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ABSTRACT We  propose  an  approach  to  RAIM  that  dispenses  with   the  assumption  of  Gaussian  errors.  The  main  question   we  address  is:  How  to  associate  protection  level-‐type   position  error  bounds  with  an  arbitrary  pseudorange   error  probability  distribution  function  (pdf)?       Our  approach  deals  with  any  pdf  specified  with  attention   to  the  tails:  How  large  can  the  errors  get  in  the  absence   of  a  system  fault,  and  how  often?  The  precise   distribution  of  ‘small’  pseudorange  measurement  errors   of  the  kind  observed  routinely  is  not  as  important.  After   all,  ‘small’  errors  create  no  problems;  trouble  arises  only   when  one  or  more  of  the  measured  pseudoranges  have   larger-‐than-‐usual  errors.       The  question  on  protection  levels  posed  above  is   addressed  in  two  steps.  Given  a  satellite  geometry   matrix,  Step  1  determines  the  smallest-‐size  pseudorange   error  vector  which  can  lead  to  position  error  that  reaches   the  alert  limit.  This  defines  an  error  threshold  and  gets  us   into  the  ballpark  of  pseudorange  error  sizes  we  need  to   worry  about.  Step  2  uses  a  discrete  representation  of  the   given  error  pdf  to  assess  the  probability  that  the   pseudorange  errors  can  be  larger  than  the  threshold   computed  in  Step  1,  leading  to  protection  level-‐type   position  error  bounds.  Having  made  no  assumptions   about  the  error  pdf,  we  call  this  a  nonparametric   approach  to  RAIM.   1. INTRODUCTION Papers  on  receiver  autonomous  integrity  monitoring   (RAIM)  typically  assume  that  the  measurement  errors  are   Gaussian  with  known  means  and  standard  deviations.   While  this  assumption  was  justified  in  the  late-‐1980s   when  work  on  RAIM  began  [1]  and  the  dominant  errors   due  to  Selective  Availability  (SA)  appeared  to  be  zero-‐ mean  Gaussian  by  design,  we  continue  to  make  this   assumption  post-‐SA  apparently  to  make  the  problem  of   deriving  high-‐confidence  error  bounds  tractable.  But   forcing  a  Gaussian  model  on  the  problem  can  exact  a   price  in  terms  of  conservatism  (over-‐bounded  Gaussian   distributions  with  inflated  parameters)  and  the  resultant   loss  of  availability  of  service.    



While  interest  in  RAIM  has  grown  to  include  applications   other  than  aviation  (e.g.,  oil  rig  operations  in  the  North   Sea  and  oil  transport  through  the  Arctic),  the  discussion   below  is  in  the  context  of  precision  approaches   conducted  under  a  space-‐based  augmentation  system   (SBAS)  or  ground-‐based  augmentation  system  (GBAS),   like  the  FAA’s  Wide  Area  Augmentation  System  (WAAS)   or  Local  Area  Augmentation  System  (LAAS).     We  state  in  the  next  section  the  purpose  of  RAIM  and   describe  a  conventional  RAIM  algorithm  for  Gaussian   measurement  errors.  Section  3  reviews  empirical   cumulative  distribution  functions  (cdf’s)  of  pseudorange   errors  and  their  Gaussian  over-‐bounds.  A  nonparametric   RAIM  algorithm  is  introduced  in  Section  4  and  developed   in  Sections  5-‐6.  Section  7  attempts  to  bring  the  main   ideas  together  in  an  example.   2. CONVENTIONAL RAIM ALGORITHM For  the  purpose  of  establishing  a  notation,  we  introduce   RAIM  as  associated  with  a  linear  estimation  problem:  



y = G x + ε ,      



 



 



 (1)  



where  vector    y  comes  from  the  pseudorange   measurements,  G  is  user-‐satellite  geometry  matrix,   vector  x  represents  the  four  parameters  to  be  estimated,   and  vector   ε  is  the  unknown  measurement  error.  The   common  assumption  that   ε is  Gaussian  with  known   mean  and  standard  deviation  greatly  simplifies  analysis.   In  our  notation,  boldface  upper  and  lower  case  letters   represent  matrices  and  vectors,  respectively.  Unless   noted  otherwise,  our  vectors  are  column  vectors.   The  purpose  of  RAIM  is  to  ensure  that  the  errors  in  the   components  of  x  are  not  larger  than  can  be  tolerated,   given  a  model  of  the  nominal  errors.   We’ll  stick  with  the  conventional  least-‐squares  solution   [2]  of  (1).    
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where   G = (G G ) G  is  a  pseudo-‐inverse  of  G.   The  corresponding  vector  of  least-‐squares  residuals  r  is   given  by       T
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The  corresponding  position  error  is            
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The  main  difficulty  for  RAIM  with  non-‐Gaussian  errors   appears  to  be  derivation  of  protection  levels  in  the  style   of  (6).  We  address  it  in  Section  4  below,  but  first  a  closer   look  at  the  Gaussian  assumption.   3. PSEUDORANGE ERRORS ARE NOT GAUSSIAN



 



(4)  



a  linear  function  of   ε  and,  therefore,  also  Gaussian.  For   precision  approaches,  we  focus  on   Δv ,  the  vertical   position  error  (VPE).    



Δv = (xˆ − x )3 = G + (3, :) ε    



(5)  
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+



where   G (3, :) denotes  the  third  row  of  matrix  G .   Everything  depends  upon   ε ,  and  it’s  unknowable  by   definition.    



This  is  not  a  controversial  point.  Empirical  data  collected   over  the  years  have  shown  that  GPS  pseudorange  errors   have  thicker  tails  than  Gaussian  distributions  with   corresponding  standard  deviations.  No  empirical  data  are   expected  to  be  truly  Gaussian  if  you  are  going  to  be  a   stickler  for  matching  probabilities  down  to  microscopic   -‐7 levels  like  10 ,  or  lower.  Two  examples  are  presented   below.    



The  basic  questions  of  integrity  monitoring,  simply   stated,  are:  (i)  How  large  can   ε  get?  and  (ii)  What’s  the   probability  that  the  resulting  position  estimation  error   exceeds  a  specified  alert  limit?  If  we  can  model   ε  as   Gaussian  with  known  mean  and  covariance,  we  can  go   straight  to  the  second  question.  (We  will  address  these   questions  in  order  in  Section  4  where  we  deal  with  the   non-‐Gaussian  model.)   Without  loss  of  generality,  suppose   ε  (0,σ I) ,  i.e.,   ε  is  distributed  as  a  Gaussian  with  zero  mean  and   2



covariance is  



σ 2 I .  Then,  the  pdf  of  vertical  position  error  



(
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2 Δv   ⎛ 0, σ 2 G + (3, :) ⎞ or  0, σ 2 ⋅VDOP 2   ⎝ ⎠



We  can  now  define  a  vertical  protection  level  (VPL)   associated  with  missed-‐detection  probability   -‐7



( Pmd ) of  



10  as    



VPL = 5.33 ⋅ σ ⋅ VDOP    



 



(6)  



where  the  multiplier  5.33  comes  from  the  Gaussian   table:    If   x  (0, σ



2



) ,   Pr{ x > 5.33σ } = 10−7 .  



Equation  (6)  is  well  known  in  RAIM  literature.   Accounting  for  biases  and  unequal  variances  in  the   distribution  of   ε  creates  a  notational  headache  rather   than  a  conceptual  problem  in  an  expression  of  VPL  like   (6)  and  we’d  sidestep  it.    An  apparent  limitation  of  the   Gaussian  model  is  that,  once  the  error  model  is   specified,  you  are  locked  in.  Don’t  expect  any  insight   from  the  subsequent  steps  that  are  executed   mechanically.  There  is  no  room  for  ‘what  if’  questions.  



Figure 1. Multipath errors at four reference stations that were parts of LAAS Test Prototype at FAA WJH Technical Center Figure  1  shows  cdf’s  of  multipath  errors  observed  over  an   extended  period  at  four  LAAS  prototype  antennas   ® plotted  with  MATLAB  function  normplot.  If  the  data   were  Gaussian,  the  cdf  would  be  a  straight  line  whose   slope  would  equal  standard  deviation.  We  see  a  familiar   behavior:  the  data  are  Gaussian  in  the  core  (say,   between  probabilities  of  0.1  and  0.9),  but  not  in  the  tails.   No  Gaussian  over-‐bound  is  shown,  but  it  is  clear  that  it   would  take  a  significant  ‘sigma  inflation’  to  cover  the   flaring  tails.  On  the  other  hand,  the  actual  error  can’t  get   arbitrarily  large  and  the  tail  of  an  actual  distribution  can’t   go  on  forever,  as  they  would  for  a  Gaussian  distribution.     Figure  2  shows  an  empirical  cdf  of  signal-‐in-‐space  range   error  (SISRE)  for  Blocks  IIA  satellites.  SISRE  combines  the   contributions  of  satellite  ephemeris  and  clock  bias  errors.   The  cdf’s  for  individual  satellites  are  shown  in  cyan,  the   overall  cdf  is  shown  in  dark  blue,  and  the  ‘over-‐bounding’   Gaussian  distribution  is  in  red.  For  ease  of  presentation,   the  second-‐half  of  the  cdf  is  plotted  as  (1-‐cdf).  This  plot  is   reproduced  from  [3],  which  also  gives  similar  plots  for   Blocks  IIRM  and  IIF.      



The  good  news  is  that  SISRE  has  gone  down  steadily  with   each  new  generation  of  satellites.  But  the  earlier  point   about  thicker  tails  of  the  distribution  has  not  changed.   We’ll  use  the  empirical  cdf  in  Figure  2  as  an  example  to   illustrate  the  proposed  approach  mainly  because  the  IIAs   have  been  around  for  years  and  we  have  plenty  of  data   to  work  with.  



(i) Step  1:  Given  a  satellite  geometry,  how  ‘large’  can   ε   get  before  the  position  error  reaches  the  specified   alert  limit?     (ii) Step  2:  Given  an  error  pdf,  what’s  the  probability   that   ε  can  get  ‘larger’?   If  the  probability  in  Step  2  is  found  to  be  less  than  the   specified   Pmd ,  we  conclude  that  VPL  ≤  VAL  and  the   precision  approach  may  be  executed.  Implementation  of   Step  1  is  discussed  below,  and  of  Step  2  in  the  next  two   sections.   We  formulate  Step  1  as  an  optimization  problem  of   determining  the  shortest-‐length  error  vector  that  leads   to  outcome  VPE  ≥  VAL.      



min ε



 



   



 



 



(8)  



G + (3, :) ε ≥ VAL      



 



(9)      



subject  to  the  constraint       Figure 2. CDFs of SISRE for Block IIA satellites: individual SVs (cyan), pooled data (blue), and Gaussian overbound (red) (reproduced from [3] with the authors’ permission) The  Gaussian  artifice  simplifies  analysis,  but  at  a  price.   For  example,  in  accordance  with  the  empirical  cdf  in  



where  



ε  is  the  l2-‐norm  (or  Euclidean  length)  of  vector  



ε .  It  is  a  simple  optimization  problem  with  a  closed-‐form   solution.  Let’s  denote  the  solution  as   ε 0 .  Turns  out   ε 0 is   a  scaled  version  of   G



ε = VAL ⋅ T 0



−5



Figure  2, Pr{SISRE < − 10m} = 2.5 ⋅10 .  The   −4



Gaussian  overbound  raises  it  to   5 ⋅10 .  Similarly,   Pr{SISRE < − 5m} = 0.001  from  the  empirical  cdf   versus  0.04  for  the  Gaussian.  The  standard  deviation  is   1.6  m  for  the  empirical  data,  and  3.1  m  for  the  Gaussian   overbound.   4. A NONPARAMETRIC RAIM ALGORITHM We  now  return  to  RAIM  and  derive  a  VPL  for  estimation   problem  (1)  when  the  errors  are  non-‐Gaussian.    We  no   longer  have  an  easy  way  to  characterize  the  position   error.  The  only  leverage  we  have  is  through  the  satellite   geometry  G  and  pdf  of  measurement  error  in  the   formulation  of  the  estimation  problem,  which  we   restate.  



y = G x + ε  
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The  proposed  RAIM  algorithm  has  two  steps,  each  step   addressing  a  specific  question:  



G + (3, :) 2



G + (3, :)      



 



(10)  



VAL       VDOP



 



 



(11)  



Given  a  geometry  matrix  G  and  a  VAL,  we  now  have   determined  a  simple  expression  for  what  size  errors  to   fear:  For  any  error  vector   ε ,  if  



ε < ε0



,  it’s  



algebraically  impossible  for  the  position  error  to  exceed   the  alert  limit.  



ε 



 



(7)  



We  can  still  do  a  least-‐squares  solution  of  x,  as  in  (2),  and   write  an  expression  for  vertical  error  in  terms  of  G  and   ε ,  as  in  (4).    By  conventional  definition,  a  hazard  is   created  when  vertical  error  reaches  or  exceeds  the   vertical  alert  limit  (VAL).    



(3, :) .  



VAL G + (3, :) 2 VDOP
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VAL ⇒ Δv < VAL   VDOP



 



(12)  



Note  that  we  could  have  obtained  (11)  directly  from  (5)   by  applying  the  Cauchy-‐Schwarz  inequality.  We’ll  refer  to  



ε0



 as  hazardous  pseudorange  error  threshold  and  call  



the  part  of  event  space  of  random  vector   ε where  



ε 



VAL as  ‘SAFE.’   ε 0  is  a  mathematical  construct.   VDOP  



We  point  out  three  things  about  it:  



(i)



ε 0 represents  the  ‘most  efficient’  way  of  



(ii)



introducing  measurement  errors  for  maximum   effect  in  terms  of  VPE.   Equation  (12)  states  a  sufficient  condition.  It  says   nothing  about  the  outcome  if  



ε > ε0



the  part  of  event  space  where  



ε > ε0



.  We’ll  call    as  



‘UNSAFE?’     (iii) From  (11),  we  expect  



ε0



 to  be  comparable  to  the  



alert  limit,  given  a  well-‐conditioned  G.  That’s  an   important  point.  It  means  if  we  are  worried  about   error  vectors  that  are  tens  of  meters  in  length,   centimeter-‐level  concerns  fall  away.  That’s  another   way  of  saying  that  we  focus  on  the  tails  of  the  pdf   and  don’t  fuss  over  centimeter-‐level  biases   associated  with  antenna  phase  center  and  the  like,   as  we  would  with  a  Gaussian  model  [4,  5].       We  can  now  state  our  RAIM  test:  The  precision  approach   may  proceed  if  the  requirement  on  the  probability  of   missed  detection  



( Pmd )  can  be  met.  



Pmd = Pr {VPE ≥ VAL} VAL ⎫     ⎧ ≤ Pr ⎨ ε ≥ ⎬ VDOP ⎭ ⎩ Given  G  and  VAL,  we  computed   ε 0 =



 



(13)  



VAL in  Step  1   VDOP  



space  of  matrix  G  and  ‘waste’  nothing  in  components  in   the  orthogonal  subspace  that  create  residuals.  For  the   same  reason,  the  components  of   ε 0 add  up  to  zero.  As   an  aside,  note  that  we  need  an  error  pdf  specified  a   priori  in  order  to  rule  out  as  ‘rare’  the  outcomes  in  which   residuals  are  near  zero  and  the  position  error  is   arbitrarily  large.     As  a  second  example,  consider  breaking  up  the   pseudorange  measurements  into  two  subsets,  mutually   exclusive  or  not,  and  computing  position  estimate  with   each.  The  difference  between  these  position  estimates  



xˆ 1  and   xˆ 2  also  conveys  information  about   ε that  can  



be  captured  as  constraint(s)  of  a  generic  form  derived   from  (4)  as  



(G



+ 1



 



bound  above  on   Pmd can’t  be  too  loose.  Since  we  have  



assumed  nothing  so  far  about  the  cdf  of   ε ,  we  call  (13)  a   nonparametric  RAIM  test.  There  is  no  claim  of  optimality   and  in  fact  (13)  may  be  too  conservative,  but  it’s  a  start.   This  test  and  its  implementation  are  our  main  results.   Note  that  (8)-‐(9)  is  a  bare-‐bones  formulation  of  Step  1.  It   can  be  refined  by  adding  constraints  to  account  for  what   we  know  about  the  specific  realization  of   ε we  are   dealing  with.  For  example,  we  did  not  take  advantage  in   (8)-‐(9)  of  the  knowledge  that   ε  gives  us  certain  residuals   r,  as  expressed  in  (3).  What’s  the  residual  vector   r0   corresponding  to  error  vector   ε 0 ?    



(



)



r0 = I − G(GT G)−1GT ε0      



The  answer  is:   r0



min ε



   



 



 



 



(14)  



subject  to  the  constraints  that  (i)  position  error  exceeds   the  alert  limit,  (ii)  residuals  match   r ,  the  observed  value,   and  (iii)  subsets  of  measurements  produce  position   estimates  that  differ  by  known  amounts.  



G + (3, :) ε ≥ VAL  



( I − G (G G ) G ) ε = r     (G − G ) ε = xˆ − xˆ T



+ 1



}in  Step  2.  In  order  to  be  useful,  the  



 



We  now  refine  (8)-‐(9)  by  adding  these  new  constraints.  



and,  given  the  error  pdf,  we’ll  compute  



Pr { ε ≥ ε0



)



− G 2+ ε = xˆ 1 − xˆ 2



+ 2



−1



T



1



 



(15)      
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Denoting  the  solution  of  (14)-‐(15)  as   ε1 ,  it  is  easily  shown   that  



ε1 ≥ ε0 .  Under  nominal  conditions  when  the  



measurements  are  consistent  and  the  residuals  are  small,   we  don’t  expect  the  constraint  on  residuals  to  play  a   significant  role.  The  third  constraint  would  appear  to   depend  upon  satellite  geometry  and  how  the  two   measurement  subsets  are  defined  and  requires  further   study.  We  wouldn’t  pursue  this  line  of  enquiry  further  in   this  paper.    Before  we  conclude  this  section,  note  that  the   probability  calculation  on  the  right-‐hand  side  of  (13)  is   straightforward  if  the  pseudorange  errors  are  Gaussian,  



ε  (0, σ 2 I) .  With  K  satellites  in  view        



= 0 .  Why?  Because  we  looked  for  the  



smallest-‐length   ε  that  can  result  in  a  position  error  of  a   certain  size,   ε 0  must  put  all  its  resources  in  the  range  



Pmd = Pr {VPE ≥ VAL} < Pr { ε ≥ ε 0



{



}



= Pr σ 2 χ K2 ≥ ε 0



  2



}



 



(16)  



where   χ K2  is  a  chi-‐square  variable  with  K  degrees  of   freedom.  The  test  (16)  seems  sensible,  but  we  didn’t  use   any  leverage  provided  by  the  knowledge  that  the  errors   are  Gaussian  and  expect  (16)  to  be  less  efficacious  than   the  conventional  solution  which  sets  an  appropriate   threshold  recognizing  that  the  vertical  error  (5)  has  a   simple  Gaussian  distribution.    



{



}



Pr VPE ≥ VAL



{(



(



= Pr  0, σ iVDOP



}



) ) ≥ VAL 2



 



(17)      



would  have  been  too  coarse  if  VAL  were  to  be  halved.   The  number  of  discrete  error  values  determines  the  size   of  the  computational  task,  but  computational  efficiency   is  not  a  consideration  for  us  at  this  stage.   We  are  not  concerned  in  this  paper  with  the  statistical   issues  of  sample  size  and  confidence  intervals  in  defining   an  empirical  cdf.  We  simply  accepted  the  cdf  given  in  [2]   as  the  truth  and  defined  a  corresponding  discrete-‐valued   pdf  (18).  For  a  full  discussion  of  discrete  probability   approximation,  see  [6,  7].



which  led  us  to  definition  of  protection  level  (6).   5. A NON-GAUSSIAN ERROR DISTRIBUTION We  now  return  to  the  nonparametric  RAIM  test  (13)  to   determine  if  a  precision  approach  may  be  executed,   given  the  satellite  geometry  and  —  yes,  an  error  pdf  —   which  we  put  off  specifying  until  now.       For  illustrative  purposes,  suppose  the  pseudorange  error   ε  is  distributed  as  given  by  the  empirical  cdf  of  SISRE   (dark  blue  curve)  in  Figure  2.  We  simply  have  to  compute  



VAL ⎫ ⎧ Pr ⎨ ε ≥ ⎬ any  way  we  can.  In  order  to   VDOP ⎭ ⎩



simplify,  we  define  a  corresponding  discrete-‐valued   random  variable   ε  which  takes  ten  values  {±2.5,  ±5,   ±10,  ±15,  ±20}  meters,  and  assign  discrete  probabilities   conservatively  as  follows.                   Pr {ε = − 2.5 m} = Pr{ε ≤ 0} − Pr{ε < −2.5}  



= 0.420



  Pr {ε = − 5 m} = Pr{ε ≤ −2.5} − Pr{ε < −5}                  



= 0.078



  Pr {ε =   − 10 m}   = Pr{ε  ≤ −5} − Pr{   ε < −10}         Pr {ε  



    = 1.97 ⋅10   −3               =   − 15 m}   = Pr{ε  ≤ 10} − Pr{   ε < −15}       = 2.97 ⋅  10−5



(18)



  Pr {ε = − 20 m} = Pr{ε ≤ 15} − Pr{ε < −20}  



= 3 ⋅10−7



We  expect  the  discretization  to  be  revised,  and  perhaps   refined,  in  steps  depending  upon  G  and  VAL.  The  main   considerations  in  defining  (18)  were  to  recognize  that  (i)   ‘small’  errors  are  harmless  in  RAIM,  and  (ii)  ‘large’  errors   have  to  be  treated  with  respect.  If  a  1-‐meter  or  2.5-‐ meter  pseudorange  error  is  ‘harmless,’    why  worry  about   even  distinguishing  between  them.  The  above   representation  will  serve  us  in  Section  7  for  the  example   with  a  good  satellite  geometry  and  VAL=  35  m,  but    



Figure 3. One-half of a discrete-valued cdf of SISRE for Block IIA satellites shown as dashed staircase To  simplify  further,  we’ll  make  the  pdf  symmetric  so  it   has  zero  mean.  Centimeter-‐level  biases  wouldn’t  have   changed  (18)  significantly.  We  expect  the  error  pdf’s  to   be  elevation  dependent,  but  let’s  postulate  a  common   pdf  for  all  satellites  without  loss  of  generality  for  our   purpose.  As  is  the  common  practice,  we’ll  model  the   errors  for  different  satellites  to  be  independent.     The  discrete-‐valued  cdf  is  shown  in  Figure  3.  The   standard  deviation  of   ε is  under  3  meters,  about  the   same  as  for  the  overbounding  Gaussian  distribution.  



Pr{ ε ≤ 2.5m} = 0.84  and   Pr{ ε ≤ 5m} = 0.996 .   6. VPL FOR NON-GAUSSIAN ERRORS Given  the  satellite  geometry  matrix  G,  we  determined  in   Step  1  the  smallest  error  vector   ε 0  that  can  be  



hazardous.  We  now  have  a  pdf  for  pseudorange  error   ε   (18)  and  can  implement  Step  2  of  the  nonparametric   RAIM  test  (12)  by  computing   Pr



{ε



≥ ε0



} .      



Suppose  there  are  M  satellites  in  view  and  pseudorange   error  for  each  follows  a  multinomial  distribution  taking  N  



{α1, α2 ,...,α N }with  corresponding   probabilities   { p1 , p2 ,..., pN } ,  as  in  (18).  The  situation  is   possible  values  



comparable  to  M  rolls  of  a  weighted  N-‐faced  die.  The     space  of  elementary  events  is  M-‐dimensional.  Figure  4  is   a  conceptual  representation  of  the  event  space  showing   ‘SAFE’  and  ‘UNSAFE?’  regions.   The  relevant  result  from  basic  statistics  is  that  for   outcome   α n  to  occur  exactly   mn  times,  



Pr {m1 , m2 ,...., mN } =  



 



 



∑m



n



=M



,    



n



M! p1m1 ... pNmN     m1 ! m2 !... mN !  



 



(19)  



®



MATLAB  command  mnpdf  can  be  used  to  evaluate  (19).      



If  fault  detection  and  exclusion  (FD&E)  were  an  issue,  



we’d  have  determined  an  appropriate  threshold   β 0  for   least-‐squares  residuals  to  meet  the  requirement  on  false-‐ alarms  in  a  manner  similar  to  what’s  outlined  in  the   previous  paragraph.       7. PROTECTION LEVELS AND SENSITIVITY ANALYSIS: AN EXAMPLE We  now  pull  together  the  main  ideas  in  the  context  of  an   example  dealing  with  a  specific  satellite  geometry  and   pdf  of  measurement  errors  (18).   Consider  the  following  scenario  as  an  example  of  a   precision  approach  under  WAAS  or  LAAS.   • Satellite  Geometry:  As  in  Figure  5  (There  is   nothing  special  about  it.)   • Measurement  error  model:  Discrete  pdf  (18)       • Precision  approach:  LPV-‐200  (VAL  =  35  m,   Pmd = 10 −7 )  



Figure 4. A conceptual view of the event space associated with (18) showing probabilities of the elementary events and ‘SAFE’ and ‘UNSAFE?’ regions That’s  all  we  need.  In  order  to  evaluate  the  probability   bound  on  the  right-‐hand  side  of  (12),  what’s  required  is   to  express  the  ‘UNSAFE?’  set   {



ε ≥ ε0 }in  terms  of  



Figure 5. A GPS satellite sky view



events  (19)  and  sum  up  the  corresponding  probabilities.   If  this  bound  is  less  than  the  prescribed  value  for  Pmd,  it   follows  that  VPL  ≤  VAL,  the  precision  approach  may   proceed,  and  we  are  done.     If  it  does  not,  we  have  to  refine  the  calculation  of  the   probability  bound  by  examining  the  points  in  the  space  of   elementary  events  corresponding  to  



ε ≥ ε0



 



individually  to  see  if  each  indeed  represents  a  hazardous   event:   {verticalerror ≥ alert limit} .  We  can  stop   when  we  have  identified  and  dropped  enough  non-‐ hazardous  events  so  that  the  bound  is  less  than   Pmd .  If   this  requirement  cannot  be  met,  the  precision  approach   is  disallowed.  



VDOP  for  this  user-‐satellite  geometry  is  1.41.    



We’ll  now  implement  the  two-‐step  nonparametric  RAIM   (13)  and  follow  up  with  a  sensitivity  analysis.      



consideration  of  discrete  values   { 5, 10, 15, 20} with  



Step  1.  Smallest  Measurement  Error  Vector  that  can  be   Hazardous  



We  checked  by  exhaustive  enumeration  and  concluded  



Step  1  is  a  constrained  optimization  problem:    



min ε    



 



{



G + (3, :) ε = [0.7023 0.3333 − 0.0050 0.4219 − 0.4396 − 1.0129] ε



 



 



 



 



(20)  



The  solution  is  



ε 0 = [−12.3 − 5.8 0.1 − 7.4 7.7 17.7]' ε0 =



VAL 35 m = = 24.7 m VDOP 1.41



    (21)  



The  measurement  error  vector   ε 0 is  special.  It  shows   how  to  introduce  a  vertical  error  of  35  m  ‘most   efficiently’  with  the  shortest-‐length  measurement  error   vector.    The  pattern  of  signs  on  the  components  is   instructive.  The  errors  on  low  satellites  have  one  sign  and   on  the  high  satellites  another.  Reverse  the  signs  and  the   airplane  goes  from  being  too  high  to  too  low.         In  order  for  an  outcome  to  fall  in  ‘UNSAFE?’  region,  the   sum  of  squares  of  the  pseudorange  errors  must  exceed  



ε0



2



that  for  VPL  =  35  m,   Pmd < 10 −7 ,  and  LPV-‐200  may   proceed.     2



 



  ≥ 35



}



If  the  data  were  to  be  Gaussian,   ε ~ (0,3.1 m ) ,   from  (16)    we  conclude  that  LPV-‐200  would  still  be  safe   because   Pr 3.12 ⋅ χ62 > 610 = Pr χ62 > 63.5 < 10−7 .    



subject  to  the  constraint  



   



{



probabilities   0.996, 3.94 ⋅10−3 , 5.94 ⋅10−5 , 6 ⋅10−7 .  



= 610 .  It’s  clear  that  any  combination  of  errors  



of   ± 5 m  or   ± 10 m  across  the  satellites  is  SAFE.  At  least   one  error  must  exceed  15  meters  in  size,  but  that  may  or   may  not  result  in  a  hazardous  situation.  These  numbers   support  the  previous  assertion  about  focusing  on  the   tails  of  the  error  pdf  rather  than  the  middle.    



}



{



2



}



Step  3.  Sensitivity  Analysis   A  benefit  of  the  proposed  approach  is  that  rather  than   offering  a  simple  numerical  answer  it  identifies  a   neighborhood  in  the  measurement  error  space   characterized  by  



ε ≥ ε0 as  potentially  hazardous.  We  



have  a  framework  within  which  to  perform  sensitivity   analysis  and  address  ‘what  if’  questions.  For  example,  the   following  can  be  accommodated  in  the  proposed   framework.   (i) What  if  we  were  confident  that  the  error  in   pseudorange  corresponding  to  the  highest  satellite   cannot  exceed  10  m?         (ii) What  if  we  find  a  way  through  signal  monitoring  or   analysis  to  reduce  the  probability  of  events   associated  with  pseudorange  errors  larger  in  size   than  10  m?     (iii) What  would  it  take  to  lower  the  VAL  to  20  m?     8. SUMMARY



In  view  of  the  remarks  above,  we’ll  drop  the  error  values  



Conventional  RAIM  starts  out  by  specifying  a  Gaussian   measurement  error  model  and,  given  the  satellite   geometry,  determines  a  protection  level  corresponding   to  a  specified  probability  of  missed  detection.  A  precision   approach  may  be  executed  if  the  protection  level  is   smaller  than  the  specified  alert  limit.    



Step  2.  Protection  Levels      



We  outline  a  nonparametric  approach  that  derives   protection  level-‐type  bounds  for  an  arbitrary   measurement  error  pdf.  Implementation  proceeds  in  two   steps:        



± 2.5  m  in  (18)  for  simplicity  and  lump  their   probabilities  with  the  errors  of   ± 5  m.    



We  now  administer  the  nonparametric  RAIM  test  (13).    



Pr { ε ≥ 24.7} ≤ 10  ?   −7



 



(22)  



We  have  to  check  out  all  6-‐vectors  of  length  ≥  24.7  m   which  can  be  created  out  of  the  elements  of   {± 5, ±10, ±15, ± 20} with  corresponding  probabilities  of  



{



}



occurrence   0.498, 1.97 ⋅10−3 , 2.97 ⋅10−5 , 3 ⋅10−7 ?     Symmetry  of  the  pdf  simplifies  the  problem  to  



(i) Step  1.  Algebraic  part  to  determine  the  hazardous   pseudorange  error  threshold:  For  a  given  satellite   geometry,  how  large  can  the  pseudorange  errors  get   before  the  position  error  reaches  the  alert  limit?     (ii) Step  2.  Statistical  part  to  identify  protection  levels:   Given  a  measurement  error  pdf,  what’s  the   probability  that  these  errors  can  reach  or  exceed  the   threshold  computed  in  Step  1?    
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