









	
 Home

	 Add Document
	 Sign In
	 Create An Account














[image: PDFKUL.COM]






































	
 Viewer

	
 Transcript













The Grothendieck groups and stable equivalences of mesh algebras Sota Asai Graduate School of Mathematics, Nagoya University



March 31st, 2016



1 / 25



Quiver and algebra Consider the following quiver and relation



Q= 1



α / 2



Q0 = {1, 2, 3} (vertices) Q1 = {α, β} (arrows)



β / 3



!



αβ = 0 Then the algebra Λ has a basis e1 , e2 , e3 , α, β
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Mesh algebras I I



We only consider stable translation quivers here



(Q, τ) with Q = (Q0 , Q1 ) quiver and τ ∈ Aut Q0 such that #Q1 (y → x) = #Q1 (τx → y) y ? 1



α1 I



Mesh: τx αm



I



α2



4 y2



.. .  ym



β1 β2



* ? βm



x (relation:



m X



αi βi = 0)



i=1



Example: Auslander-Reiten (AR) quiver I I



Vertices: indecomposable objects of the category Arrows: irreducible morphisms between objects
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Z∆ is a translation quiver Let ∆ be a Dynkin diagram:



An : 1 Dn : 1



2 2



3 3



4 4



··· ···



n En : 1



2



n n−1 (n ≥ 4)



3 n



4



···



n−1 (n = 6, 7, 8)



We have a stable translation quiver Z∆ as follows
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ZD7 If ∆ = D7 , then ZD7 is the following quiver; ?•
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ZD7 If ∆ = D7 , then ZD7 is the following quiver; ?•
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ZD7 If ∆ = D7 , then ZD7 is the following quiver; ?•
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ZA6 If ∆ = A6 , then ZA6 is the following quiver; ?•



•  ?•



•  ?•
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ZA6 If ∆ = A6 , then ZA6 is the following quiver; ?•
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ZA6 If ∆ = A6 , then ZA6 is the following quiver; ?•
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ZA6/hτ 3i ZA6/hτ 3 i is the following quiver; ?•
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ZA6/hτ 3/2i ZA6/hτ 3/2 i is the following quiver; ?•
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ZA6/hτ 3/2i ZA6/hτ 3/2 i is the following quiver; ?•
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ZA5 If ∆ = A5 , then ZA5 is the following quiver; ?•



•  ?•



• 



•
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ZA5 If ∆ = A5 , then ZA5 is the following quiver; ?•
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ZA5 If ∆ = A5 , then ZA5 is the following quiver; ?•
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ZA5/hτ 3i ZA5/hτ 3 i is the following quiver;
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ZA5/hτ 3ψi ZA5/hτ 3 ψi (ψ 2 = id) is the following quiver;
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Finite-dimensional mesh algebra Theorem [Riedtmann] All fin.-dim. connected mesh algebras are given by



ZAn/hτ k i



ZAn/hτ k ψi (n < 2Z)



ZAn/hτ k ϕi (n ∈ 2Z)



ZDn/hτ k i



ZDn/hτ k ψi



ZD4/hτ k χi



ZE6/hτ k i



ZE6/hτ k ψi



ZE7/hτ k i



ZE8/hτ k i



where ψ 2 = id, ϕ2 = τ −1 , χ 3 = id
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Projective resolution of Sx Proposition [Dugas] Let



Q: a quiver giving fin-dim. mesh algebra Λ I x ∈ Q0 (Sx : simple Λ-module) Then a projective resolution of Sx is given as M 0 → Sπτ−1 x → Pτ−1 x → Py → Px → Sx → 0 I



y∈x+



I I



x+ : the set of direct successors of x in Q π : the Nakayama permutation (Py  Iπy ) I



The nonzero longest paths from y end at πy 13 / 25



Projective resolution of Sx (ZA5) M
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Triangulated category mod Λ Let I I I



Λ: the fin.-dim. mesh algebra given by Q mod Λ: the fin.-dim. module category mod Λ = mod Λ/proj Λ: the stable category



Then I I I



Λ is self-injective (proj Λ = inj Λ) mod Λ becomes a triangulated category The shift [1] : mod Λ → mod Λ is defined so that 0 → X → P → X[1] → 0 (P ∈ proj Λ) is exact in mod Λ
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The Grothendieck group The Grothendieck group K0 (T ) is I



An abelian group for a triangulated category T



I



An important invariant of triangle equivalences



and defined as follows I



Generators: the isomorphic classes in T



I



Relations: If X → Y → Z → X[1] is a triangle in T , then [X] − [Y] + [Z] = 0
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Explicit form of K0 (mod Λ) We have I



M



K0 (D (mod Λ))  b



Z[Sx ] [Happel]



x∈Q0 I



If X ∈ mod Λ, then [X] =



X



(dim Xex )[Sx ]



x∈Q0 I



mod Λ  Db (mod Λ)/K b (proj Λ) [Rickard]



and thus



L I



K0 (mod Λ)  X



x∈Q0



Z[Sx ]



h[Py ] | y ∈ Q0 i



[Py ] =



I



ey Λex is generated by the paths from y to x



x∈Q0



(dim ey Λex )[Sx ] in



M



I



Z[Sx ]



x∈Q0
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Key idea of calculation Consider the following projective resolution of Sx ;



0 → Sπτ−1 x → Pτ−1 x →



M



Py → Px → Sx → 0



y∈x+



In K0 (Db (mod Λ)) we have



[Sπτ−1 x ] + [Sx ] = [Pτ−1 x ] −



X



[Py ] + [Px ]



y∈x+



There exists a “much smaller” subset Y ⊂ Q0 s.t.



h[Py ] | y ∈ Q0 i = h[Sπτ−1 x ] + [Sx ] | x ∈ Q0 i + h[Py ] | y ∈ Yi ⊂ K0 (Db (mod Λ)) 18 / 25



Main Theorem [A] Let I I



I



I I



Λ: the fin.-dim. mesh algebra of Q = Z∆/G c: the Coxeter number of ∆ Dn E6 E7 E8 ∆ An c n + 1 2n − 2 12 18 30   gcd(c, 2k − 1)/2 (ZAn/hτ k ϕi)  d= (otherwise)  gcd(c, k) r = c/d a, b (integers), H (an abelian group) as the following tables



We have K0 (mod Λ)  Za ⊕ (Z/2) b ⊕ H 19 / 25



Table for An [A] quiver



condition



ZAn /hτ k i



r ∈ 2Z r < 2Z r ∈ 4Z r ∈ 2+4Z r < 2Z



ZAn /hτ k ψi (n < 2Z, ψ 2 = id) ZAn /hτ k ϕi (n ∈ 2Z, ϕ2 = τ −1 )



a (nd−3d+2)/2 (nd−2d+2)/2 (nd−3d)/2 0 (nd−d)/4 0



b d−1 0 d−1 nd−2d+1 0 nd−2d+1



H 0 0 Z/4 0 0 0
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Table for Dn [A] quiver



condition



ZDn /hτ k i



k ∈ 2Z, r ∈ 2Z k ∈ 2Z, r < 2Z k < 2Z, r ∈ 4Z k < 2Z, r < 4Z k ∈ 2Z, r ∈ 4Z k ∈ 2Z, r ∈ 2+4Z k ∈ 2Z, r < 2Z k < 2Z k ∈ 2Z k < 2Z



ZDn /hτ k ψi (ψ 2 = id) ZD4 /hτ k χi ( χ 3 = id)



a d−1 (nd−d−2)/2 d 0 d 0 (nd−2d)/2 d−1 4 0



b nd−3d 0 nd−3d nd−d−1 nd−3d nd−d−1 0 nd−3d 0 4



H Z/r Z/r 0 0 0 0 0 Z/r 0 0
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Table for En [A] quiver



condition



ZE6 /hτ k i



d = 1, 3 d = 2, 6 d = 4, 12 d = 1, 3 d = 2, 6 d = 4, 12 d=1 d = 3, 9 d=2 d = 6, 18 d = 1, 3, 5 d = 15 d = 2, 6, 10 d = 30



ZE6 /hτ k ψi (ψ 2 = id) ZE7 /hτ k i



ZE8 /hτ k i



a d+1 (3d+2)/2 (9d+12)/4 2d 0 (3d+4)/2 0 0 6 3d+2 0 0 4d 112



b d+1 (3d+2)/2 0 d+1 (9d+6)/2 0 6 6d+2 0 0 8d 112 0 0



H (Z/4) d−1 0 0 0 0 0 0 0 Z/3 0 0 0 0 0 22 / 25



Why Coxeter number c? We can observe I



[Sπτ−1 x ] = −[Sx ] in K0 (mod Λ) I



Because [Sπτ−1 x ] + [Sx ] ∈ h[Py ] | y ∈ Q0 i in



K0 (Db (mod Λ))



I



(πτ −1 ) 2 = τ −c I



By straight forward calculation



Thus I



[Sτ−c x ] = [Sx ] in K0 (mod Λ) I



We can identify x and τ −c x to consider K0 (mod Λ)
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Stable equivalences [A] Let I I I



Λ: the fin.-dim. mesh algebra of Q = Z∆/G Λ0: the fin.-dim. mesh algebra of Q0 = Z∆0/G0 mod Λ  mod Λ0 as triangulated categories I I



Thus we have K0 (mod Λ)  K0 (mod Λ0 ) There exist other invariants



Then (A) or (B) holds: I



(A) ∆ = ∆0 = A1 (mod Λ  mod Λ0  0)



I



(B) Q  Q0 and Λ  Λ0
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Thank you for your attention.
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