listed in Fig. 7.5 for clarity. The load-displacement curves from the experiment, the FEM model [Michler and Blank, 2001], and the present model are plotted in Fig. 7.5. In the FEM simulation, Michler and Blank assumed that the substrate and the DLC layer have the same Young’s modulus and Poisson ratio (E = 200GPa and ν = 0.3). The numerical results from the present model using the same assumption of the layer material as FEM are plotted in triangular symbols. A good agreement can be found between the simulation results of the FEM model and the present model. Differences of the indentation curve slopes and the contact interferences between the experimental measurements and simulated results still exist and may come from the assumption of the layer material, which is to some extent inaccurate. Therefore, the elastic constants of the DLC layer (Ec = 87GPa and νc = 0.22) reported by Cho et al. [1999] are used by the present model for a more accurate prediction, and the simulation results are presented in filled-circle symbols. The numerical results with the updated layer material properties closely match the experiment measurement data.
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Figure 7.5 Model Validation with the experiment measurement and the FEM simulation by Michler and Blank [2001]; the load-displacement curves for an indentation of an R = 10um diamond spherical tip into a DLC coated tooling steel involving only substrate plasticity.



7.4 More Results and Discussions



In the simulations reported in this section, both the layer and the substrate have a Poisson ratio of 0.3, and the sphere is rigid. The maximum normal load is W Wc = 20, where Wc is the transitional load indicating the onset of an elasto-plastic contact if the ball is loaded against a homogeneous half-space of the substrate material. The formula of Wc is given in Eq. (5.21). In the following results, the displacements are normalized by a0, the stresses and pressure by p0, and the normal load by Wc. The simulation domain sizes and the mesh number are the same as those used in the validation cases. Each simulation case includes 18 loading steps as well as 18
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unloading steps. The computation time depends on the magnitude of the normal load and the coating thickness. It takes about 40 minutes to simulate the case with a coating thickness of d = 0.5a0 on a computer with 2.4GHz CPU and 2G memory. ‘Hard’ and ‘soft’ are used to describe the magnitude of yield strength (hardness), and ‘stiff’ and ‘compliant’ the magnitude of Young’s modulus. Effect of the Yield Strength of the Layer



A set of simulations are conducted for the cases with a fixed substrate yield strength and a varying layer yield strength, and simulation results are presented in Fig. 7.6. Here, the Young’s moduli of the layer and the substrate are set to be equal, and the coating thickness is d = 0.5a0. Figure 7.6(a) shows that the increase in the layer yield strength increases the contact pressure and reduces the real contact area (the dimensionless contact areas, Ac πa02 , are 1.493, 1.389, 1.294, and 1.230 when the yield strength ratio, σ Yc σ Ys , equal 0.75, 1, 1.5, and 2, respectively). Figure 7.6(b) gives the load-displacement curves. Because the moduli of the layer are the same in these cases, the loading curves almost overlap under light loads, and deviate apart under heavy loads due to different plastic responses of the layer. The slopes of unloading curves are approximately the same. After the unloading is completed, the residual print depth is shallower in the case of the harder coating. Increasing the layer yield strength can enhance the hardness of a layered medium, and this matches well with the engineering practice of using a hard coating to increase the load bearing capacity. Interface delamination is the main failure mode of layered bodies, which is related to the large shear stress at the interface between the layer and the substrate. The interfacial shear stress,
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σ 13 , along the x axis is presented in Fig. 7.6(c) for various layer yield strengths. The maximum values of σ 13 approximately locate at the distance of a0 away from the center. The peak shear stress increases with the layer yield strength, but is insensitive to the layer yield strength when
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Figure 7.6 Comparisons of cases with different yield strength ratios, σ Yc σ Ys , ( E c E s = 1, d a 0 = 0.5) (a) contact pressure along the x axis, (b) indentation depth versus the applied load,



and (c) interfacial shear stress σ 13 along the x axis at z = d.
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The plastic regions in the cross section of y = 0 are presented in Fig. 7.7, where four types of lines represent the boundaries of plastic regions for the cases of σ Yc σ Ys = 0.75, 1, 1.5, and 2, respectively. Only one half of the plane is shown due to the problem symmetry. For the case of



σ Yc σ Ys = 2 (hard coating), significant discontinuity of the boundary curve of the plastic region can be found due to the large different of material yield strengths, and the plastic region is beneath the surface and has the smallest size in the layer among the four cases. A harder coating can support a higher stress intensity, and therefore less material in the layer yields to resist the external load, suggesting that increasing σ Yc improves the strength of a layered body. Using a soft coating can obviously expand the plastic region in the layer. For the case of σ Yc σ Ys = 1 (a homogeneous half-space), the plastic region reaches the surface and has a continuous boundary curve, and an elastic core surrounded by the plastic region can be found just beneath the contact center. Further decreasing the layer yield strength ( σ Yc σ Ys = 0.75) removes the central elastic core and introduces a fully plastic state in the layer. It increases the possibility of wear caused by plastic deformation. Varying the layer yield strength brings trivial influence on the size the plastic zone in the substrate.
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Figure 7.7 Plastic regions in the plane of y = 0 (the dashed, dot-dashed, dotted, and bold solid



lines are the boundaries of plastic regions for cases with σ Yc σ Ys = 0.75, 1, 1.5, and 2, respectively).



Effect of Young’s Modulus of the Layer



Figure 7.8 shows the comparisons of simulation results from three cases with varied Young’s modulus of the layer, E c E s = 0.5, 1, and 2. Here, the ratio of the yield strengths of the layer and the substrate is σ Yc σ Ys = 1.5, and the coating thickness is d = 0.5a0. Figure 7.8(a) shows that increase in the layer stiffness uplifts the contact pressure at the contact boundary but lowers the pressure at the contact center, and the overall load bearing capacity is not improved obviously through using a stiff coating. The numerical test predicts that the dimensionless contact areas, Ac πa02 , are 1.503, 1.294, and 1.160 for the cases of E c E s = 0.5, 1, and 2, respectively. Figure 7.8(b) presents the load-displacement curves, where the slopes of loading and unloading curves obtained from the case of a stiffer coating are larger than those from the
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case of a more compliant coating; the body with a stiffer coating yields a shallower indentation depth at the end of loading. However, the depths of the residual indentation prints after load release are almost the same in these three cases. It is shown that increasing modulus of the layer can reinforce the stiffness of a layered body but hardly improve its hardness (or strength). Figure 7.8(c) gives the interfacial shear stress, σ 13 , profiles along the x axis for the cases with different layer moduli. At the interface of the substrate and the layer, the increase in the coating stiffness enhances the peak shear stress, which may increase the potential of delamination failure.
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Figure 7.8 Comparisons of cases with different modulus ratios, E c E s , ( σ Yc σ Ys = 1.5, d a0 =



0.5) (a) contact pressure along the x axis, (b) indentation depth versus the applied load, and (c) interfacial shear stress σ 13 along the x axis at z = d.
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Figure 7.8 (continued).



The plastic regions in the plane of y = 0 developed at the maximum indentation load for the cases of E c E s = 0.5, 1, and 2 with σ Yc σ Ys = 1.5 and d = 0.5a0 are plotted in Fig. 7.9. The contact body with a more compliant layer renders a smaller plastic region in the layer. Increasing the layer stiffness obviously increases the contact pressure and subsurface stresses if only a purely elastic contact is considered. However, the maximum stress intensity in an elasto-plastic layer is limited to the layer yield strength, which is fixed for these cases; so that more material needs to be deformed plastically to accommodate the external load. In the case of E c E s = 2 (the stiff coating), the plastic region expands and reaches the surface, which may cause unexpected plasticity wear; more plastically-deformed material under the surface makes the surface contact more conformal, which may explain why the pressure in the stiff coating case drops in the center of the contact area and the overall load bearing capacity is barely improved (as shown in Fig. 7.8(a)). Similar to the effect of the layer yield strength, the layer stiffness has a
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slight effect on the plastic region in the substrate.
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Figure 7.9 Plastic regions in the plane of y = 0 (the dashed, dot-dashed, and bold solid lines are



the boundaries of plastic regions for cases with E c E s = 2, 1, and 0.5, respectively).



Effect of the Thickness of the Layer



The effects of the layer thickness on the contact performances are also investigated, and the simulation results from the cases of d a0 = 0.5, 1, 1.5 are presented and compared in Fig. 7.10. In these cases, the Young’s modulus ratio and the yield strength ratio are fixed to be E c E s = 2 and σ Yc σ Ys = 1.5 (the hard and stiff coating), respectively. Figure 7.10(a) gives the pressure distributions along the x axis. The increase in the coating thickness increases the contact pressure and shrinks the contact area. The load-displacement curves are presented in Fig. 7.10(b), where increasing the layer thickness increases the slopes of loading and unloading curves (larger
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stiffness) and yields a shallower residual indentation print (higher strength). Interfacial shear stress, σ 13 , along the x axis is shown in Fig. 7.10(c). The increase in the layer thickness can reduce the peak shear stress along the interface noticeably and shift the peak shear stress towards the contact center. (a)
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Figure 7.10 Comparisons of cases with different coating thicknesses, d , ( σ Yc σ Ys = 1.5, E c E s = 2) (a) contact pressure along the x axis, (b) indentation depth versus the applied load,



and (c) interfacial shear stress σ 13 along the x axis at z = d.



224



Figure 7.11 presents the plastic regions for the cases of different coating thicknesses in the vertical cross section. For the body with a thicker layer, the plastic regions in both the layer and the substrate are smaller as compared to the cases with a thinner layer even though the plastic region boundary just beneath the contact center slightly expands.
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Figure 7.11 Plastic regions in the plane of y = 0 (the dashed, dot-dashed, and bold solid lines are the boundaries of plastic regions for cases with d/a0 = 0.5, 1, and 1.5, respectively; the solid lines refer to interfaces of the layer and the substrate in the three cases).



Figure 7.11 reveals that increasing the layer thickness should be an effective approach to achieving the high hardness and the high stiffness for a body with a hard and stiff coating, as well as a lower interfacial shear stress and a smaller plastic region. Nonetheless, the layer thickness can not be enlarged unboundedly in the real engineering practices because of the composite structure and the cost considerations.
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7.5 Summary



A fast three-dimensional numerical model has been developed for the elasto-plastic contact of layered bodies, which treats the topmost layer as an inhomogeneous inclusion. The equivalent eigenstrains are introduced into the fictitious inclusion to take into account the material dissimilarity between the layer and the substrate. Excellent agreements of numerical results from the present model with an analytical solution and an experimental measurement reported in a literature validate the accuracy of this model. The contact of a rigid ball over a layered elasto-plastic half-space is analyzed using this model. A group of contact simulations is performed with various layer moduli, layer yield strengths, and layer thicknesses, which provides results of the surface pressure, the plastically deformed region, the interfacial shear stress, and the indentation load-displacement relationship. The model is a powerful numerical tool for simulating the indentation of layered materials and can be a useful assistance to mechanical design of the coating. Numerical analyses indicate that the hard coating can reinforce the strength of the layered body and shrink the plastic region in the layer; while the stiff coating can improve the stiffness of the body (stress intensity) and enlarge the plastic region in the layer. For the purpose of improving the load bearing capacity and reducing the potential of plasticity wear, the layer with a higher hardness and a lower Young’s modulus should be chosen. In addition, increase in the thickness of a hard and stiff coating enhances the hardness and stiffness of a layered body and lowers the shear stress on the coating-substrate interface.
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CHAPTER EIGHT: CONCLUSIONS Contact modeling is a mathematically complicated problem due to its highly nonlinear nature and the initially unknown contact area. The contact built on isolated asperities of rough surfaces may cause stress concentrations and plastic yield in the material. The thermal distortion and the deposited layer dramatically change the subsurface stress field and the interface contact performance. It is difficult to derive the analytical solutions for these complex problems, thus numerical methods have to be used. The computations of contact displacement and stress involve intensive convolution operations, which can be substantially accelerated by the use of the fast Fourier transform (FFT) technique. In terms of the algorithm selection, the discrete convolution and fast Fourier transform (DC-FFT) method is ideal for the counterformal contact problem at the cost of only doubling the simulation domain. The continuous convolution and Fourier transform (CC-FT) method relies on frequency response functions and yields the most accurate solution for a flat-flat contact problem (without any domain extension), where periodic similarity of the surface topography is assumed. The method with the mixed padding scheme in the excitation is good for the one-dimensional periodic problem (such as 3D line contact problem). In this thesis, three-dimensional elasto-plastic models have been developed for counterformal and flat-flat contacts using the semi-analytical method (SAM), which is a special treatment of the boundary element method (BEM). These models employ a universal integration algorithm for elastoplasticity involving isotropic and kinematic hardening. An iterative approach
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is used to determine the approximate solution of residual surface deflection caused by the plastic strain. At the end of the simulation, detailed information of the contact pressure, real contact area, and subsurface stress and plastic strain fields are provided. Based on the contact geometry, the corresponding FFT-based algorithm is utilized to improve the computational speed. An indentation test with the smooth surface is simulated by the counterformal contact model. Good agreement can be found between the results of SAM and the published FEM solutions. This part of the model is utilized to evaluate the contact performance of the interface between a repeatedly translated ball and a half-space. The elastic-perfectly plastic (EPP), kinematic plastic (KP) and linear/power isotropic kinematic plastic (LIKP/PIKP) hardening behaviors of materials have been simulated. As the rolling contact is repeated, the plastic strain increases and the von Mises stress intensity decreases in the plastic zone, which may be the main source of shakedown. The shakedown state may be readily achieved at a lighter load in a solid with the isotropic hardening property. This model was also applied to simulate the stress and strain histories in repeated sliding contacts with a Coulomb shear traction applied. An increasing friction coefficient enlarges the plastic strain and the von Mises stress intensity. For the purpose of validating the elasto-plastic model of flat-flat contacts, the contact of a bi-sinusoidal surface with a flat surface is simulated. The numerical prediction of the contact area matches well with the experimental observation. A group of contact simulations is performed in order to examine the effects of topographical characteristics of roughness, material properties including a hardening parameter, and the load on contact behaviors. A wide range of rough surfaces, including isotropic, highly anisotropic, Gaussian and non-Gaussian surfaces, are



228



numerically generated for the parametric study. The hardening tangential modulus has trivial influence on the contact area and gap but noticeably affects the size of the plastic zone. An increase in Young’s modulus (under the same yield strength) expands the interfacial gap, reduces contact area ratio, and enlarges plastically deformed volume. An isotropic surface with narrower and higher asperities may result in a larger interfacial clearance, a smaller contact area ratio, and a smaller plastic zone. A set of regression formulas is constructed to correlate contact performances with the load conditions and material properties based on results of the full simulation. Comparison of the results from the present model with those from an existing curve-fitting model shows satisfactory agreement. In Chapter five, the thermal and thermomechanical fields are coupled into the elasto-plastic contact model of counterformal bodies. Temperature-dependent work hardening behavior and a realistic heat partition scheme are considered. This model analyzes the transient and steady-state mechanical responses due to heat conduction. Sliding contact of a half-space over a stationary elasto-plastic sphere is simulated. The steady-state analyses show that more heat flows into the moving body to maintain the temperature continuity at the interface. Thermal distortion largely changes the mechanical stress and strain fields. The plastic strain predicted by the transient model is larger than that by the steady-state one. Considering the loading path dependent nature of plasticity, the transient model may be more suitable for elasto-plastic contact analysis. Heat transfer mainly concentrates near the contact region at the beginning, which may cause an extremely high temperature and even melting wear at the interface if the heat source intensity is relatively high.
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Chapter six derives formulations for the numerical model of the frictional contact of elastically dissimilar materials, in which the stick-slip mechanism and interfacial tangential tractions are incorporated. The numerical result shows excellent agreement with the Mindlin solution. When two dissimilar materials are in contact, the stick zone decreases in size and eventually vanishes with increasing tangential force. A lateral force may induce the shear traction in the perpendicular direction of the force. The static friction coefficient can be predicted by the numerical procedure based on the stick-slip concept. The sliding inception occurs when the shear tractions in the entire contact area reach the limited value of localized shear strength and the stick area drops to zero. The numerical analyses show that a load increment significantly decreases the static friction coefficient, and the material combinations and surface roughness also have considerable influence on the static friction coefficients. Finally, the equivalent inclusion method is used to resolve elasto-plastic contact problems involving layers. Stress disturbance due to the material dissimilarity between the layer and the substrate is treated as the eigenstress caused by an introduced equivalent eigenstrain. For an indentation test of a diamond-like carbon (DLC) layer, the numerical prediction has excellent agreement with an experimental measurement reported in a previously published paper. Numerical analyses indicate that the layer with a higher hardness and a lower modulus can enhance the strength of the layered body and reduce the potential of plasticity wear. The contact models developed in this thesis are powerful prediction tools and useful assistances to tribological design of the mechanical, electrical, and manufacture systems.
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APPENDIX A Stress solutions of a unit normal force at the surface origin of a half-space ( Tijn )



T11n ( x, y, z ) =



1 1 − 2v1  2 π  r 2



 z  x 2 − y 2 zy 2  3 zx 2    1 − + 3 − 5   2 ρ r ρ  ρ    



T22n ( x, y, z ) = T11n ( y, x, z ) T33n ( x, y, z ) = −



T12n ( x, y, z ) =



3 z3 2π ρ5



1 1 − 2v1  2 π  r 2



T13n ( x, y, z ) = −



 z  xy xyz  3 xyz  1 −  2 − 3  − 5  ρ  ρ   ρ  r



3 xz 2 2π ρ5



T23n ( x, y, z ) = T13n ( y, x, z )



Stress solutions of a unit shear force (along the x axis) at the surface origin of a half-space ( Tijsx )



T11sx ( x, y, z ) =



 x  1  3x 3 3x x3 2x3 − + − − + + ( 1 2 v )  1  3 5 2 3 2 2 3  2π  ρ ρ ( ρ + z) ρ ( ρ + z) ρ ( ρ + z )  ρ



T22sx ( x, y, z ) =



 x 1  3 xy 2 x xy 2 2 xy 2  + +  − 5 + (1 − 2v1 ) 3 − 2π  ρ ρ ( ρ + z ) 2 ρ 3 ( ρ + z ) 2 ρ 2 ( ρ + z ) 3  ρ



3 xz 2 T ( x, y, z ) = − 2π ρ5 sx 33



T12sx ( x, y, z ) =



 1  3x 2 y y x2 y 2 x 2 y  − + ( 1 − 2 v ) − + +   1  2 2π  ρ5 ρ 3 ( ρ + z ) 2 ρ 2 ( ρ + z ) 3   ρ ( ρ + z)



T13sx ( x, y, z ) = −



3 x2 z 2π ρ5
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T23sx ( x, y, z ) = −



3 xyz 2π ρ5



Indefinite triple integrals of Tijn about x, y, and z



∫∫∫ T



n 11



∫∫∫ T



n 22



( x, y , z ) dxdydz =



1 2π



  4 z (1 − ν 1 )ν 1 zν 1 θz + θρ   2ν 1 yγ x − 2(1 − ν 1 ) zθ x − 2ν 1 zθ y + 1 − 2ν 1 1 − 2ν 1  



( x, y , z ) dxdydz =



1 2π



  4 z (1 − ν 1 )ν 1 zν 1 θz + θρ   2ν 1 xγ y − 2(1 − ν 1 ) zθ y − 2ν 1 zθ x + 1 − 2ν 1 1 − 2ν 1  



1 ∫∫∫ T ( x, y, z )dxdydz = 2π n 33



 4 z (1 − ν 1 ) 2 z (1 − ν 1 )  θz + θρ   2( xγ y + yγ x ) − 2ν 1 z (θ x + θ y ) + 1 − 2ν 1 1 − 2ν 1  



1 [− 2ν 1 ρ − (1 − 2ν 1 ) zγ z ] 2π 1 n ∫∫∫ T13 ( x, y, z )dxdydz = 2π [2 xθ x + yγ z ] 1 n ∫∫∫ T23 ( x, y, z )dxdydz = 2π 2 yθ y + xγ z



∫∫∫ T



n 12



( x, y , z ) dxdydz =



[



]



Indefinite double integrals of Tijn about x and y n ∫∫ T11 ( x, y, z )dxdy =



  1  x xz −1   − − 2ν 1θ ρ + 2(1 − 2ν 1 ) tan   2π   ρ + y + z  ρ (ρ + y) 



∫∫ T



( x, y, z )dxdy =



1 2π



  y yz  −1   − − 2ν 1θ ρ + 2(1 − 2ν 1 ) tan    ρ + x + z  ρ ( ρ + x)  



∫∫ T



( x, y , z ) dxdy =



1 2π



 xz yz  − θ ρ + ρ ( ρ + y ) + ρ ( ρ + x )   



∫∫ T



( x, y, z )dxdy =



1 2π



 z (2ν 1 − 1) ln( ρ + z ) − ρ   



n ∫∫ T13 ( x, y, z )dxdy =



1 2π



  z2 −    ρ (ρ + y) 



n 22



n 33



n 12
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1 2π



  z2 −    ρ ( ρ + x) 



Indefinite double integrals of Tijsx about x and y sx ∫∫ T11 ( x, y, z )dxdy =



  2ν 1 x 2 1 y z  − [ 2γ y + z (1 − 2ν 1 ) + ] 2π  ρ (ρ + z) ρ (ρ + y)  ρ (ρ + y)



∫∫ T



( x, y, z )dxdy =



1 2π



∫∫ T



( x, y , z ) dxdy =



1 − z 2 ρ (ρ + y) 2π



∫∫ T



( x, y, z )dxdy =



1 2π



 2ν 1 x  x γ x − z (1 − 2ν 1 ) ρ ( ρ + z ) − ρ   



∫∫ T



( x, y, z )dxdy =



1 2π



  xy  xz − tan −1   −  zρ    ρ ( ρ + y)



∫∫ T



( x, y, z )dxdy =



1 (− z ρ ) 2π



sx 22



sx 33



sx 12



sx 13



sx 23



 2ν 1 y  y 2ν 1γ y − z (1 − 2ν 1 ) ρ ( ρ + z ) − ρ   



[



where r 2 = x 2 + y 2 ,



]



ρ = x2 + y 2 + z 2 ,



ρ + y+z ρ + x+ y −1  ρ + x + z   , θ z = tan −1   , θ y = tan  , y x z      



θ x = tan −1 



 xy   , γ x = ln( x + ρ ) , γ y = ln( y + ρ ) , γ z = ln( z + ρ ) .  zρ 



θ ρ = tan −1 
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APPENDIX B Derivation of partial differential ∂σ VM ∂λ



Consider a solid body with shear modulus µ. Based on Hooke’s Law,



σ ij ' = 2µ (ε ij '−ε ijp ' )



(B.1)



The prime is the deviatoric operator. Considering the volume conservation of the plastic deformation, ε kkp = 0 , Eq. (B.1) becomes



σ ij ' = 2µ (ε ij '−ε ijp )



(B.2)



When the Armstrong and Frederick kinematic hardening law [Armstrong and Frederick, 1966] is used, one has,



S ij = σ ij '− X ij = 2µ (ε ij '−ε ijp ) − X ij ∂X ij ∂λ and the total strain, ε ij ' ,



= Kp



S ij



σ VM



(B.3)



− γX ij



is assumed to be rate independent if the plastic strain increment, ∆λ ,



is sufficiently small in one loading step. Thus, 3S ij ∂S ij 3S ij ∂σ VM ∂ ( 3S ij S ij / 2 ) = = ⋅ = ∂λ ∂λ 2σ VM ∂λ 2σ VM In the light of the flow rule [Hill, 1950], dε ijp = dλ



 ∂ε ijp ∂X ij  ⋅ − 2µ −  ∂λ ∂λ  



3S ij 2σ VM



(B.4)



, one has,



3S ij  S ij S ij 3γX ij S ij  ∂σ VM = ⋅ − 3µ −Kp + γX ij  = −3µ − K p + σ VM σ VM ∂λ 2σ VM  2σ VM 



(B.5)
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APPENDIX C Numerical generation of a non-Gauss rough surface



Hu and Tonder [1992] developed a two dimensional digital filter technology to simulate a non-Gauss rough surface. Digitized asperity heights of a rough surface, hi ,



with a known



autocorrelation function (ACF) and the first four order statistical moments can be generated by passing an independent random sequence, η, through a two dimensional FIR filter.



hi (i, j ) =



N1 −1 N 2 −1



∑ ∑ c(k , l ) ⋅η (i − k , j − l )



(C.1)



k =0 l =0



where N1 and N2 are the numbers of grids, and c(k,l) are coefficients of the FIR filter system. This procedure is essentially a linear convolution, which can be evaluated by the DC-FFT algorithm proposed by Liu et al. [2000] efficiently. The discrete power spectral density (PSD) function of the surface is discrete Fourier transform of its ACF, as shown in Eq. (C.2).



ˆ Rˆ z (m, n) =



N1 / 2 −1



∑



N 2 / 2 −1



∑ R (k , l ) ⋅ e



−ikm



z k = − N1 / 2 +1 l = − N 2 / 2 +1



⋅ e −i ln



(C.2)



Here, m and n are the coordinate indices in the frequency domain. The discrete PSD function of ˆ the independent random sequence η is denoted as Rˆη . For a linear transform system, one has the following relationship, 2 ˆ ˆ Rˆ z (m, n) = cˆˆ(m, n) ⋅ Rˆη (m, n)



(C.3)



Here, cˆˆ is the discrete Fourier transform of the FIR filter coefficients. ACF of an independent random sequence is a delta function, whose Fourier transform is a constant function (without loss of generality, 1 is used). Thus, coefficients cˆˆ can be determined by the PSD function of the
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ˆ random surface, Rˆ z , obtained in Eq. (C.2). ˆ cˆˆ(m, n) = Rˆ z (m, n)



(C.4)



The inverse discrete Fourier transform of cˆˆ gives the filter coeffiencts, c, which can be used in the linear system in Eq. (C.1) to calculate asperity heights. So far, the generated surface has a specified ACF, but it is still a Gauss rough surface. For a linear transform system, the skewness and kurtosis of the output sequence, Skz and Kz, are related to those of the input sequence, Skη and Kη, as follows,



Sk z



Kz



(∑ =



q j =0



(∑ = (∑



q



θ3 j =0 j



q



θ2 j =0 j



) ⋅ Sk )



)



2



η



3



q −1



θ 3j ⋅ Kη + 6∑ j =0 ∑r = j +1θ j2θ r2



(∑



q j =0



θ



2 j



)



2



q



(C.5)



where θ j = ci (k , l ) , j = k ⋅ N 2 + l , q = N 1 N 2 − 1 , k = 0,K, N 1 − 1 , and l = 0, K, N 2 − 1 . For the generation of a non-Gauss surface, the skewness and kurtosis of the random sequence, η, are calculated from specified Skz and Kz of the rough surface by Eq. (C.5). The random sequence with appropriate Skη and Kη can be generated from a normal distribution random sequence, by using a Johnson translator system of distribution [Johnson, 1949]. Based on the values of Skη and Kη, the coefficients in the Johnson translator system are determined by the curve fitting algorithm given by Hill et al. [1976].
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APPENDIX D Properties of the Fourier transform



~ ∂f ( x) ) = imf (m) ∂x ~ ∂f (m) (2) FT ( xf ( x )) = i ∂m



(1) FT (



(3) FT ( x



~ ~ ∂f ( x) ∂f ( m) ) = − f ( m) − m ∂x ∂m ∞



(4) If f ( x ) = ∫ g (τ )h(τ − x )dτ −∞



∞ ∞ ~ f (m) = ∫  ∫ g (τ )h(τ − x)dτ e −imx dx − ∞  −∞  set σ = τ − x ∞ ∞ ~ ~ f (m) =  ∫ g (τ )e −imτ dτ  ⋅  ∫ h(σ )e −i⋅( − m )⋅σ dσ  = g~ (m) ⋅ h (−m)  −∞   −∞ 
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APPENDIX E Fourier transforms of the potential functions used in the thermal stress formulation (1) Transient case:  2π ~   wz − 1   wz + 1   wz + 1  γ 4 q~ γ 1  t + − + exp(− w z ) − γ 3  , w ≠ 0 + γ 2t −  2  2  2 ~ w   2w  2w  w   w  ϕ~ I =   2π t q~ ~  w [2 − exp(− w z )], w = 0



 2π ~ q~ exp( − w z )γ 3 , w ≠ 0 ~ II  w ~ ϕ = ~ exp( − w z ) , w = 0  2π t q~  w



 2π ~ ~ γ  wt + z  − γ  wt − z  + exp(− w z )(wγ − z )  , w ≠ 0 q  2 3 ~  1  2 2  ϕ~,I3 =  w    ~ 2π t q~ exp(− w z ) , w = 0 



~



I ϕ~,33



 2π ~  wz + 1   2 wz − 1  2 ~  2  +γ 2w t −  − wγ 4 + exp(− w z )( w z − 1 − w γ 3 ),  q γ 1  w t + 2  2    w    w≠0 = − 2π t q~ ~w exp(− w z ),   w=0



where







γ 1 = exp(w z ) erfc w t + 



γ 3 = t erfc(w t ) −



z  2 t 



t exp(− w 2 t )



πw



(2) Steady-state case ( t = ∞ ):



~



~



~



~



ϕ~ I = π q~ exp(− zw)(1 + 2 zw) w 3 ϕ~ II = π q~ exp(− zw) w 3







γ 2 = exp(− w z ) erfc w t − 



erf(w t ) + 2w 2



γ4 =



z  2 t 



2  z  2  exp − w t −   4t  π 



2 t
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APPENDIX F Solving the elastic field in a layered half-space by frequency response functions (FRF) Consider that a layered half-space is subjected to a distributed normal surface pressure, p(x1, x2). The displacement at the point of (x1, x2, x3) along the xi direction can be associated with pressure in the Fourier transform domain as,



~ ~ ~ ~ u~i ( m, n, x3 ) = G ui ( m, n, x3 ) ~ p ( m, n )



(F.1)



~ ~ where m and n are the frequency coordinates corresponding to x1 and x2, and G ui is the Frequency Response function (FRF). The displacement in the space domain can be obtained by



~ applying the inverse Fourier transform, u i = IFT [u~i ( m, n, x3 )] . The close-form FRFs of normal displacement at the surface and stress components under the surface are given as follows [Nogi and Kato, 1997],



~ (1 − ν c ) ~ G u 3 ( m , n,0) = − (1 + 4 dακθ − χκθ 2 )αQ



µc



~ ~ G σ 11 ( m, n, x 3 ) = − m 2 ( H L + H L′ ) + 2αν L ( B L − B L′ ) − z L m 2 ( B L + B L′ ) ~ ~ ~ ~ G σ 22 ( m, n, x 3 ) = G σ 11 ( n, m, x3 ) ~ ~ G σ 33 (m, n, x3 ) = α 2 ( H L + H L′ ) + 2(1 − ν L )α ( B L − B L′ ) + z Lα 2 ( B L + B L′ ) ~ ~ G σ 12 ( m, n, x3 ) = − mn ( H L + H L′ ) − z L mn ( B L + B L′ ) ~ ~ G σ 13 ( m, n, x3 ) = − 1[mα ( H L − H L′ ) + (1 − 2ν L ) m( B L + B L′ ) + z L mα ( B L − B L′ )] ~ ~ ~ ~ G σ 23 ( m, n, x3 ) = G σ 13 ( n, m, x 3 )



(F.2)



where µ L and ν L are the shear modulus and Poisson ratio. L = c means in the layer; L = s
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means in the substrate. z c = x 3 , z s = x3 − d , α = m 2 + n 2 ,



χ = 1−



Q=−



4(1 − ν c ) µc µ s − 1 , κ= , θ = exp(−2αd ) , 1 + ( µ c µ s )(3 − 4ν s ) µ c µ s + (3 − 4ν c )



α −2 , [1 − ( χ + κ + 4κα 2 d 2 )θ + χκθ 2 ]



H c = Q{−(1 − 2ν c )[1 − (1 − 2αd )κθ ] + (κ − χ − 4κα 2 d 2 )θ 2} exp(−αz c ) , H c′ = Q[(1 − 2ν c )κ (1 + 2αd − χθ ) + (κ − χ − 4κα 2 d 2 ) 2]θ exp(αz c ) ,



H s = −Q{(3 − 4ν s )(1 − χ )[1 − (1 − 2αd )κθ ] + (κ − 1)(1 + 2αd − χθ )} θ exp(−αz s ) 2 , Bc = [1 − (1 − 2αd )κθ ]αQ exp(−αz c ) , Bc′ = (1 + 2αd − χθ )κθαQ exp(αz c ) ,



Bs = (1 − χ ) θ [1 − (1 − 2αd )κθ ]αQ exp(−αz s ) ,



H s′ = Bs′ = 0



(F.3)
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APPENDIX G Influence coefficients of the Residual Stress Consider a cuboidal inclusion containing a constant eigenstrain, ε ijp , in a half-space with Young’s modulus E and Poisson’s ratio v. i and j range from 1, 2, and 3. A Cartesian coordinate



r r r system ( x1 , x 2 , x3 ) is attached to the space and its origin is set at the surface.



The cube is



centered at the point C(0, 0, h) and has a size of ( 2∆1 , 2∆ 2 , 2∆ 3 ). Given an observation point at M(x1, x2, x3), the residual stress σ ij at point M can be related to the eigenstrain ε ijp in the cube using the influence coefficient tensor, σ ij = Aijkl ε klp . More details are given in the original paper by Chiu [1978]. Aijkl includes 36 different terms as follows, σ 11   A1111 σ    22   A2211 σ 33   A3311  = σ 12   A1211 σ   A1311  13   σ 23   A2311



A1122



A1133



A1112



A1113



A2222



A2233



A2212



A2213



A3322



A3333



A3312



A3313



A1222



A1233



A1212



A1213



A1322



A1333



A1312



A1313



A2322



A2333



A2312



A2313



A1123  ε 11   p A2223  ε 22  A3323  ε 33p   A1223  ε 12p    A1323  ε p   13 A2323  ε p   23  p



The solution is calculated as the superposition of the three solutions shown in Fig. G.1.



(G.1)
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(1)



(2)



(3)



ξ



1



ξ



σ 33*



2
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O h
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M



O
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ξ
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2



x3
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ξ



O



x1



x2



x1



O



x2



M



1



x3 (ξ3)



x3(ξ3)



x3



Figure G.1 Superposition of solutions.



Solution (1) corresponds to the stress field in an infinite space in the presence of a cuboid of contact eigenstrain. Solution (2) corresponds to the stress field in an infinite space in the presence of a mirror p cuboid of the constant eigenstrain, in which the signs of ε 13p and ε 23 are set opposite to those



in the original cuboid. The superposition of solutions (1) and (2) leaves the interfacial plane (x3 = 0) free of tangential stresses. Finally, solution (3) corresponds to the stress field in a half-space on which the interfacial normal stress σ 33 obtained from solutions (1) and (2) is applied. The magnitude of σ 33 is the double of that obtained from the solution (1) or (2) separately. At the end, subtraction of solution (3) from the sum of solutions (1) and (2) gives the desired stress field in a half-space due to a constant eigenstrain in cuboid, in which the surface is free of tractions. The fundamental solution of stresses at the point in an infinite space due to unit
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eigenstrains in a cuboid, Bijkl, can be used to formulate the solutions (1) and (2).



Solution 3 is



expressed in a coordinate system whose origin is placed on the surface by σ ij = Pijkl ε klp . The final solution can be written as,



σ = A ( x1 , x 2 , x3 , h ) : ε p



= B ( x1 , x 2 , x3 − h ) : ε p + B ( x1 , x 2 , x3 + h ) : ε pm − P ( x1 , x 2 , x3 , h ) : ε pm



(



where ε p = ε 11p , ε 22p , ε 33p , ε 12p , ε 13p , ε 23p



)



T



(



(G.2)



)



T



and ε pm = ε 11p , ε 22p , ε 33p , ε 12p ,−ε 13p ,−ε 23p .



1. Expression of tensor B



r r r A new coordinate frame ξ1 , ξ 2 , ξ 3



(



)



is attached to the cubic center. The observation point,



M, has new coordinates (ξ1 , ξ 2 , ξ 3 ) in the local frame. (ξ1 , ξ 2 , ξ 3 ) = (x1, x2, x3-h) in the local frame located at the center of the original cuboid, while (ξ1 , ξ 2 , ξ 3 ) = (x1, x2, x3+h) in the local frame located at the center of the mirror cuboid. Define the vectors Ym , which link the corners of the cuboid to the observation point as,



Ym = (γ 1m , γ 2m , γ 3m ) ,



m = 1, 2, …8



(G.3)



where,



Y1 = (ξ1 − ∆1 , ξ 2 − ∆ 2 , ξ 3 − ∆ 3 ) ,



Y2 = (ξ1 + ∆1 , ξ 2 − ∆ 2 , ξ 3 − ∆ 3 ) ,



Y3 = (ξ1 + ∆1 , ξ 2 + ∆ 2 , ξ 3 − ∆ 3 ) ,



Y4 = (ξ1 − ∆ 1 , ξ 2 + ∆ 2 , ξ 3 − ∆ 3 ) ,



Y5 = (ξ1 − ∆ 1 , ξ 2 + ∆ 2 , ξ 3 + ∆ 3 ) ,



Y6 = (ξ1 − ∆ 1 , ξ 2 − ∆ 2 , ξ 3 + ∆ 3 ) ,



Y7 = (ξ1 + ∆1 , ξ 2 − ∆ 2 , ξ 3 + ∆ 3 ) ,



Y8 = (ξ1 + ∆ 1 , ξ 2 + ∆ 2 , ξ 3 + ∆ 3 ) .



(



Elastic strains ε = ε 11 , ε 22 , ε 33 , ε 12 , ε 13 , ε 23



)



at point M caused by the eigenstrains in the
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cuboid are expressed as,



ε = S :εp Here, S is a 4th order tensor, and its terms are given as follows, S1111



1 8  m 2−v m  = 3 ∑  D,1111 + ( D,1111 + D,m1133 ) − H ( M ) 1− v 8π m=1  



S 2211 = −



v 1 8 − D,m1122 + ( D,m2222 + D,m2233 ) 3 ∑ 1− v 8π m=1



S 3311 = −



1 8 v − D,m1133 + ( D,m2233 + D,m3333 ) 3 ∑ 1− v 8π m=1



S1211 =



1 8 v 1+ v m D,m1112 + ( D, 2221 + D,m3312 ) 3 ∑ 1− v 8π m=1 1 − v



S1311 =



1 8 v 1+ v m D,m1113 + ( D,3331 + D,m2213 ) 3 ∑ 1− v 8π m=1 1 − v



S 2311 =



1 8 v ∑ ( D,m2233 + D,m3332 ) 8π 3 m=1 1 − v



S1112 =



1 8 − 2v m D,1112 + 2( D,m2221 + D,m3312 ) 3 ∑ 8π m=1 1 − v



S 2212 =



1 8 − 2v m D,1222 + 2( D,m1112 + D,m3312 ) 3 ∑ 8π m=1 1 − v



S 3312 =



1 8 − 2v m ∑ D,3312 8π 3 m=1 1 − v



S1212 =



1 8π 3



S1312



8



 − 2v



∑ 1 − v D m =1



m ,1122



 + D,m1111 + D,m2222 + D,m1133 + D,m2233  − H ( M ) 



1 8 1+ v m = 3 ∑− D,1123 + D,m2223 + D,m3332 8π m=1 1 − v



(G.4)



257



S 2312 =



1 8 1+ v m ∑ − D,2213 + D,m1113 + D,m3331 8π 3 m=1 1 − v



(G.5)



where H(M) = 1 if M is inside the cuboid and H(M) = 0 otherwise. Functions Dm (m = 1, 2, …8) are defined by,   γ m γ m  γ mγ mγ m D,m1111 = 2 π 2  tan -1  2m 3  − 1 2 3 2 Rm   γ 1 Rm 



  1 1  m 2  + m 2 m 2 m 2  ( γ ) + ( γ ) ( γ ) + ( γ ) 1 2 1 3  



m ,1112



  Rm + γ 3m m  = − π sign γ 3 ln  (γ m ) 2 + (γ m ) 2  2  1 



m ,1122



π 2γ 1m γ 2mγ 3m = (γ 1m ) 2 + (γ 2m ) 2 Rm



D



D



2



( )



(



D,m1123 = −



(



)



1/ 2



−



(γ 1m ) 2 γ 3m (γ 1m ) 2 + (γ 2m ) 2 Rm



(



)



   



)



π 2γ 1m Rm



(G.6)



where Rm = (γ 1m ) 2 + (γ 2m ) 2 + (γ 3m ) 2 . The rest of the functions D,mijkl are obtained by the circular permutation of the subscripts in Eq. (G.6). The rest terms of S can also be obtained by the circular permutation of the subscripts in Eq. (G.5). The stress at point M (ξ1 , ξ 2 , ξ 3 ) can be determined using the Hooke’s law,



σ = C:ε = C:S:εp



(G.7)



Here, C ijkl = λδ ij δ kl + µ (δ ik δ jl + δ il δ jk ) is the elastic constant tensor, and λ and µ are the Lamé's constants. The terms of tensor B can then be obtained from B = C : S .
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2. Expression of tensor P



r r r In the global coordinate frame ( x1 , x 2 , x3 ) , vectors Z m linking the corners of the mirror cuboid to the projection point of M on the plane of x3 = 0 are defined as, Z m = (η1m ,η 2m ,η 3m ) ,



m = 1, 2, …8



(G.8)



where, Z1 = ( x1 − ∆1 , x2 − ∆ 2 , h − ∆ 3 ) ,



Z 2 = ( x1 + ∆ 1 , x2 − ∆ 2 , h − ∆ 3 ) ,



Z 3 = ( x1 + ∆1 , x2 + ∆ 2 , h − ∆ 3 ) ,



Z 4 = ( x1 − ∆1 , x2 + ∆ 2 , h − ∆ 3 ) ,



Z 5 = ( x1 − ∆ 1 , x2 + ∆ 2 , h + ∆ 3 ) ,



Z 6 = ( x1 − ∆1 , x2 − ∆ 2 , h + ∆ 3 ) ,



Z 7 = ( x1 + ∆1 , x2 − ∆ 2 , h + ∆ 3 ) ,



Z 8 = ( x1 + ∆1 , x2 + ∆ 2 , h + ∆ 3 ) .



The terms of the tensor P can be expressed as,



 P11kl   − x3 f kl (0,2,1) + f kl (0, 2, 2) + 2νf kl ( 2,0, 2)   − x f ( 2,0,1) + f ( 2,0, 2) + 2νf (0, 2, 2)  P  kl kl  3 kl   22 kl   f kl (0,0,0) + x3 f kl (0,0,−1)   P33 kl    = 2  (1 − 2ν ) f kl (1,1,2) − x3 f kl (1,1,1)   P12 kl   − ix f (0,1,0)  P   13 kl   3 kl   P23 kl   − ix3 f kl (1,0,0) 



(G.9)



where i = − 1 , and the functions f kl are the sum of functions Vu ,n ,k ( x, y, z ) . The symbols,



Vum,n ,k = Vu ,n,k (η1m ,η 2m ,η 3m + x3 ) , are used in the following formulations. f11 (0,0,0) =



λ 8π 2



η 3m m V−m1,1,1 (4ν − 1 − 2ν 2 )η 3m m m V + V − − V1, −1,1  ∑ −1, −1, −1 3, −1, 3 ν ν ν 2 2 ( 1 − ) 2 ( 1 − ) m =1   8



−V



(



m −1, −1, 0



+V



)



m 3, −1, 4



η 3m m  1 ν  m  V−1,3, 4 + + V−1, 3, 3  + 1 −ν  2  1 −ν



 m η 3m m    V1,1, 4 + V1,1, 3   2    (G.10)



259



f 33 (0,0,0) =



 1 −ν − ∑ ν m =1  8



λ 8π 2



 m  ηm  V−1, −1, 0 + 3 V−m1, −1, −1  2  



 η 3m m ν  m m m m m η 2 V V V V ( V3, −1,3 + V−m1,3,3 )  + + + + + 3 1,1, 3 3 , −1, 4 −1, 3, 4  1,1, 4 1 −ν  2 



λ f12 (0,0,0) = 8π 2 f13 (0,0,0) =



λ 8π 2



  η 3m   2 ( ) V0m, 0 ,1 + V0m, 0, 2    1 − 2ν  ∑ 1 −ν m =1   ν (1 − ν )    8



8



 1 − 2ν



∑ ν (1 −ν ) (η m =1







 V0m, −1, 0 + V0m, −1,1  



m 3



)



(G.11)



(G.12)



(G.13)



f 22 (0,0,0) and f 23 (0,0,0) can be deducted by permuting the subscripts u and n of Vum,n ,k in equations of f11 (0,0,0) and f13 (0,0,0) , respectively. Functions f kl ( s, t , q ) can be obtained from f kl (0,0,0) by adding s, t, and q on the corresponding subscripts of Vum,n ,k . Detailed forms of functions Vu ,n ,k ( x, y, z ) are listed as follows, V0,0,k ( x, y, z ) = 2π J 1−k ,0 V0,1,k ( x, y, z ) = 2πi sin Φ J 2− k ,1 V1,1,k ( x, y, z ) = −2π sin Φ cos Φ J 3− k , 2 V0, 2,k ( x, y, z ) = π [J 3− k ,0 + cos(2Φ ) J 3− k , 2 ] V2 , 2 , k ( x , y , z ) = V0,3,k ( x, y, z ) =



π 4



π 2



[J 5− k ,0 − cos(4Φ) J 5− k , 4 ]



[



i sin Φ 3 J 4− k ,1 − (4 sin 2 Φ − 3) J 4− k ,3



]



  (3 − 8 sin 2 Φ ) 12 cos(2Φ ) V1,3,k ( x, y, z ) = π sin(2Φ ) sin 2 Φ J 5− k , 0 − J 4− k ,1 − J 3− k , 2  2 ρ ρ   V−1,0,1 ( x, y, z ) = 2πi H1, 0 V−1,0, 0 ( x, y, z ) = 2πiz H 3,0 V−1,0 , −1 ( x, y , z ) = 2πi[3 z 2 H 5,0 − H 3,0 ]
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V−1,1,1 ( x, y , z ) = −2π H 3, 0 V−1,1, 0 ( x, y , z ) = −6πyz H 5, 0



(G.14)



V−1,1, 2 ( x, y, z ) = −2πy[H 0, 2 − z H1, 2 ] where,  y x



ρ = x 2 + y 2 , Φ = tan −1  



H 0, 2 =



tan −1 ( x y ) y



H1, 2 =



tan −1 ( xz y x 2 + y 2 + z 2 ) zy



H 3, 0 =



x 2



( y + z ) x2 + y2 + z2



H1, 0 = ln



H 5, 0 =



2



x + x2 + y2 + z2



y2 + z2 3 ∞



y2 + z2



  x  2 H 3, 0 + ( x 2 + y 2 + z 2 ) 3 2   



J u ,n = ∫ r u exp(− rz ) J n ( ρr )dr = 0



  Γ(u + n + 1) z  P −n  2 2 ( u +1) 2 u  2 2 2  (x + y + z ) x + y + z   2



Remarks: (1) Pu− n is the associated Legendre polynomial, Pu− n (ξ ) = (−1) n (1 − ξ 2 ) n 2 Pu (ξ ) is the ordinary Legendre polynomial. (2) Γ(u + n + 1) = (u + n)! is the Gamma function. (3) J n is the Bessel function of the first kind.



dn Pu (ξ ) , and dξ n
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(4) when u+n+1 = 0, the function J u ,n is not defined. ∞



The function J − n−1,n = ∫ [exp(− rz ) − 1] 0



J n ( ρr ) dr will be used instead. r n+1



The rest terms of functions Vu ,n ,k ( x, y, z ) can be evaluated following the recursive relation and symmetric property: Vu ,n ,k − 2 ( x, y, z ) = Vu + 2,n,k ( x, y, z ) + Vu ,n+ 2,k ( x, y, z ) Vu ,n ,k ( x, y, z ) = Vn ,u ,k ( y, x, z ) The components of the tensor P can then be calculated using Eqs. (G.9)-(G.14).
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