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Let f Ž z . be an analytic function with positive real part on D s  z; < z < - 14 with f Ž0. s 1, f 9Ž0. ) 0 which maps the unit disk D onto a region starlike with respect to 1 and symmetric with respect to the real axis. Let ST Ž f . denote the class of analytic functions f Ž z . with f Ž0. s 0 s f 9Ž0. y 1 for which zf 9Ž z .rf Ž z . $ f Ž z ., z g D. The radius of convexity of order b of uniformly convex functions and the radius of starlikeness of order b of the class ST Ž f . are computed. The radii of strong starlikeness of certain classes of analytic functions are computed. Q 1997 Academic Press



1. INTRODUCTION Let S denote the class of all univalent analytic functions f Ž z . defined on the open unit disk D s  z; < z < - 14 and normalized by the conditions f Ž0. s 0, f 9Ž0. s 1. Let f Ž z . be an analytic function with positive real part on D with f Ž0. s 1, f 9Ž0. ) 0 which maps the unit disk D onto a region starlike with respect to 1 and symmetric with respect to the real axis. Let 301 0022-247Xr97 $25.00 Copyright Q 1997 by Academic Press All rights of reproduction in any form reserved.
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ST Ž f . denote the class of functions in S for which zf 9 Ž z . f Ž z.



$ fŽ z. ,



zgD



Ž$ denotes subordination.. This class was studied by Ma and Minda w2, 3x. Since Ž1 q z .rŽ1 y z ., Ž1 q Ž1 y 2 a . z .rŽ1 y z ., Ž1 q Az .rŽ1 q Bz . Žy1 F B - A F 1., 1 q Ž2rp 2 .wlogŽŽ1 q 'z .rŽ1 y 'z ..x2 , and ŽŽ1 q z .rŽ1 y z .. a are all convex functions in D whose range is symmetric with respect to the real axis, the class ST Ž f . for these choices of functions reduces to the well-known classes of starlike, starlike of order a , ST w A, B x, Spar associated with the class UCV of uniformly convex functions introduced by Goodman w1x and strongly starlike functions of order a , respectively. Let Ap denote the class of functions f Ž z . s z p q Ý`kspq1 a k z k which are analytic and p-valent in the unit disk D. For 0 F a F p and < l < F pr2 we denote by SPplŽ a . the class of functions f Ž z . g Ap which satisfy zf 9 Ž z . f Ž z.



$



p q Ž 2 Ž p y a . cos l exp Ž yi l . y p . z 1yz



,



z g D.



The class SPplŽ a . is a subclass of p-valent l-spirallike functions of order a . For p s 1 and l s 0 the class SPplŽ a . reduces to the class of starlike functions of order a . Also let SP Ž a , A, B . denote the class of functions in S satisfying eia



zf 9 Ž z . f Ž z.



$ cos a



1 q Az 1 q Bz



q i sin a ,



z g D , 0 F a - 1,



y1 F B - A F 1 w12x. Note that S1lŽ a . s SP Ž l, 1 y 2 a , y1. and SP Ž0, A, B . s ST w A, B x. In this paper we compute the radius of convexity of order b of uniformly convex functions and the radius of starlikeness of functions defined through subordination. These results are not only extensions of known results but also lead to many new results about known classes. Also we compute the radius of strong starlikeness of certain classes of analytic functions.



2. RADIUS OF CONVEXITY In this section we compute the radius of convexity of order b - 1 of the class UCV of uniformly convex functions and the radius of starlikeness of order b of the class ST Ž f .. The analytic function f Ž z . g S is uniformly convex if for every circular arc g contained in D with center z g D, the image arc f Žg . is convex. In w2, 9x, it was shown that the function f Ž z . is
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uniformly convex if and only if



½



Re 1 q



zf 0 Ž z . f 9Ž z .



5



)



zf 0 Ž z . f 9Ž z .



for all z g D. Since < w < G yRe w, it follows that f g UCV satisfies



½



Re 1 q



zf 0 Ž z . f 9Ž z .



5



1



)



2



and hence f is a convex function of order 1r2. The class Spar of functions zf 9Ž z . with f Ž z . in UCV was introduced in w9x and clearly f Ž z . is in Spar if and only if for every z g D, Re



½



zf 9 Ž z .



5



f Ž z.



)



zf 9 Ž z . f Ž z.



y1 .



A survey of these functions can be found in w10x. See also w11x for related radius problems. Let f g UCV. Then f is con¨ ex of order b in < z < - RŽ b .



THEOREM 2.1. where



¡1 R Ž b . s~ ¢tan



Ž 0 F b F 1r2. 2



p



1yb



2



2



ž( /



Ž 1r2 F b - 1 . .



This result is sharp. Proof. Since f g UCV we have 1q



zf 0 Ž z . f 9Ž z .



$ PŽ z. ,



where PŽ z. s 1 q



2



p



2



log



ž



1 q 'z



' /



1y z



2



s1q



`



8



p



2



Ý ns1



ž



1 n



ny1



1



Ý



2k q 1



ks0



/



z n.



Since P Ž z . has real coefficients the interval wy1, 1x is mapped onto the interval w1r2, `x.
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Let T Ž u . s Re P Ž re i u . Žyp F u F 0.. Then







T 9 Ž u . s Re



P Ž re i u . s yIm re i u P9 Ž re i u . .



u



Since P Ž z . is convex univalent, P9Ž re i u . / 0. Also zP9Ž z . is real if and only if z is real. Hence T 9Ž u . s 0 if and only if u s yp , 0. Clearly u s yp gives the minimum of T Ž u .. On < z < s r - 1 we have Re P Ž z . G Re P Ž yr . s P Ž yr . s 1 y



8



p



2



Ž arctan 'r .



2



.



Therefore



½



Re 1 q



zf 0 Ž z .



5



f 9Ž z .



G1y



8



p



2



Ž arctan 'r .



2



Gb



for < z < F RŽ b .. The function defined by zf 0 Ž z . f 9Ž z .



s



2



p2



log



ž



1 q 'z 1 y 'z



2



/



shows that the result is sharp. COROLLARY 2.1. Let f g S p ar . Then f g ST Ž b . in < z < - RŽ b . where RŽ b . is as gi¨ en in Theorem 2.1. The result is sharp. Note that RŽ1r2. s 1. This means that the uniformly convex functions are convex of order 1r2. Similarly if f g Spar then f is starlike of order 1r2. More generally we have the following THEOREM 2.2. Let f Ž z . be an analytic function with positi¨ e real part on D with f Ž0. s 1, f 9Ž0. ) 0 which maps the unit disk D onto a region starlike with respect to 1 and symmetric with respect to the real axis. Let min Re f Ž z . s f Ž yr . .



< z 


Ž 1.



Then the radius RŽ b . of starlikeness of order b of functions in ST Ž f . is gi¨ en by RŽ b . s



½



1 y1



yf



Ž b.



Ž f Ž y1. G b . Ž f Ž y1. F b . .
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The condition Ž1. leads to an explicit expression for RŽ b .. If the condition is dropped, RŽ b . is computed such that the condition Re f Ž z . G b is satisfied. Note that the function P Ž z . satisfies the conditions of Theorem 2.2. Therefore Theorem 2.1 follows from Theorem 2.2. Also we have the following corollaries. COROLLARY 2.2. Let f g ST Ž a ., 0 F a - 1. For 0 F b - 1, f g ST Ž b . in < z < F RŽ b . where



¡1 1yb R Ž b . s~ ¢1 q b y 2 a



ŽaGb. Ž0 F a F b . .



Proof. Since the function f is starlike of order a we have zf 9 Ž z . f Ž z.



$ fŽ z. s



1 q Ž1 y 2 a . z 1yz



.



Clearly we have



fy1 Ž z . s



zy1 z q 1 y 2a



and f Žy1. G b is equivalent to a G b . The function f Ž z . satisfies the conditions of Theorem 2.2 and therefore the results follow from Theorem 2.2. COROLLARY 2.3 w7x. Let f g ST w A, B x, y1 F B - A F 1. Then the function f is starlike of order b in < z < F RŽ b . where



¡1



RŽ b . s



~



1yb



¢A y bB



ž ž



0Fb1yA 1yB



1yA 1yB



/ /



Fb-1 .



Suppose f g ST Ž f .. Then we have zf 9 Ž z . f Ž z.



$ fŽ z. ,



z g D.



If f $ c , then f g ST Ž c .. Otherwise, to determine the ST Ž c . radius of ST Ž f . we have to find the largest r F 1 such that f Ž rz . $ c Ž z ., z g D.
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This is equivalent to < cy1 Ž f Ž rz . . < F 1,



z g D.



Ž 2.



Using this idea we compute the ST w A, B x radius of ST w C, D x in the following theorem. THEOREM 2.3. Let y1 F B - A F 1 and y1 F D - C F 1. If f g ST w C, D x then the ST w A, B x radius R is gi¨ en by R s min



½



AyB C y D q < AD y BC 



5



;1 .



Proof. Let P Ž z . s Ž1 q Az .rŽ1 q Bz . and QŽ z . s Ž1 q Cz .rŽ1 q Dz .. Since f g ST w C, D x we have zf 9 Ž z . f Ž z.



$



1 q Cz 1 q Dz



s QŽ z . .



To determine the ST w A, B x radius we have to determine R such that 0 - R F 1 and QŽ Rz . $ P Ž z . for z g D. Let H s Py1 oQ. Then we see that HŽ z. s



Ž C y D. z , A y B q Ž AD y BC . z



and < HŽ z. < F



Ž C y D. R A y B y < AD y BC < R



-1



for < z < s R F Ž A y B .rŽ C y D q < AD y BC 
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3. RADIUS OF STRONG STARLIKENESS As noted in the Introduction a function f Ž z . g S is strongly starlike of order g , 0 - g F 1 if zf 9Ž z .rf Ž z . is subordinate to the function wŽ1 q z .rŽ1 y z .xg. This is equivalent to the condition arg



½



zf 9 Ž z . f Ž z.



5



F



p 2



g.



In other words the values of zf 9Ž z .rf Ž z . are in the sector < y < F tanŽgpr2. x, x G 0. In this section we compute the radius of strong starlikeness of certain classes of functions. We need the following lemma to prove our results. LEMMA 3.1. If R a F ŽRe a.sinŽpgr2. y ŽIm a.cosŽpgr2., Im a G 0, the disk < w y a < F R a is contained in the sector 


Ž A y B . cos a q



'Ž A y B . cos 2



2



a q 4 B 2 sin 2 d y 4 B Ž A y B . sin d cos a sin Ž a y d .



,



where d s pgr2. Proof. Since f is in the class SP Ž a , A, B . we have w12x for < z < s r - 1 zf 9 Ž z . f Ž z.



y C F R,



where Cs



1 y B Ž A y B . e i a cos a q B r 2 1 y B2 r 2



and Rs



Ž A y B . r cos a 1 y B2 r 2



.
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Since B sin 2 a F 0, we note that Im C s yB Ž A y B .sin a cos a G 0. Using Lemma 3.1 we see that the function f is strongly starlike of order g in < z < - RŽg . provided the following inequality is satisfied for 0 F r F RŽg .:



Ž A y B . r cos a 1yB r



2 2



1 y B Ž A y B . cos 2 a q B r 2



F



1yB r



2 2



q



B Ž A y B . sin a cos a r 2 1yB r



2 2



cos



sin



p 2



p 2



g



g.



The above inequality is equivalent to



Ž A y B . r cos a F Ž 1 y B 2 r 2 . sin



p



g q B Ž A y B . cos a sin a y



ž



2



p 2



g r2.



/



This leads to the desired result. The function f defined by eia



zf 9 Ž z . f Ž z.



s cos a



1 q Az 1 q Bz



q i sin a



shows that the result is sharp. COROLLARY 3.1. Let f g SP Ž a , A, B ., y1 F B - A F 1, 0 F a - 1, and B sin 2 a F 0. Then the function f is starlike in < z < - R where R s min 1; 2 Ž A y B . cos a q



½ ž



'Ž A q B .



2



cos 2 a q 4 B 2 sin 2 a



y1



/



5.



COROLLARY 3.2. The radius of strong starlikeness of functions in ST w A, B x is gi¨ en by



½



R s min 1;



2 sin Ž pgr2 .



Ž A y B. q



'Ž A y B .



2



q 4 AB sin 2 Ž pgr2 .



5



.



By taking A s 1, B s y1, and g s 1 in Theorem 3.1 we get the following COROLLARY 3.3 w8x. The radius of starlikeness of functions in the class of spirallike functions of order a is Žcos a q 
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satisfying pŽ z . $



1 q Az 1 q Bz



z g D.



,



Let Pnk w A, B x denote the class of all functions pŽ z . s



ž



k 4



q



1 2



/



p1 Ž z . y



ž



k 4



y



1 2



/



p2 Ž z . ,



where p1Ž z . and p 2 Ž z . are functions in Pnw A, B x, k G 2. Denote by R nk w A, B x, the class of all analytic functions f Ž z . s z q ??? with zf 9Ž z .rf Ž z . g Pnk w A, B x. We note that R12 w A, B x s ST w A, B x and R12 w1 y 2 a , y1x s ST Ž a ., the class of starlike functions of order a . Also Pn2 w A, B x s Pnw A, B x. These classes were studied by Noor w4, 5x. THEOREM 3.2. Let f g R nk w A, B x. Then the function f is strongly starlike of order g in < z < - R k where Rk



¡ ¢ 'k Ž A y B .



s min~



2



1rn



4 sin Ž pr2 . g 2



q 16 AB sin 2 Ž pr2 . g q k Ž A y B .



¦¥ §



;1 .



Proof. Since f g R nk w A, B x we have pŽ z . s zf 9Ž z .rf Ž z . in Pnk w A, B x. Then we have pŽ z . s Ž kr4 q 1r2. p1Ž z . y Ž kr4 y 1r2. p 2 Ž z . where p1 and p 2 are functions in Pnw A, B x. For functions p g Pnw A, B x, we have w7x pŽ z . y



1 y ABr 2 n



Ž A y B. r n



F



1 y B2 r 2n



1 y B2 r 2n



,



for < z < s r - 1. Therefore, for < z < s r, pŽ z . y



1 y ABr 2 n 1 y B2 r 2n



F



ž



k 4



q F



q



ž



k 4



1 2



p1 Ž z . y



/



y



1 2



/



k Ž A y B. r n 2 1 y B2 r 2n



1 y ABr 2 n 1 y B2 r 2n



p2 Ž z . y



1 y ABr 2 n 1 y B2 r 2n



.



Hence we have zf 9 Ž z . f Ž z.



y



1 y ABr 2 n 1 y B2 r 2n



F



k Ž A y B. r n 2 1 y B2 r 2n



,
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for < z < s r - 1. By Lemma 3.1 we see that the above circular region is contained in the sector provided k Ž A y B. r n 2 1yB r



2 2n



1 y ABr 2 n



F



1yB r



2 2n



p



sin



2



g



which leads to the inequality ABr 2 n sin



p 2



gq



k 2



p



Ž A y B . r n y sin g F 0. 2



The last inequality gives the expression for the radius. The radius of strong starlikeness of order g of functions in the class ST w A, B x is obtained by taking k s 2 in the above theorem. Before proving our next result we prove the following LEMMA 3.2.



For < z < F r - 1, < z k < s R ) r we ha¨ e z z y zk



q



r2 R yr 2



2



Rr



F



R y r2 2



.



Proof. Let w s zrŽ z y z k .. Then z s wz krŽ w y 1.. Therefore < z < F r is equivalent to R < w < F < w y 1 < r. This is leads to



wq



r2 R2 y r 2



2



F



ž



2



Rr R2 y r 2



/



which proves the result. In particular we have y



r Ryr



F Re



z z y zk



F



r Rqr



for < z < s r and < z k < s R ) r. THEOREM 3.3.



Let f g SPplŽ a . and let F Ž z . be gi¨ en by F Ž z . s f Ž z . QŽ z .



brn



,



where b is real and QŽ z . is a polynomial of degree n ) 0 with no zeros in < z < - R, R G 1. Then F Ž z . is p-¨ alent strongly starlike of order g in < z < - RŽg .
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where RŽg . is the smallest positi¨ e root of the equation r 4 Ž p q b . sin



pg



ž / 2



pg



q 2 Ž p y a . cos l sin l y



ž



2



/



q r 3 < b < R q 2 Ž p y a . cos l y r2



Ž p Ž 1 qR 2 . q b . sin



pg



q 2 Ž p ya . R 2 cos l sin l y



ž /



ž



2



y r < b < R q 2 Ž p y a . R 2 cos l q pR 2 sin



pg



ž / 2



p 2



g



/



s 0.



Proof. Since F Ž z . s f Ž z .w QŽ z .x b r n we have zF9 Ž z .



s



FŽ z.



zf 9 Ž z . f Ž z.



b zQ9 Ž z .



q



n QŽ z .



.



n Ž z y z k . where the z k ’s are the roots of QŽ z . Suppose QŽ z . s a0 Ł ks1 such that < z k < G R for 1 F k F n. Then we have



zQ9 Ž z . QŽ z .



s



n



z



Ý



z y zk



ks1



and therefore zF9 Ž z . FŽ z.



s



zf 9 Ž z . f Ž z.



b



q



n



n



z



Ý



z y zk



ks1



.



Ž 3.



Since f g SPplŽ a . we have w6x zf 9 Ž z . f Ž z.



y



½



pq



2 Ž p y a . e i l r 2 cos l 1yr



2



5



F



2 Ž p y a . r cos l 1 y r2



Using Ž3. and Ž4. and Lemma 3.2 we get zF9 Ž z . FŽ z. F



y



½



pq



2 Ž p y a . e i l r 2 cos l 1 y r2



2 Ž p y a . r cos l 1yr



2



q



< b < Rr R2 y r 2



.



y



br2 R2 y r 2



5



.



Ž 4.
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Using Lemma 3.1 we see that the above disk is contained in the sector 


½



2



pq



y



½



q



< b < Rr R2 y r 2



2 Ž p y a . r 2 cos 2 l 1yr



2



y



2 Ž p y a . r 2 sin l cos l 1yr



2



br2 R yr 2



5



cos



p 2



2



p



5 ž / sin



2



g



g



is satisfied. The above inequality simplifies to x Ž r . G 0 where



x Ž r. s r4



p



p



Ž p y 2 Ž p y a . cos 2 l q b . sin 2 g q Ž p y a . sin 2 l cos 2 g



q r 3 < b < R q 2 Ž p y a . cos l q r 2 Ž ypR 2 y p q 2 Ž p y a . R 2 cos 2 l y b . sin y Ž p y a . R 2 sin 2 l cos y r Ž < b < R q 2 Ž p y a . R 2 cos l . q pR 2 sin



p 2



p 2 p 2



g g



g.



Since x Ž0. ) 0 and x Ž1. - 0, there exists a real root of x Ž r . s 0 in Ž0, 1.. Let RŽg . be the smallest positive root of x Ž r . s 0 in Ž0, 1.. Then f is strongly starlike of order g in < z < - RŽg .. When R s 1 and g s 1 the above theorem reduces to a result of Patel w6x.
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