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March 26, 2009 Abstract A new, wide class of relativistic stochastic processes is introduced. All relativistic processes considered so far in the literature are members of this class. For each process, the stochastic equations of motion are obtained in an arbitrary Lorentz frame. The associated Kolmogorov equation is also derived for the first time, in both (3 + 1)- and manifestly covariant forms. Notations



In this article, we set both the velocity of light c and the mass m of the diffusing particle equal to one. The signature of the space-time Lorentzian metric is chosen to be (+, −, −, −).



1



Introduction



It is probably fair to say that Stochastic Process Theory originated with Einstein’s 1905 study on Brownian motion [15]. The theory has since developed into a full grown branch of Mathematics [24, 26] and its current applications include Physics and Chemistry [30, 18], Biology [25, 1, 20, 14] and Economics [28, 29]. As far as Physics is concerned, one had to wait until the 70’s to see what started as an attempt to describe non quantum Galilean diffusions being extended to include Galilean quantum processes [30, 19]; but the wait for a relativistic extension was even longer, since the first paper dealing with a relativistic stochastic process of clear physical interpretation was only published in 1997 [5]. Several different relativistic stochastic processes have since then been considered by various authors [16, 12, 13, 17, 9, 2], sometimes with extremely different and seemingly irreconciliable points of view. It is the aim of the present article to develop a unified approach towards all these processes. We show indeed that all these processes are particular members of a wide family of generalized relativistic Ornstein-Uhlenbeck processes; this class is characterized by a simple property obeyed by the stochastic force entering the definition of the processes. More precisely, for each process in the class, and for each point on the phase-space trajectory of the diffusing particle, there exists a Lorentz frame in which the stochastic force acting on the particle is a Gaussian white noise. The gaps in the present literature are filled by providing, for all processes in the class, the stochastic equations of motion in an arbitrary Lorentz frame and the associated transport equations, in both standard (3 + 1) and manifestly covariant form. In par1



ticular, a manifestly covariant treatment of the Franchi-Le Jan and the Dunkel-H¨anggi processes is given here for the first time.



2 2.1



Basics A natural way to define relativistic diffusions



Let S be the space-time manifold, equipped with metric g and the Levi-Civita connection ∇ associated to g. The phase space of a point particle is the 7-D submanifold of the cotangent bundle defined by the relation p.p = 1, where p stands for the 4-momentum of the particle; this bundle is usually called the mass-shell bundle [31] and will be denoted hereafter by M. Let ba (M), a = 0, 1, 2, 3, be, for all M ∈ S, a basis of the space cotangent to S at M; we take b0 .b0 > 0 and baˆ .baˆ < 0 for aˆ = 1, 2 and 3. Let also C be a chart of S, with coordinates (x) = (t, x), where x stands for xi , i = 1, 2, 3 (we suppose here, to simplify the discussion, that S can be covered by single chart atlases); the family of basis baˆ and the chart C induce a (global) chart CM on M, with coordinates Z = (Z k ) = (t, x, p), k = 0, 1, 2, 3, 4, 5, 6, where p represents the three ‘spatial’ momentum components paˆ , aˆ = 1, 2, 3. Consider in CM a set of stochastic differential equations of the form: dxti



=



vi (t, xt , pt ) dt



d paˆ , t



=



(S )



ˆ



φaˆ (t, xt , pt ) dt + σaˆ bˆ (t, xt , pt ) dBbt ,



(1)



where the exponent (S ) means that these equations are to be understood in the Stratonovich sense and B1t , B2t and B3t are three independent 1-D Brownian motions. We suppose that the functions vi are chosen to ensure that the 4-vector p associated to paˆ coincides with the derivative dM/ds of the space-time position of the point particle with respect to the proper time s. The diffusion in p-space is then a generalized Ornstein-Uhlenbeck process and the diffusion in x-space represents the induced spatial trajectory of the point particle, indexed by the time coordinate t. We will now show that the form of (1) is stable under changes of coordinates which do not mix space-time and momenta degrees of freedom; equations (1) thus define an intrinsic Ornstein-Uhlenbeck process in phase space. Let us start by rewriting the system (1) as: dZtk = (S ) Φk (Zt ) dt + Σkl (Zt ) dBlt , (2) with (S )



Φ0



=



1



(S )



Φk



=



vk ,



(S )



Φ



k



=



(S )



Σkl Σkl Bkt Bkt



=



0,



=



σ(k−3)(l−3) , if (k, l) ∈ {4, 5, 6}2



=



0,



if k ∈ {0, 1, 2, 3}



=



Btk−3 ,



if k ∈ {4, 5, 6}.



if k ∈ {1, 2, 3}



φk−3 ,



if k ∈ {4, 5, 6} if (k, l) < {4, 5, 6}2



(3)



Consider now another chart C0M of M, with coordinates (t0 , x0 , p0 ). and perform a coordinate transformation on the Stratonovich equations (2). One gets: ˜ 0k (Zt0 )dt + Σ˜ 0k (Zt0 )dBlt , dZt0k = (S ) Φ l 2



(4)



with (S )



and



0k ˜ 0k (Zt0 ) = ∂Z Φ ∂Z l |Zt0



(S )



Φl (Zt (Zt0 )),



∂Z 0k ∂Z n 0 Σm (Zt (Zt0 )). Σ˜ 0k (Z ) = t l ∂Z m |Zt0 ∂Z 0l |Zt0 n



(5)



(6)



The set of Itˆo stochastic equations corresponding to (4) is ([26]): ˜ 0k (Zt0 )dt + Σ˜ 0k (Zt0 )dBlt , dZt0k = (I) Φ l



(7)



6 X 6 X ∂Σ˜ 0k l ˜ 0m ˜ 0k = (S ) Φ ˜ 0k + 1 Φ Σ . 2 l=0 m=0 ∂Z 0m l



(8)



with (I)



Perform now a random time-change characterized by dt0 = A−1 (Zt0 )dt, where we have, from equation (7), A−1 = (I) Φ00 . One obtains ([26]) the following set of Itˆo stochastic equations: 0 l dZt0k0 = (I) Φ0k (Zt00 )dt0 + Σ0k (9) l (Zt0 )dBt0 , where (I)



˜ 0k , Φ0(k = A (I) Φ



and Σ0k l =



√



A Σ˜ 0k l .



(10) (11)



The Stratonovich process associated to (9) is: 0 l dZt0k0 = (S ) Φ0k (Zt00 )dt0 + Σ0k l (Zt0 )dBt0 ,



(12)



6 6 1 X X ∂Σ0k l Σ0m . 2 l=0 m=0 ∂Z 0m l



(13)



with (S )



Φ0k = (I) Φ0k −



For physical reasons, we now restrict our attention to coordinate changes on M which do not mix space-time and momentum coordinates. The matrix (∂Z 0k /∂Z l ) is then block 2 diagonal and (6) and (11) show that Σ˜ 0k l vanishes if (k, l) < {4, 5, 6} ; (12) has then the same structure as (2), the differentials dBlt0 appearing only in the stochastic equations obeyed by p0 . The form (2) is thus stable under physically meaningful coordinate changes on M and equations (2) can therefore be used to define an intrinsic generalized Ornstein-Uhlenbeck process on M. Note that x0 is necessarily the spatial position associated to p0 because the condition p = dx/ds is invariant under coordinate changes which do not mix space-time and momentum degress of freedom.



2.2



A different way to define relativistic diffusions



Let us now show that the processes introduced above can be defined in another, more Q flexible way. Attach to all points Q ∈ M a Q-dependent chart CM , with associated Q Q Q Q Q coordinates (Z ) = (t , x , p ). We assume that CM depends smoothly on Q. More precisely, we assume that the application H from M2 to IR7 , which associates to any Q given couple (Q, R) of points in M2 the coordinates of R in the chart CM is at least C 2 in Q. 3



Let P be an arbitrary stochastic process of the class defined in Section 2.1. This process is represented in an arbitrary but given chart CM by a Stratonovich equation of the form: dZt = (S ) Φ (Zt ) dt + Σ(Zt )dBt (14) Q Let now Q be an arbitrary point in M. The process P is represented in CM , by a Stratonovich equation:     dZtQQ = (S ) ΦQ ZtQQ dt Q + ΣQ ZtQQ dBtQ . (15)



n o n  o    The sets (S ) ΦQ Z Q (Q) , Q ∈ M and ΣQ Z Q (Q) , Q ∈ M define two functions on M, which we denote respectively by (S ) d and D. We will now show that knowing (S ) d and D is equivalent to knowing the functions Φ and Σ. Indeed, given an arbitrary point Q ∈ M, the process P can also be represented by a Stratonovich equation of the form: dZtQ = (SQ) Φ (ZtQ ) dt Q + Q Σ (ZtQ ) dBtQ .



(16)



This equation is obtained from (15) by applying to the variable Z Q a coordinate transQ formation from the chart CM to the chart CM , but by conserving the time parameter t Q ; one thus has:     ∂Z k (S ) k (S ) Q l (Z) Φ Z Q (Z) (17) Φ = Q Q l ∂(Z ) |Z Q and k Q Σl



 n  m  Q  ∂ ZQ ∂Z k (ZtQ ) = ΣQ ZtQ (ZtQ ) . m l Q n ∂Z |ZtQ ∂ Z |Z



(18)



tQ



Thus, knowing the functions (S ) d and D is equivalent to knowing the other two functions (S ) δ and ∆ defined on M by (S )



δ(Q)



=



(S ) Q Φ (Z(Q)) (S ) Q Σ (Z(Q))



∆(Q) =



(19)



for all Q ∈ M. We introduce for later convenience the two realizations (S ) δ¯ and ∆¯ ¯ of these functions in the chart CM ; these are defined by (S ) δ(Z) = (S ) δ(C−1 (Z)) and 7 −1 ¯ ∆(Z) = ∆(C (Z)) for all Z ∈ IR . We now need to perform a random time change to pass from (16) to (14). As indicated in Section 2.1, this can only be done on SDEs in the Itˆo form. The Itˆo form of (16) is characterized by a force function (I)Q Φ defined by: 1 X X ∂ Q Σkl m Q Σ (Z). 2 l=0 m=0 ∂Z m |Z l 6



(I) k Q Φ (Z)



= (SQ) Φk (Z) +



6



(20)



One thus has, for all Q’s: 1 X X ∂ Q Σkl m Q Σ (Z(Q)) . 2 l=0 m=0 ∂Z m |Z(Q) l 6



(I) k QΦ



(Z(Q)) = (SQ) Φk (Z(Q)) +



4



6



(21)



¯ Let us show that the value of ∂Q Σ/∂Z at Z(Q) can be obtained from the value of ∂∆/∂Z at Z(Q). One can write: ∂∆¯ = lim ∂Z |Z(Q) δZ→0



Q+δQ Σ (Z(Q)



+ δZ) − Q Σ (Z(Q)) , δZ



(22)



where Q + δQ is a short-hand, evocative notation for the point of M whose coordinates Z(Q + δQ) in the chart C are Z(Q) + δZ. The function Q+δQ Σ is related to the function Q+δQ to t Q . One thus has: Q Σ by a random time change, from t s dt Q , (23) Q+δQ Σ (Z) = Q Σ (Z) dt Q+δQ |Z for all Z ∈ M. Let us consider the function ρ defined on IR3 by: s dt Q1 , ρ(Z1 , Z2 , Z3 ) = dt Q2 |Z3



(24)



where Q1 and Q2 are the points of M with respective coordinates Z1 and Z2 in C. This function does notn depend on the o stochastic process under consideration, but only on the family of charts CRM , R ∈ M ; in particular, ρ(Z1 , Z2 , Z3 ) can be obtained by computing Q2 Q1 the coordinate change from CM to CM at the point C−1 (Z). Since the charts CRM depend smoothly on R one can write,



ρ(Z1 , Z1 + δZ, Z3 ) = ρ(Z1 , Z1 , Z) + δZ · D(Z1 , Z) + O((δZ)2 ),



(25)



valid for all (Z1 , Z) and for sufficiently small δZ; here D(Z1 , Z) =



∂ρ ∂Z2 |(Z1 ,Z1 ,Z)



(26)



By definition, ρ(Z1 , Z1 , Z) = 1 for all (Z1 , Z). Inserting (25) in (23), one gets, for all Z ∈ M: h i 2 (27) Q+δQ Σ (Z) = Q Σ (Z) 1 + δZ · D(Z(Q), Z) + O((δZ) )) ; in particular, Q+δQ Σ (Z(Q)



+ δZ)



h i + δZ) 1 + δZ · D(Z(Q), Z(Q) + δZ) + O((δZ)2 )



=



Q Σ (Z(Q)



=



Q Σ (Z(Q)) [1



+ δZ · D(Z(Q), Z(Q))] + δZ ·



∂ QΣ + O((δZ)2(28) ). ∂Z |Z(Q)



Combining the last equation with (22) leads, for all k ∈ {0, 1, 2, 3, 4, 5, 6}, to ∂ QΣ ∂∆¯ = − Dk (Z(Q), Z(Q)) Q Σ (Z(Q)) , ∂Z k |Z(Q) ∂Z k |Z(Q)



(29)



which is the desired partial result. Let us now define the function (I) δ on M by (I) δ(Q) = (I) Q Φ (Z(Q)) for all points (I) ¯ (I) Q and let δ be the realization of δ in C. Equations (19), (21) and (29) show that knowing (S ) δ and ∆ is equivalent to knowing (I) δ and ∆. 5



Having thus obtained the Itˆo form of (16) at any given point Q, one can perform a random time change from dt Q to dt and obtain form (14) of the stochastic process P at Q. Indeed, given an arbitrary point Q ∈ M, the random time change dt = A−1 (Z)dt Q leads to (I) Φ (Z(Q)) = (I) (30) Q Φ(Z(Q))A(Z(Q)), p Σ(Z(Q)) = Q Σ(Z(Q)) A(Z(Q). (31) and (S )



Φk (Z(Q)) = (I) Φk (Z(Q)) −



6 6 1 X X ∂Σkl Σm (Z(Q)) . 2 l=0 m=0 ∂Z m |Z(Q) l



(32)



Since Q is arbitrary, (30), (31) and (32) show that knowing (S ) Φ and Σ is equivalent to knowing (I) δ and ∆, which has already been proven to be equivalent to knowing (S ) d and D. We have thus proved that the relativistic stochastic processes considered in (S ) d and D i.e. the two sets nSection 2.1 can be defined o by ngiving o  oneself  the functions (S ) Q Q Q Q Φ Z (Q) , Q ∈ M and Σ Z (Q) , Q ∈ M . Note finally that, because of (3), n o   these two sets are themselves fully determined by the sets (S ) φQ Z Q (Q) , Q ∈ M and n  o  σQ Z Q (Q) , Q ∈ M .



3 3.1



The class of relativistic diffusions considered in this article The space-time



We will only consider diffusions in Minkowski space-time S. This space-time is homeomorphic to IR4 and can be covered by single chart atlases [22]; it is endowed with the flat Minkowski metric η. A Lorentz chart C with coordinates (t, x) is a global chart of S where the coordinate basis components of η read ηµν = diag(1, −1, −1, −1). A Lorentz frame is the collection of all Lorentz charts which only differ by isometries of the 3-D Euclidean metric dx2 . A Lorentz frame R is fully characterized by its 4-velocity UR , which is a constant vector field defined on the space-time S; by convention, UR is also normalized to unity for the Minkowski metric η. Any Lorentz chart C with coordinates (t, x) induces on the mass-shell bundle M a chart CM with coordinates (t, x, p) where p are the three spatial components of p in the coordinate basis associated to C. The time-component p0 of the on-shell 4-momentum p is then simply q 1 + p2



γ(p) =



(33)



and the three functions vi (t, x, p) introduced in (1) can be regrouped into the 3-D vector v(p) = p/γ(p). We emphasize that the notation A2 will be used to denote the Euclidean square of a 3-D vector A; in particular, A2 = −ηi j Ai A j = −Ai Ai .



3.2



The diffusions



The class of Minkowski diffusions considered in this article is best defined by the method presented in Section 2.2; let us therefore start by characterizing the correQ sponding charts CM attached to all points Q of M.



6



Consider a Lorentz frame R, of 4-velocity UR , and a Lorentz chart C of R. Let U be a smooth (at least C 2 ) application from the mass-shell bundle M to the unit mass-shell bundle, which verifies, for every Q ∈ M, π(U(Q)) = π(Q), where π is the projection of the bundle on its the base manifold S. We introduce U(Q) defined by U(Q) = π˜ Q (U(Q)), where π˜ Q is the projection on the space cotangent to S at point π(Q). The vector U(Q) is represented, in the coordinate basis of C by U µ (Q) = (U 0 (Q), U(Q)), q



with U 0 (Q) = Γ(Q) = 1 + (U(Q))2 . Let RQ be the Q-dependent Lorentz frame whose velocity 4-vector coincides, at point π(Q), with U(Q). The physical 3-velocity of RQ with respect to R is represented by u(Q) = U(Q)/Γ(Q). We define the Q-dependent chart CQ as the chart of RQ obtained from C by a pure Lorentz transformation (i.e. Lorentz boost) of 3-velocity u(Q). Q The Q-dependent chart CM is defined as the chart naturally induced by CQ on M. We note for further use that coordinates/coordinate basis components in CM can then be Q obtained from those in CM by a pure Lorentz transformation of 3-velocity −u(Q). The class C of diffusion processes P considered in this article is defined by the condition: √ (34) ∀P ∈ C, ∃D ∈ IR∗+ , ∀Q ∈ M, σQ (Z Q (Q)) = 2Dη.



Q Combining (34) with the above definition of the charts CM , this condition can be rephrased by saying that, for each diffusion, there is at each point Q on the trajectory of the diffusing particle (in M) a Q-dependent reference frame RQ where the noise term appearing in the equation of motion is isotropic and coincides with a so-called Gaussian white noise. The amplitude of this Gaussian white noise depends on the diffusion, but not on the point Q on the trajectory.



3.3



Summary



We work in flat Minkowski space-time and all charts are Lorentz charts which can be obtained from one another by pure Lorentz boosts. A process P of the class considered in this article is characterized by Stratonovich relations of the form:   dxtQQ i| = vQ i ptQQ (Q) dt Q Q   √ Q d pi, tQ | = (S ) φiQ t Q (Q), xtQQ (Q), ptQQ (Q) dt Q + 2D ηi j dBtjQ , (35) Q



valid at all points Q of the mass-shell M. The velocity vQ (pQ ) of the particle is given by vQ (pQ ) = pQ /γ(pQ ) and (S ) φQ represents the so-called deterministic force acting on Q Q is defined by its Q-dependent 3-velocity the particle in the chart CM . Each chart CM u(Q) with respect to a fixed, Q-independent chart CM . Equation (35) at all Q, together with all u(Q)’s, completely determine P.
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4.1



Stochastic differential equations and transport equation for the class of diffusions considered in this article Stochastic differential equations



These are obtained by implementing on (35) the procedure outlined in Section 2.2. The detailed computations are presented in the Appendix. One finds that the processes are 7



represented, in a fixed Lorentz chart CM of the mass-shell bundle M, by the following stochastic differential equations: dxti



=



vi (Zt ) dt



d pi,t



=



(I)



φi (Zt )dt + σi j (Zt )dBtj ,



(36)



where the expressions of vi (Zt ), (I) φi (Zt ) and σi j (Zt ) are given by equations (119), (120) and (124) in Appendix A.5.



4.2



Transport equation: (3 + 1) treatment



The one particle phase-space associated naturally associated to (36) is IR6 = {(x, p)}, equipped with the Lebesgue measure d3 xd3 p. Let Π be the t-dependent particle distribution generated by (36) in this phase-space. By (36), Π obeys the following forward Kolmogorov equation [26]: ! ! pi ∂ ∂Π ∂ ∂ ∂Π (ψi Π) + + i Π = Ai j , (37) ∂t ∂x γ(p) ∂pi ∂pi ∂p j with: " #  p.U    D Γ2 1  p.U 2 ui p j + u j pi + ui u j ; Ai j (t, x, p) = − ηi j − γ(p) p.U Γ Γ and ψi (t, x, p) =



∂Ai j (I) − φi (t, x, p), ∂p j



(38)



(39)



where (I) φi is given by (120). We remind the reader that, in all equations above, U is actually allowed to depend on the point Q of the mass-shell bundle i.e. on t, x and p. The distribution Π is a function of the coordinates (t, x, p) of the chart CM ; Π thus defines a CM -dependent function on the mass-shell bundle M. It can be shown however that this function does not actually depend on the chart CM [21, 7]. Thus, a single function on M represents the density of the stochastic process in all Lorentz frames. The Physics literature expresses this remarkable fact by stating that ‘the oneparticle distribution is a Lorentz scalar’1 . From now on, we will use the same symbol Π to designate the one particle distribution, conceived as a function defined on M, or any of its realizations in a given Lorentz chart.



4.3



Manifestly covariant transport equation



The idea behind the so-called manifestly covariant formulation ([23, 8]) is to extend the usual one-particle phase space into an 8-D domain E of bundle F cotangent to the space-time S. The domain E is chosen as containing the mass-shell bundle M and the particle distribution in E is represented by a function f whose restriction to M coincides with Π. A manifestly covariant transport equation is a manifestly covariant equation obeyed by the distribution f whose validity is a sufficient condition for the validity of the original transport equation obeyed by Π. 1 It



turns out that this distribution is also a general relativistic scalar [23].
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We introduce an arbitrary application V, from the domain E to the bundle cotangent to S , which coincides with the application U on the mass-shell bundle M. We define V(Q), for all points Q in E, by V(Q) = π˜ Q (V(Q))2 . Given a Lorentz chart CM , the unphysical distribution f is related to the physical distribution Π by: Z Π(t, x, p) = f (t, x, p0 , p) δ (p0 − γ(p)) d p0 , (40) p∈P



where the δ distribution enforces a mass-shell restriction. The domain P contains the mass-shell and is defined by: n o P = p ∈ IR4 , p.V > 0 . (41) This is the largest domain in which all coefficients of the soon to be presented manifestly covariant transport equation, are defined and regular. The condition p.V > 0 defines the 8-D domain E of F . Consider now an arbitrary (not necessarily scalar) quantity h(t, x, p0 , p). We define a new quantity h(t, x, p) by Z h(t, x, p) = h(t, x, p0 , p) δ(p0 − γ(p)) d p0 . (42) p∈P



The quantity h is the restriction of h to the mass-shell bundle M. In particular, Π = f . We also introduce at this stage an arbitrary off-shell 3-force ξ, related to the on-shell 3-force ψ by ψ = ξ. Taking into account expression (33) of the Lorentz factor γ, the standard properties of δ lead to: Z ∂ ∂ h(t, x, p) = h(t, x, p0 , p) δ(p0 − γ(p)) d p0 , (43) ∂t ∂t P Z ∂ ∂ h(t, x, p) = h(t, x, p0 , p) δ(p0 − γ(p)) d p0 (44) i ∂xi ∂x P and: ∂ h(t, x, p) = ∂pi



Z " P



# ∂ pi ∂h h(t, x, p0 , p) − δ(p0 − γ(p)) d p0 . ∂pi p0 ∂p0



(45)



These relations can be used to rewrite the various terms appearing in equation (37); one thus obtains, for the terms containing only first-order derivatives: ! Z " # ∂Π ∂ pi 1 ∂ µν (η ) + i Π = p f δ(p0 − γ(p)) d p0 ; (46) ν µ ∂t ∂x γ(p) P p0 ∂x " Z # ∂ 1 ∂  (ψi Π) = − (47) Ξµ f δ(p0 − γ(p)) d p0 , ∂pi P p0 ∂pµ where Ξ is an off-shell 4-force acting on the particle, related to the off-shell 3-force ξ by Ξ0



=



p i ξi



(48)



Ξi



=



−p0 ξi .



(49)



2 We recall that π(Q) is the projection of a point Q ∈ E on the space-time S and that π ˜ Q is the projection on the space cotangent to S at point π(Q).
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Note that Ξ.p = 0, even for off-shell momenta. The noise term in (37) can be rewritten as: ! " !# Z pµ pβ ∂ f ∂ ∂Π 1 ∂ Ai j =− Kµρ β ν δ(p0 − γ(p)) d p0 , ∂pi ∂p j p.V ∂pν P p0 ∂pρ



(50)



where the tensor K is defined by : K µρβν = V µ V β ∆ρν − V µ V ν ∆ρβ + V ρ V ν ∆µβ − V ρ V β ∆µν ,



(51)



and ∆ is the projector on the orthogonal to V: ∆µν = ηµν − Vµ Vν . Using equations (46), (47) and (50), (37) can be rewritten as Z 1 L( f ) δ(p0 − γ(p)) d p0 = 0, p p∈P 0 where



!  ∂  ∂ ∂ µ β pµ pβ ∂ f µν Ξµ f + DK ρ ν . L( f ) = µ (η pν f ) + ∂x ∂pµ ∂pρ p.V ∂pν



(52)



(53)



(54)



The simplest possible manifestly covariant transport equation is thus: L( f ) = 0.



(55)



Note that the operator L is manifestly Lorentz invariant. This echoes the fact that the distribution f is a function defined over E i.e. a Lorentz scalar.



5



The relativistic Ornstein-Uhlenbeck process (ROUP)



The ROUP ([5, 3, 4]) describes the diffusion of a relativistic point particle in an isotropic fluid 3 . The fluid is supposed to be in a state of global thermal equilibrium. Such a state is represented by a constant 4-vector field B defined on the space-time S. This vector field is future oriented and its constant norm β = (B.B)1/2 is the inverse temperature of the equilibrium [23]. The 4-vector field W = B/β is by definition normalized to unity and represents the 4-velocity of the proper frame of the fluid. We denote this frame by RW and choose a chart CW in RW ; the associated phase-space coordinates will be denoted by (T, X, P). As all processes considered in this article, the ROUP is fully determined, at given value of diffusion coefficient D, by fixing for all Q (i) the Lorentz frame RQ in which the noise term is isotropic (ii) the value of the deteministic force (S ) φQ at point Q. The ROUP was built [5] by choosing RQ = RW , i.e. U(Q) = W, for all Q. This choice is technically the simplest possible one and is physically natural because the fluid in which the particule diffuses is isotropic. The deterministic force (S ) φQ then coincides for all Q with (S ) φW , the deterministic Stratonovich 3-force acting on the particle in RW ; this Stratonovich 3-force also 3 A relativistic fluid is said to be isotropic if, in its local proper frame, there is no preferred spatial direction.
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coincides for all Q with its correspondent Itˆo forces, (I) φQ and (I) φW , since the stochastic differential equation defining the process in CQ = CW involves a constant noise coefficient D. The deterministic force (S ) φW of the ROUP reads [5]: 



(S )



 Pi φW (T, X, P) = −α i γ(P)



(56)



with α = βD.



(57)



This force is a friction force and α is simply a friction coefficient. Equation (57) is thus a fluctuation dissipation (FD) relation linking α and D to the temperature of the fluid in which the particle diffuses. A second, complementary meaning of (57) will be discussed below. The stochastic differential equations defining the ROUP thus read, in CW : dXTi



=



dPi, T



=



P j, T dT γ(PT ) √ Pi, T dT + 2D ηi j dBtj . −α γ(PT ) ηi j



The associated forward Kolmogorov equation is: ! ! ∂Π ∂ X ∂ P + . Π + . −α Π = D∆P Π. ∂T ∂X γ (P) ∂P γ (P)



(58)



(59)



Let C be the Lorentz chart obtained from CW by a Lorentz boost of velocity −w and let (t, x, p) be the associated coordinates; let also R be the Lorenz frame of C. The 3-velocity of RW with respect to R is +w. Since W is constant, one has, for the ROUP: ∂wi = 0, (i, j) ∈ {1, 2, 3}2 . ∂p j



(60)



Hence, the stochastic differential equation of the ROUP in C is given by (36), with: "   # p.W (S )  wi γ(p)(1 − Γ) (S )  j (S ) (I) φW − φW w + Γ φW p j φi (t, x, p) = i j j γ(p) γ(p) w2   Γ wi + D 1 + 2(p.W)2 (61) γ(p) (p.W)2 and √ σi j (t, x, p) = − 2D



s



" # 1 γ(p)(1 − Γ) w w + Γw p − (p.W) η i j i j ij . γ(p) (p.W) w2



(62)



In the right-hand side of equation (61), (S ) φW is evaluated at (T, X, P) corresponding to (t, x, p). The corresponding forward Kolmogorov equation [3, 4] is (37) with: " #  p.W    D Γ2 1  p.W 2 Ai j (t, x, p) = − ηi j − wi p j + w j pi + wi w j , (63) γ(p) p.W Γ Γ   ∂Ai j Γ wi 2 =D 1 + 2(p.W) ∂p j γ(p) (p.W)2 11



(64)



and "   # p.W (S )  wi γ(p)(1 − Γ) (S )  j (S ) ψi (t, x, p) = − φW − φW w + Γ φW p j . (65) j j i γ(p) γ(p) w2 The off-shell transport equation is given by (55); it is best to choose V = W; a convenient form for the off-shell deterministic 4-force Ξµ of the ROUP reads [4]: Ξµ = −λνµ pν p.p + λαβ pα pβ pµ , with



λµν =



α ∆µν , (p.W)2



(66)



(67)



where ∆ denotes the projector on the orthogonal to V (see (52)). The off-shell Kolmogorov equation (55) then admits the off-shell J¨uttner distribution f J , defined by   1 β f J (p) = exp −Bµ pµ (68) 4π K2 (β) as invariant distribution in p-space4 . This result means, in physical terms, that the ROUP thermalizes the diffusing particle with the surrounding fluid. The FD relation (57) thus acquires a second meaning, in which 1/β represents the asymptotic temperature of the diffusing particle itself. We refer to [5, 6, 2] for more details on the asymptotic behaviour of the ROUP.



6



The Franchi-Le Jan process and the Dunkel-H¨anggi process



6.1



The Franchi-Le Jan process



This process [16, 17, 2] does not describe the motion of a relativistic particle diffusing through its interactions with a relativistic fluid. The process nevertheless seems to have a possible physical interpretation and we refer to [10, 9] for a lengthy discussion of this and related issues. Franchi and Le Jan have chosen as Lorentz frame RQ the proper frame of the diffusing particle at point Q. Given a Lorentz chart C, an arbitrary point Q is represented by its coordinates (t, x, p); the four numbers (γ(p), p) are the components of the corresponding on-shell 4-vector p in the coordinate basis associated to C. Franchi and Le Jan thus set the 4-velocity U(Q) of the Lorentz frame RQ equal to p. They also choose (S ) φQ (Q) = 0 for all Q. The corresponding stochastic equations of motion in C are given by (36) with: (I)



φi (t, x, p) = s



σi j (t, x, p) = 4 This



3Dpi , γ(p)



" # 2D 1 − γ(p) p p + η i j ij . γ(p) p2



(69)



(70)



distribution is normalized to unity with respect to the usual mass-shell measure δ(p0 − γ(p))d3 p



[23].
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The associated Kolmogorov equation is (37) with Ai j (t, x, p) =



i D h pi p j − ηi j , γ(p)



(71)



∂Ai j 3Dpi = ∂p j γ(p)



(72)



ψi (t, x, p) = 0.



(73)



and Equation (37) can be put into a different, more geometrically intuitive form. Let m be the Riemannian metric induced by the Minkowski metric η on the mass-shell. The metric m is defined as follows. On the mass-shell, the first component p0 of p is identical to the Lorentz factor γ(p) and the square d p2 = ηµν d pµ d pν can therefore be written as a quadratic form in the spatial components d pi ; one thus finds that, on the mass-shell, ηµν d pµ d pν = −mi j d pi d p j (74) with mi j = − η i j +



! pi p j . γ2 (p)



(75)



The mi j are the components of m in the coordinate basis of C. The components mi j of the inverse of m in C are given by: mi j = pi p j − ηi j . The Laplacian operator [11] associated to m reads, in coordinates: ! ∂ q 1 ij ∂ det m m ∆m = p , ij ∂p j det mi j ∂pi where det mi j = γ−2 (p). A direct calculation shows that: ! ∂ ∂Π D Ai j = ∆m Π, ∂pi ∂p j γ(p) The transport equation (37) can thus be rewritten into: ! ∂Π ∂ pi D + i Π = ∆m Π. ∂t ∂x γ(p) γ(p)



(76)



(77)



(78)



(79)



The off-shell transport equation is given by (55) along with (54), with Ξµ = 0. The noise term simplifies greatly because one can choose V = p for this process, and the corresponding manifestly covariant transport equation reads: ! ∂ ∂ ∂f µν (η pν f ) + D (ηρν − pρ pν ) = 0. (80) ∂xµ ∂pρ ∂pν The process does not admit a J¨uttner invariant measure in p-space, as there is no fluid with which the particle could thermalize.
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6.2



The Dunkel-H¨anggi process



The Dunkel-H¨anggi process [12, 13] is an attempt to extend the Franchi-Le Jan process to describe the diffusion of a relativistic point particle in interaction with a surrounding fluid in a state of global thermal equilibrium. As for the ROUP, the equilibrium state of the fluid is represented by a time-like 4-vector field B whose norm β is the inverse temperature. As before, W stands for B/β and represents the 4-velocity of the fluid. As for the Franchi-Le Jan process, the Lorentz frame RQ is chosen to be the rest frame of the particle at point Q; this means that U(Q) = p. Like the ROUP, the DunkelH¨anggi process is built with a frictional force which ensures that the J¨uttner distribution is an invariant measure of the process in momentum space. Let RW be the global rest frame of the fluid and CW a Lorentz chart belonging to RW , with coordinates (T, X, P). In this chart, W µ = (1, 0, 0, 0). In CW , the DunkelH¨anggi process is characterized by the set of Itˆo stochastic differential equations (see (36)): dXTi



=



dPi,T



=



P j, T dT ηi j γ(PT )   (I) φW (ZT )dT + (σW )i j (ZT ) dBTj , i



(81)



where the noise coefficient is the same than for the Franchi-Le Jan process (see (70)): s " # 2D 1 − γ(P) (σW )i j (T, X, P) = P P + η (82) i j ij ; γ(P) P2 the Itˆo drift term reads: 



(I)



 3DPi , φW (T, X, P) = −νPi + i γ(P)



(83)



where ν is a positive friction coefficient. The transport equation corresponding to (81) is: ! " ! ∂Π # ∂Π Pi D  ∂ ∂ ∂ (νP + Π = P P − η . (84) Π) + i j i j i ∂T ∂X i γ(P) ∂Pi ∂Pi γ(P) ∂P j Consider now an arbitrary Lorentz frame R and a chart C in R, with coordinates (t, x, p). The components of W in C are: W µ = (Γ(w), Γ(w) w), where w is the 3-velocity of RW with respect to R. The stochastic differential equations characterizing the DunkelH¨anggi process in C are obtained by performing a Lorentz boost of 3-velocity −w on the set of Stratonovich stochastic equations associated to (81). The complete procedure is detailed in the Appendix. We thus get: dxti



=



ηi j



d pi, t



=



(I)



p j, t dt γ(pt )



φi (Zt )dt + σi j (Zt )dBtj ,



(85)



" !# p.W wi (1 − Γ(w)) γ(p) k k k (σW )k j δi − w + Γ(w)p γ(p) p.W w2



(86)



where s σi j (t, x, p) = and (I)



p.W φi (t, x, p) = γ(p)



(S )
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! 1 jl ∂σi j φi − η σkl , 2 ∂pk



(87)



with (S )



φi (t, x, p) =







(S )



φW











 ! wi (1 − Γ(w)) γ(p) k (S )  k (S ) − w φW + Γ(w)p φW , (88) i k k p.W w2



(S )



   1 ∂ (σW )i j φW = (I) φW + η jl (σW )kl , i i 2 ∂pk



(89)



  where (I) φW is given by (83) and (σW )i j by (82). i The transport equation corresponding to (85) is given by (37), with 1 Ai j = − σil σTk j ηkl 2



(90)



∂Ai j (I) − φi . ∂p j



(91)



and ψi =



The off-shell transport equation is given by (55) along with (54). The noise term can be simplified into the noise term of equation (80) by choosing V = p. A convenient form of the off-shell deterministic 4-force Ξµ of the Dunkel-H¨anggi process is Ξµ = −λ˜ νµ pν p.p + λ˜ αβ pα pβ pµ , with



λ˜ µν =



ν ˜µ ∆ν , (p.W)



(92) (93)



where ∆˜ is the projector on the orthogonal to W: ∆˜ µν = ηµν − Wµ Wν .



(94)



The off-shell Kolmogorov equation of the Dunkel-H¨anggi process then admits the off-shell J¨uttner distribution f J , given by (68), as invariant distribution in p-space if the coefficients ν and D characterizing the process and the inverse temperature β of the fluid satisfy ν = βD; (95) this constitutes a fluctuation-dissipation relation for the Dunkel-H¨anggi process ([13]).



7 7.1



Conclusion Summary



We have introduced a new, wide class of relativistic stochastic processes. Processes in this class are generalizations of the standard Ornstein-Uhlenbeck process and are characterized by a certain simple property of the stochastic force acting on the diffusing particle. All relativistic stochastic processes considered so far in the literature [16, 12, 13, 17, 9, 2] belong to this class. We have obtained, for each process in the class, the stochastic equations describing the diffusion in an arbitrary Lorentz frame and the associated forward Kolmogorov equation. The corresponding manifestly covariant transport equation has been obtained as well. In particular, a manifestly covariant treatment of both the Franchi-Le Jan and the Dunkel-H¨anggi processes is here given for the first time. 15



7.2



Discussion



The material presented in this article shows that all relativistic stochastic processes considered so far in the literature are essentially various implementations of a single construction. The idea behind this contruction has been presented here in its full generality, but explicit calculations have been performed in flat space-time only. A necessary extension of this work is therefore to perform all calculations on curved space-time as well. In another direction, one should use the manifestly covariant transport equations presented in Section 4.3 to extend the H-theorem [4, 27] already existing for the ROUP to all other processes in the class considered in this article, including the Franchi-Le Jan and the Dunkel-H¨anggi diffusions. Let us finally remark that the construction of relativistic stochastic processes proposed in this article makes it apparent that the class of processes considered here can be extended into even more general ones to describe, for example, diffusions in non isotropic media. Such extensions will be addressed in forthcoming publications.



A



Appendix



The aim of this Appendix is to present the implementation on (35) of the general procedure outlined above in Section 2.2 and to deduce from (35) the stochastic differential equations describing the process P in the fixed, Q-independent Lorentz chart CM .



A.1



Step I: Lorentz boost



The first step is to Lorentz transform (35) to the chart CM , keeping t Q as parameter. One has immediately dxtµQ d pα, tQ



|Q



=



Λµν [−u]|Q dxtQQ ν |



|Q



=



Q , Λα β [−u]|Q d pβ, tQ



Q



(96)



|Q



where the components of the tensor Λ[−u] corresponding to a Lorentz boost of 3velocity −u are given by Λ00 [−u]



=



Γ



Λ 0 [−u] =



Γui



Λ0i [−u] =



−Γui



Λi j [−u] =



δij + (1 − Γ)



i



ui u j u2



(97)



 −1/2 with Γ = 1 − u2 . One also has, be definition, Λα β = ηαµ η βν Λµν . The first line of (96) transcribes into:   dttQ |Q = Γ|Q dt Q − ui |Q dxtQQ i | Q ! ui u j dxtiQ |Q = (Γui )|Q dt Q + δij + (1 − Γ) 2 dxQ j u |Q t Q |Q



(98) (99)



Q Q Equation (96) furnishes d ptQ |Q in terms of all d pβ, , including d p0, , while (35) tQ tQ |Q



|Q



Q only involves dptQQ | . One therefore has to express d p0, in terms of dptQQ | . This can tQ |Q



Q
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Q



be done by noting that p0Q is the zeroth component of an on-shell momentum in the p coordinate basis of a Lorentz chart; thus, p0 = γ(p) = 1 + p2 . Since we are working with a Stratonovich process, one can simply write ptQ d p0, tQ = · dptQ , (100) γ(ptQ ) where the dot stands for the standard Euclidean scalar product. One thus obtains from (96), (97) and (100):    j pkQ  ui u j kj   d pQ Q . d pi, tQ |Q = δi + (1 − Γ) 2 − Γui η (101) j, t |Q γ(pQ ) | u Q



A.2



Step II: Partial Simplification



We now use (35) to replace in (98) and (101) the differentials dxtQQ | and dptQQ Q   expressions in terms of dt Q , dBtQ and t Q (Q), xtQQ (Q), ptQQ (Q) . One obtains: !# " ui pQ i dt Q dttQ |Q = Γ 1 − γ(pQ ) |Q " ! # ui u j pQ j dxtiQ |Q = Γui + δij + (1 − Γ) 2 dt Q γ(pQ ) |Q u



|Q



by their



(102) (103)



and d pi, tQ |Q



  j   j pkQ  (S ) Q Q √ u u i k j  = δi + (1 − Γ) 2 − Γui η φ j |Q dt + 2Dη jk dBktQ . Q γ(p ) | u



(104)



Q



A.3



Step III: Inverse Lorentz boost



We now replace t Q (Q), xQ (Q) and pQ (Q) in (102) and (104) by their expressions in terms of t(Q), x(Q) p(Q). These are given by the inverse Lorentz transform Λ−1 ,  and ν = ηµ β ην α Λα β . One thus obtains: which obeys Λ−1 µ



dttQ |Q



=



A−1 (Q)dt Q



dxtiQ |Q



=



Qv



d pi,tQ |Q



=



(S ) Q Q φi (Q)dt



where



i



(Q) dt Q + Q σi j (Q)dBtjQ



γ(p) A (Q) = p.U



! ,



−1



i



Qv



(Q) = η



ij



(105)



pj p.U



(106)



|Q



! ,



(107)



|Q



" #) ui γ(ptQ )(1 − Γ) (S ) Q j (S ) Q j φ u + Γ φ p , (108) j j tQ p.U u2 |Q ( " #) √ 1 γ(ptQ )(1 − Γ) Q (Q) σ = − 2D u u + Γu p − (p.U) η , (109) Q ij i j i j, t ij p.U u2 |Q   and U is the 4-vector associated to u. Thus, p.U = Γ γ(p) + pi .ui = Γ (γ(p) + p.u). (



(S ) Q φi (Q)



=



(S ) Q φi



−
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A.4



Step IV: Change from a Stratonovich to an Itˆo form



Equation (105) can be put in Itˆo form with the help of the gradient D introduced in Section 2.2. Let us compute this function for the class of diffusions considered here. Let Q1 , Q2 and Q3 be three points in M. As in Section 2.2, the coordinates of point Qi in C are denoted by Zi . Using definition (24) in conjunction with (104) and (105), one can write (with obvious notations): s p3 .U1 ρ(Z1 , Z2 , Z3 ) = . (110) p3 .U2 One therefore has: ∂ρ 1 =− k 2 ∂Z2 |(Z ,Z ,Z )



s



1 2 3



p3 .U1 1 ∂U2 p3 . k , p3 .U2 p3 .U2 ∂Z2



(111)



which leads to (see (26)): Dk (Z1 , Z) = −



∂U2 1 1 p. 2 p.U1 ∂Z2k | Z



One thus obtains Dk (Z, Z) = −



.



(112)



2 =Z1



1 ∂U p. k , p.U ∂Z



(113)



where the conventional, somewhat less precise notation has been used for the derivative. This result helps put (105) into an Itˆo form and one obtains: j Q d pi,tQ |Q = (I) Q φi (Q)dt + Q σi j (Q)dBt Q



(114)



with: (I) Q φi



) (Q) = (S Q φi (Q) + λi (Q) + ζi (Q),



(115) "  #)  Γ ∂ui ∂ui λi (Q) = D ui 1 + 2(p.U)2 − Γ2 γ(p)u j + Γγ(p)(p.U)p j , (116) 3 ∂p j ∂p j |Q (p.U) ( " #)  p.U    ∂U  p.U 2 D Γ2 ζi (Q) = − p. ηi j − ui p j + u j pi + ui u j . (117) 2 (p.U)3 ∂p j Γ Γ |Q (



A.5



Step V: Random time change



One can perform for each Q the random time change dt = A−1 (Q)dt Q and one thus obtains Itˆo stochastic equations of motion in the chart CM . These read: dxti



=



vi (Zt ) dt



d pi,t



=



(I)



φi (Zt )dt + σi j (Zt )dBtj ,



where Z = (t, x, p), and vi (Z) = ηi j (I)



pj γ(p)



φi (Z) = Hi (Z) + Ii (Z) + Ji (Z), 18



(118)



(119) (120)



" # p.U (S ) Q ui γ(p)(1 − Γ) (S ) Q j (S ) Q j Hi (Z) = φj u + Γ φj p , (121) φi − γ(p) γ(p) u2 "  #  Γ ∂ui ∂ui 2 2 Ii (Z) = D u 1 + 2(p.U) − Γ γ(p)u + Γγ(p)(p.U)p , (122) i j j ∂p j ∂p j γ(p) (p.U)2 " #  p.U    D Γ2 ∂U  p.U 2 η − Ji (Z) = − p. u p + u p + u u (123) ij i j j i i j 2 γ(p)(p.U)2 ∂p j Γ Γ and, finally: √



σi j (Z) = − 2D



s



" # 1 γ(p)(1 − Γ) ui u j + Γui p j − (p.U) ηi j . γ(p) (p.U) u2



(124)



In equation (121), Q is the point of the mass-shell bundle with coordinates Z in the chart CM . In the above equations, U, Γ, as well as u and its partial derivatives are taken at point Q.
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