









	
 Home

	 Add Document
	 Sign In
	 Create An Account














[image: PDFKUL.COM]






































	
 Viewer

	
 Transcript













Peeter Joot [email protected]



Harmonic oscillator and displacement coordinates Motivation In lattice problems, we consider normal modes of harmonic coupled systems. Here is a progression through a set of treatments of two harmonically coupled masses, to a lattice configuration with a number of masses all harmonically coupled. Two body harmonic oscillator in 3D



For the system illustrated in fig. 1.1 the Lagrangian is



Figure 1.1: Two masses with harmonic coupling 1 K 1 L = m1 (˙r1 )2 + m2 (˙r2 )2 − (r2 − r1 )2 . 2 2 2



(1.1)



We wish to solve the equations of motion d ∇r˙ L = ∇ri L. dt i



(1.2)



Noting that ∇x a · x = a, the coupled system to solve is m1 r¨ 1 = −K (r1 − r2 ) m2 r¨ 2 = −K (r2 − r1 ) .



(1.3)



These can be decoupled using differences and sums m1 (m2 r¨ 2 ) − m2 (m1 r¨ 1 ) = −(m1 + m2 )K (r2 − r1 ) m1 r¨ 1 + m2 r¨ 2 = 0
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(1.4)



The second is the equation for the acceleration of the center of mass RCM (t). That center of mass relation is directly integrable. With M = m1 + m2 , that is MRCM (t) = m1 r1 + m2 r2 = (t − t◦ )MVCM + MRCM (t◦ ).



(1.5)



The first is the harmonic oscillation about the center of mass position. Introducing the reduced mass µ=



m1 m2 , m1 + m2



(1.6)



that oscillation equation is d2 K (r2 − r1 ) = − (r2 − r1 ) . dt2 µ



(1.7)



With angular frequency ω 2 = Kµ , vector difference ∆r(t) = r2 (t) − r1 (t), and initial time values ∆r◦ = ∆r(t◦ ), and ∆v◦ = ∆r0 (t◦ ) the solution for ∆r(t), by inspection, is ∆r(t) = ∆r◦ cos (ω(t − t◦ )) +



∆v◦ sin (ω(t − t◦ )) . ω



(1.8)



The reference time can be picked to allow for solutions of arbitrary phase. For example, for cosine solutions, pick t◦ as the time for which the amplitude difference is maximized. To find for the individual ri vectors we have only to invert the matrix relation      −1 1 r1 ∆r(t) = , (1.9) m1 m2 r2 MRCM (t) or      1 − m2 1 ∆r(t) r1 = r2 m2 + m1 m1 1 MRCM (t)



(1.10)



µ ∆r(t) + RCM (t) m1 µ r2 (t) = ∆r(t) + RCM (t) m2



(1.11)



The final solution is r1 (t) = −



Looking at this, it appears non-sensical. At the very least, it is unphysical, and allows the masses to pass through each other. Our Lagrangian needs to model the equilibrium length of the spring. In the absence of any initial angular momentum, this problem is essentially one dimensional.
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Figure 1.2: Linear harmonic coupling with equilibrium length 1D system with non-zero equilibrium length Let’s consider a physically realistic harmonic oscillator system, with coupling that is relative to an equilibrium length (the length of an uncompressed or unstretched spring for example). That system is illustrated in fig. 1.2. Adjusting for a rest length a = a2 − a1 for the spring, the new system is described by 1 1 K L = m1 (x˙ 1 )2 + m2 (x˙ 2 )2 − (x2 − x1 − a)2 . 2 2 2



(1.12)



Now our equations of motion are m1 x¨1 = −K ( x1 − x2 + a) m2 x¨2 = −K ( x2 − x1 − a) .



(1.13)



With u = x2 − x1 − a, this is K u¨ = − u. µ



(1.14)



Solving and back substituting for ∆x(t) = x2 (t) − x1 (t), we have ∆x(t) = a + (∆x(0) − a) cos ωt +



∆v(0) sin ωt. ω



(1.15)



Note that this does not model collision effects, should the initial position or velocity be sufficient to bring the masses into contact. 3D system with non-zero equilibrium length The geometric of a 3D harmonically coupled system with a non-zero equilibrium length is sketched in fig. 1.3. We can model the coupling spring as a line segment colinear with the difference vector, or 1 1 K L = m1 (˙r1 )2 + m2 (˙r2 )2 − (∆r − a)2 + λ (∆r − (ˆa · ∆r) aˆ )2 . 2 2 2



(1.16)



A Lagrange multiplier λ is used to enforce a requirement that the difference vector ∆r is colinear with a (i.e. zero component perpendicular to the projection along aˆ .) The rejection square expands as (∆r − (ˆa · ∆r) aˆ )2 = (∆r)2 − 2 (ˆa · ∆r)2 + (ˆa · ∆r)2 = (∆r)2 − (ˆa · ∆r)2
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(1.17)



Figure 1.3: Two mass harmonic coupled system The Euler-Lagrange equations expand as m1 r¨ 1 = K (∆r − a) − 2 (∆r − (ˆa · ∆r) aˆ )



(1.18a)



m2 r¨ 2 = −K (∆r − a) + 2 (∆r − (ˆa · ∆r) aˆ )



(1.18b)



0 = (∆r − (ˆa · ∆r) aˆ )2



(1.18c)



Eq. (1.18c) indicates that the norm of the rejection is zero, so that rejection is also zero ∆r − (aˆ · ∆r) aˆ = 0. This kills off the λ terms, leaving just m1 r¨ 1 = K (∆r − a) m2 r¨ 2 = −K (∆r − a) .



(1.19)



Taking differences this is ∆¨r = −



K (∆r − a) . µ



(1.20)



By inspection the solution for the difference is ∆r(t) = a + (∆r◦ − a) cos (ω(t − t◦ )) +



∆v◦ sin (ω(t − t◦ )) . ω



(1.21)



with the individual mass position vectors still given by eq. (1.11). We get a strong hint here why we wish to work with displacement coordinates. A different formulation of the equilibrium position constraint The use of the direction constraint above appeared somewhat forced. Here’s a more natural way of specifying that we have an equilibrium length constraint 1 L = m1 (˙r1 )2 + 2 1 = m1 (˙r1 )2 + 2



1 m2 (˙r2 )2 − 2 1 m2 (˙r2 )2 − 2
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K (|r2 − r1 | − a)2 2  K (r2 − r1 )2 − 2a|r2 − r1 | + a2 . 2



(1.22)



The evaluation of the absolute value gradient in the Euler-Lagrange equations can be done implicitly, computing the absolute square gradient in two different ways



so that



∂|x|2 ∂x2 = = 2x ∂x ∂x



(1.23a)



∂ | x |2 ∂|x| = 2| x | , ∂x ∂x



(1.23b)



x ∂|x| = . ∂x |x|



(1.24)



 r1 − r2 m1 r¨ 1 = −K r1 − r2 − a | r2 − r1 |   r2 − r1 m2 r¨ 2 = −K r2 − r1 − a | r2 − r1 |



(1.25)



This gives us 



c = (r2 − r1 ) /|r2 − r1 |, this gives With ∆r = r2 − r1 and ∆r   c . µ∆¨r = −K ∆r − a∆r



(1.26)



c could rotate in space (non-zero angular momentum for the system), meaning that In general, ∆r we’d also have a directional dependence on the LHS. A specific solution is possible if we assume that the direction is fixed, and introduce scalar displacement coordinates, relative to the center of the equilibrium position as illustrated in fig. 1.4.



Figure 1.4: Coupling directed along difference vector  a  c r1 = − + u1 ∆r a 2  c r2 = + u2 ∆r. 2 With ∆u = u2 − u1 , eq. (1.26) takes the form
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(1.27)



µ∆u¨ = −K∆u.



(1.28)



We see exactly how natural displacement coordinates are for the two mass problem. We have also avoided the awkward requirement for a Lagrange multiplier constraint in the Lagrangian model of the system. Linearized potential about equilibrium point Let’s compute the linear expansion of a two mass potential, with masses located at r1 , r2 and equilibrium positions a1 , a2 . K ( | r 2 − r 1 | − | a 2 − a 1 | )2 2  K = (r2 − r1 )2 − 2|a2 − a1 ||r2 − r1 | + (a2 − a1 )2 . 2



φ(r1 , r2 ) =



With ∆a = a2 − a1 , and rk = ∑i ei rki , this has first derivatives   ∂φ r1i − r2i = K (r1 − r2 ) · ei − |a2 − a1 | ∂r1i | r2 − r1 | Regrouping and noting the r2 , r1 swapping symmetry, these first derivatives are   ∂φ | a2 − a1 | = K (r1i − r2i ) 1 − ∂r1i | r2 − r1 |   ∂φ | a2 − a1 | . = K (r2i − r1i ) 1 − ∂r2i | r2 − r1 |



(1.29)



(1.30)



(1.31)



At the equilibrium positions a1 , a2 , the first order derivatives are all zero for this potential, a property used in the equilibrium potential expansion discussions of [2] and [1]. Proceeding to calculate the second derivatives    −1/2 ∂ ∂φ ∂  | a2 − a1 | = Kδij 1 − − K (r1i − r2i ) |a2 − a1 | (r1 − r2 )2 ∂r1j ∂r1i ∂r1j | r2 − r1 |    2 r1j − r2j | a2 − a1 | = Kδij 1 − + K (r1i − r2i ) |a2 − a1 | | r2 − r1 | 2| r1 − r2 |3



(1.32)



At the equilibrium positions, this is ∂ ∂φ ∂r1j ∂r1i a



= +K 1 ,a2



∆ai ∆a j . |∆a| |∆a|



(1.33)



These ratios are the direction cosines, as illustrated in fig. 1.5, where ∆a = |∆a| (cos θ1 , cos θ2 , cos θ3 ). Again employing symmetries, the second derivatives for the non-mixed coordinates are ∂ ∂φ = K cos θi cos θ j ∂r1j ∂r1i a ,a 1 2 (1.34) ∂ ∂φ = K cos θi cos θ j . ∂r2j ∂r2i a ,a 1



2
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Figure 1.5: Direction cosines relative to equilibrium position difference vector For the mixed derivatives    −1/2 ∂  ∂ ∂φ | a2 − a1 | − K (r1i − r2i ) |a2 − a1 | = −Kδij 1 − (r2 − r1 )2 ∂r2j ∂r1i ∂r2j | r2 − r1 |    2 r2j − r1j | a2 − a1 | = −Kδij 1 − . + K (r1i − r2i ) |a2 − a1 | | r2 − r1 | 2| r1 − r2 |3 At the equilibrium positions, this is ∂ ∂φ ∂ ∂φ = ∂r2j ∂r1i a ,a ∂r1j ∂r2i a 1



2



= −K cos θi cos θ j ,



(1.35)



(1.36)



1 ,a2



so to second order, with displacement coordinates ui = ri − ai , the potential is φ(u1 , u2 ) ≈ φ(a1 , a2 ) +



K 2



∑ cos θi cos θ j



K 2



∑ cos θi cos θ j (u2i − u1i )



 u1j u1i − u2j u1i − u1j u2i + u2j u2i ,



(1.37)



ij



but since φ(a1 , a2 ) = 0, we have φ(u1 , u2 ) ≈



 u2j − u1j .



As a check observe that if ∆a is directed along e1 , we have to second order φ(u1 , u2 ) = as we found previously. The complete Lagrangian is, to second order about the equilibrium positions,



L=∑ j



(1.38)



ij



mi 2 K u˙ ij − 2 2



∑ cos θi cos θ j (u2i − u1i ) ij
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 u2j − u1j .



K 2



(u21 − u11 )2 ,



(1.39)



Evaluating the Euler-Lagrange equations for m2 we have d ∂L = m2 u¨ 2k , dt ∂u˙ 2k



(1.40)



and ∂L K =− ∂u2k 2



∑ cos θi cos θ j



  δik u2j − u1j + (u2i − u1i ) δjk



ij



= −K ∑ cos θk cos θ j u2j − u1j







(1.41)



j



c · ∆u. = −K cos θk ∆a The vector form of the Euler-Lagrange equations d/dt(∂L/∂u˙ i ) = ∂L/∂ui , is by inspection   c ∆a c · ∆u m1 u¨ 1 = K ∆a   c ∆a c · ∆u , m2 u¨ 2 = −K ∆a



(1.42)



or   c ∆a c · ∆u µ∆u¨ = −K ∆a



(1.43)



m1 u¨ 1 + m2 u¨ 2 = 0. Observe that on the RHS above we have a projection operator, so we could also write µ∆u¨ = −K Proj∆a c ∆u.



(1.44)



Only the portion of the displacement difference ∆u that is directed along the equilibrium line contributes to the acceleration of the displacement difference. A number of harmonically coupled masses Now let’s consider masses at lattice points indexed by a lattice vector n, as illustrated in fig. 1.6. With a coupling constant of Knm between lattice points indexed n and m (located at an and am respectively), and direction cosines for the equilibrium direction vector between those points given by an − am = ∆anm = |∆anm |(cos θnm1 , cos θnm2 , cos θnm3 ),



(1.45)



the Lagrangian is



L=∑ n,i



 1 Knm mn 2 u˙ ni − cos θnmi cos θnmj (uni − umi ) unj − umj ∑ 2 2 n6=m,i,j 2



Evaluating the Euler-Lagrange equations for the mass at index n we have
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(1.46)



Figure 1.6: Masses harmonically coupled in a lattice d ∂L = mn u¨ nk , dt ∂u˙ nk



(1.47)



and   ∂L Knm =− ∑ cos θnmi cos θnmj δik unj − umj + (uni − umi ) δjk ∂unk 2 m,i,j = − ∑ Knm cos θnmk cos θnmi (uni − umi )



(1.48)



m,i



c · ∆unm , = − ∑ Knm cos θnmk ∆a m



where ∆unm = un − um . Equating both, we have in vector form   c c mn u¨ n = − ∑ Knm ∆a ∆a · ∆unm ,



(1.49)



m



or



mn u¨ n = − ∑ Knm Proj∆a c ∆unm ,



(1.50)



m



This is an intuitively pleasing result. We have displacement and the direction of the lattice separations in the mix, but not the magnitude of the lattice separation itself. Compare that to eq. (1.26) (the two mass result that did not use the Taylor expansion of the potential), where we had the lattice spacing explicitly along with the absolute coordinates (or rather the difference between them). Rectangular lattice with cross coupling As a concrete example, let’s consider a two atom basis rectangular lattice where the horizontal length is a and vertical height is b. Indexing for the primitive unit cells is illustrated in fig. 1.7. Let’s write
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Figure 1.7: Primitive unit cells for rectangular lattice r = a(cos θ, sin θ) = aˆr s = a(− cos θ, sin θ) = aˆs n = (n1 , n2 )



(1.51)



rn = n1 r + n2 s, For mass mα , α ∈ {1, 2} assume a trial solution of the form eα (q) un,α = √ eirn ·q−ωt . mα



(1.52)



The equations of motion for the two particles are   m1 u¨ n,1 = −K1 Projxˆ un,1 − un−(0,1),2 − K1 Projxˆ un,1 − un−(1,0),2  − K2 Projyˆ (un,1 − un,2 ) − K2 Projyˆ un,1 − un−(1,1),2   − K3 ∑ Projrˆ un,1 − un±(1,0),1 − K4 ∑ Projsˆ un,1 − un±(0,1),1



(1.53a)



±



±



  m2 u¨ n,2 = −K1 Projxˆ un,2 − un+(1,0),1 − K1 Projxˆ un,2 − un+(0,1),1  − K2 Projyˆ (un,2 − un,1 ) − K2 Projyˆ un,2 − un+(1,1),1   − K3 ∑ Projrˆ un,2 − un±(1,0),2 − K4 ∑ Projsˆ un,2 − un±(0,1),2



(1.53b)



±



±



Insertion of the trial solution gives     e1 e2 −is·q e1 e2 −ir·q 2√ ω m1 e1 = K1 Projxˆ √ −√ e + K1 Projxˆ √ −√ e m1 m2 m1 m2     e1 e2 e1 e2 −i(r+s)·q + K2 Projyˆ √ −√ + K2 Projyˆ √ −√ e m1 m2 m1 m2         e1 e1 ±ir·q ±is·q + K3 Projrˆ √ 1 − e + K Proj 1 − e √ 4 sˆ m1 ∑ m1 ∑ ± ±
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(1.54a)



ω



2√







   e2 e1 +ir·q e2 e1 +is·q m2 e2 = K1 Projxˆ √ −√ e −√ e + K1 Projxˆ √ m2 m1 m2 m1     e e2 e e2 − √1 + K2 Projyˆ √ − √ 1 e+i(r+s)·q + K2 Projyˆ √ m2 m1 m2 m1         e2 e2 ±ir·q ±is·q √ 1 − e + K Proj 1 − e + K3 Projrˆ √ 4 sˆ m2 ∑ m2 ∑ ± ±



(1.54b)



Regrouping, and using the matrix form Projuˆ = uˆ uˆ T for the projection operators, this is 



2  K1 xˆ xˆ T + K2 yˆ yˆ T + 2K3 rˆ rˆ T sin2 (r · q/2) + 2K4 sˆ sˆ T sin2 (s · m1     e   2 e1 = − K1 rˆ rˆ T e−is·q + e−ir·q + K2 sˆ sˆ T 1 + e−i(r+s)·q q/2) √ m1 m2 ω2 −







2  K1 xˆ xˆ T + K2 yˆ yˆ T + 2K3 rˆ rˆ T sin2 (r · q/2) + 2K4 sˆ sˆ T sin2 (s · m2       e q/2) e2 = − K1 rˆ rˆ T eis·q + eir·q + K2 sˆ sˆ T 1 + ei(r+s)·q √ 1 m1 m2



(1.55a)



ω2 −



(1.55b)



As a single matrix equation, this is A = K1 xˆ xˆ T + K2 yˆ yˆ T + 2K3 rˆ rˆ T sin2 (r · q/2) + 2K4 sˆ sˆ T sin2 (s · q/2)



(1.56a)



   B = ei(r+s)·q/2 K1 rˆ rˆ T cos (r − s) · q/2 + K2 sˆ sˆ T cos (r + s) · q/2



(1.56b)



" 0=



ω2 −



2A m1



√ B m1 m2



∗



√B m1 m2 ω 2 − 2A m2



#  e1 e2



Observe that this is an eigenvalue problem Ee = ω 2 e for matrix " 2A # ∗ √B − m1 m1 m2 E= , 2A − √mB1 m2 m2



(1.56c)



(1.57)



and eigenvalues ω 2 . To be explicit lets put the A and B functions in explicit matrix form. The orthogonal projectors have a simple form      1  1 0 T 1 0 = Projxˆ = xˆ xˆ = (1.58a) 0 0 0      0  0 0 T 0 1 = Projyˆ = yˆ yˆ = (1.58b) 1 0 1
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For the rˆ and sˆ projection operators, we can use half angle formulations Projrˆ = rˆ rˆ T    cos θ  cos θ sin θ = sin θ   cos2 θ cos θ sin θ = cos θ sin θ sin2 θ   1 1 + cos (2θ ) sin (2θ ) = sin (2θ ) 1 − cos (2θ ) 2



(1.59a)



Projsˆ = sˆ sˆ T    − cos θ  − cos θ sin θ = sin θ   cos2 θ − cos θ sin θ = − cos θ sin θ sin2 θ   1 1 + cos (2θ ) − sin (2θ ) = 2 − sin (2θ ) 1 − cos (2θ )



(1.59b)



After some manipulation, and the following helper functions α± = K3 sin2 (r · q/2) ± K4 sin2 (s · q/2) β ± = K1 cos ((r − s) · q/2) ± K2 cos ((r + s) · q/2) , the block matrices of eq. (1.56) take the form   K1 + α+ (1 + cos (2θ )) α− sin (2θ ) A= α− sin (2θ ) K2 + α+ (1 − cos (2θ ))



B=e



i(r+s)·q/2







β + (1 + cos (2θ )) β − sin (2θ ) β − sin (2θ ) β + (1 − cos (2θ ))



(1.60)



(1.61a)



 (1.61b)



A final bit of simplification for B possible, noting that r + s = 2a(0, sin θ), and r − s = 2a(cos θ, 0), so   β ± = K1 cos a cos θq x ± K2 cos a sin θqy , (1.62) and B=e



ia sin θqy







β + (1 + cos (2θ )) β − sin (2θ ) β − sin (2θ ) β + (1 − cos (2θ ))



12



 (1.63)



Bibliography [1] Neil W Ashcroft and N David Mermin. Solid State Physics. Holt, Rinehart and Winston, New York, 1976. 1 [2] Harald Ibach and Hans Lüth. Solid-state physics: An introduction to Principles of Material Science. Springer, Berlin, 2009. 1
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where c0 = mc2, and m is the rest mass. a. Find the Fermi energy at density n. b. With the pressure P defined as the average force per unit area exerted on a perfectly-reflecting wall of the container. Set up expressions for this in the form of an in
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In [1] problem 2.2, it's suggested to try a spherical change of vars to verify explicitly that phase space volume is preserved, and to explore some related ideas. As a first step let's try a similar, but presumably easier change of variables, going f
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This does not require any notion of geometric algebra, only an exterior product and the concept of similar elements, and a nice example of such a treatment can be ... pute this only once (if this was zero it would indicate the system of equations has
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193); the â€œDarwin Lagrangian. and Hamiltonian for a system of non-relativistic charged particles to order (v/c)2 and its ... to this problem was to omit this self energy term completely, essentially treating the charge of the electron as distribute
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On a deeper level, BEM makes possible the comparison of trans- finite harmonic ... Solving a Dirichlet problem could seem a high price to pay, but the quality of the .... Euclidean space, and not just to some large yet bounded domain. This task ...














[image: alt]





man-40\harmonic-oscillator-kinematics.pdf 

Connect more apps... Try one of the apps below to open or edit this item. man-40\harmonic-oscillator-kinematics.pdf. man-40\harmonic-oscillator-kinematics.pdf.














[image: alt]





Harmonic and Melodic Octave Templates 

larities in two phenomenologically different domains, the domain of melody .... of the trials, and from 1000-1500 cents on the others; one of these two possible ...














[image: alt]





Automatica Synchronization of coupled harmonic ... 

Jul 26, 2009 - virtual leader, one of the followers should have the information of the virtual leader in a fixed network (Ren, 2008b). Stimulated by Reynolds' model (Reynolds, 1987), flocking algorithms have been proposed by combining a local artific














[image: alt]





HARMONIC HOMEOMORPHISMS: EXISTENCE AND ... 

Fâˆ’1(Dn) and note that Un is a Jordan domain. By the RadÃ³-Kneser-. Choquet Theorem the mapping gn := PUn F is harmonic homeomorphism of Un onto Dn. As n â†’ âˆž, gn â†’ PU f uniformly on compact subsets of. U. This can be seen by harmonic measure e














[image: alt]





Boundary Element Formulation of Harmonic ... - Semantic Scholar 

that this will allow tailoring new interpolates for particular needs. Another direction for research is ... ment methods with the software library BEMLIB. Chapman &.














[image: alt]





Peeter MÃ¼Ã¼rsepp. Leibniz on Corporeal Substance. 

Feb 2, 2016 - Page 3 .... of the monads fades quickly away, giving way to the well-known ... This type of integral wholes leibniz also calls substances.


























×
Report Peeter Joot [email protected] Harmonic ...





Your name




Email




Reason
-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint





Description















Close
Save changes















×
Sign In






Email




Password







 Remember Password 
Forgot Password?




Sign In



















Information

	About Us
	Privacy Policy
	Terms and Service
	Copyright
	Contact Us





Follow us

	

 Facebook


	

 Twitter


	

 Google Plus







Newsletter























Copyright © 2024 P.PDFKUL.COM. All rights reserved.
















