









	
 Home

	 Add Document
	 Sign In
	 Create An Account














[image: PDFKUL.COM]






































	
 Viewer

	
 Transcript













352



Communications of the Moscow Mathematical Society



Indices of 1-forms, resultants and Newton polyhedra ` A. I. Esterov In this paper, the intersection index of an algebraic variety R ⊂ Cm of a special form with the image of the germ of an analytic map F : (Cn , 0) → (Cm , 0) is expressed in terms of the Newton polyhedra of the components of F under the condition that the principal parts of the components are in general position. Particular cases of intersection indices of this type are the various generalizations of the Poincar´ e–Hopf index of a zero of a vector ﬁeld to the case of a 1-form on a singular variety, such as the Gusein-Zade–Ebeling index [1]. As a consequence, we also obtain a description of the Newton polyhedra of a multidimensional resultant, generalizing results in [2] and [3]. In order to state the result, we need to deﬁne a ‘relative’ version of the mixed volume of a polyhedron. We shall say that a convex (possibly unbounded) polyhedron A ⊂ Rn is similar to a cone Γ ⊂ Rn with vertex if A = Γ + A , where A ⊂ Rn is a bounded polyhedron. Consider the set MΓ of all ordered pairs (A, B) of polyhedra similar to a cone Γ ⊂ Rn such that the symmetric diﬀerence A  B is bounded. This set is a semigroup under addition: (A, B)+(C, D) = (A + C, B + D). Deﬁnition. The volume V (A, B) of a pair (A, B) ∈ MΓ is the diﬀerence between the volumes of the sets A \ B and B \ A. The mixed volume of the pair is the symmetric multilinear func tion VolΓ : MΓ × · · · × MΓ → R such that VolΓ (A, B), . . . , (A, B) = V (A, B) for any pair    (A, B) ∈ MΓ .



n



Proofs of existence and uniqueness, based on the properties of mixed volumes of polyhedra and methods of calculating them, can easily be carried over to the  case of mixed volumes  of pairs. a For a set Σ ⊂ Zn , let C[Σ] denote the set of Laurent polynomials a∈Σ ca t | ca ∈ C . Deﬁnition. For a ﬁnite set Σi ⊂ ZN , i = 1, . . . , I, the closure of the set 



 (ϕ1 , . . . , ϕI ) | ϕi ∈ C[Σi ], ∃ t ∈ (C \ {0})N : ϕ1 (t) = · · · = ϕI (t) = 0 ⊂ C[Σ1 ] ⊕ · · · ⊕ C[ΣI ]



is called the resultant variety R(Σ1 , . . . , ΣI ). In this notation, we consider the germ of the holomorphic map   F : (Cn , 0) → C[Σ1 ] ⊕ · · · ⊕ C[ΣI ], R(Σ1 , . . . , ΣI ) ,    F (x) = f(a,1) (x)ta , . . . , f(a,I) (x)ta , a∈Σ1



a∈ΣI



given by f(a,i) : Cn → C, i = {1, . . . , I}, a ∈ Σi , where n = codim R(Σ1 , . . . , ΣI ). When the principal parts of the germs of the functions f(a,i) are in general position, the intersection index F (Cn ) ◦ R(Σ1 , . . . , ΣI )



(∗)



is expressible in terms of the Newton polyhedra of the f(a,i) . To make this precise we introduce n the the following notation. Let Conv(A) denote the convex hull of the set A, and Rn + ⊂ R N ⊕ Rn and their subsets positive octant. Consider the polyhedra ∆i = Conv(Σi ) × Rn ⊂ R +    i = Conv ⊂ RN ⊕ Rn . Let Lin(A1 , . . . , AJ ) denote the minimal ∆ (i,a), a∈Σi {a} × ∆f(a,i) sublattice of ZN into which the sets Ai ⊂ ZN , i = 1, . . . , J, can be put by parallel translations. This work was partially supported by the grants RFBR-04-01-00762 and NSh-1972.2003.1. AMS 2000 Mathematics Subject Classiﬁcation. 14C17, 52A20. DOI 10.1070/RM2005v060n02ABEH000844
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Deﬁnition. A family of sets Σi ⊂ ZN , i = 1, . . . , I, is said to be essential if J − rk Lin(Σi1 , . . . , ΣiJ ) < I − N for any subfamily {i1 , . . . , iJ } ⊂ {1, . . . , I} and Lin(Σ1 , . . . , ΣI ) = ZN . Theorem. In the above notation, let Σi ⊂ ZN , i = 1, . . . , I, be an essential family of ﬁnite sets  i ), i = 1, . . . , I, are bounded. Then: such that the sets (∆i \ ∆ 1) codim R(Σ1 , . . . , ΣI ) = I − N ; 2) when the principal parts of the germs of the functions f(a,i) : Cn → C, a ∈ Σi , are in general    1 ), . . . , (∆I \ ∆  I) ; position, the intersection index (∗) is deﬁned and equal to I! Vol{0}×Rn (∆1 \ ∆ +



3) in general, the index (∗) has at least this value or is not deﬁned. The theorem is stated for the case when the family Σi ⊂ ZN , i = 1, . . . , I, is essential since the general case can easily be reduced to this. The proof is based on Khovanskii’s method of toroidal resolution [4]. The case I = N + 1 of part 1) is proved in [3]. Here are some applications of this result.  1. Let fi : (Cn , 0) → (C, 0), i = 1, . . . , k, be germs of holomorphic functions and ω = n j=1 ωj dxj the germ of a holomorphic 1-form on (Cn, 0). Consider the map     F = (ω, df1 , . . . , dfk ), (f1 , . . . , fk ) : (Cn , 0) → Cn×(k+1) ⊕ Ck , R × {0} , where (ω, df1 , . . . , dfk ) is an n × (k + 1) matrix with holomorphic entries and R ⊂ Cn×(k+1) is the set of singular matrices in the space of n × (k + 1) matrices. Note that (Cn×(k+1) ⊕ Ck , R × {0}) = (C[Σ1 ] ⊕ · · · ⊕ C[ΣI ], R(Σ1 , . . . , ΣI )), where I = n + k, Σ1 = · · · = Σn is a standard simplex in Zk and Σn+1 = · · · = Σn+k is a point in Zk . It is easy to see that in this case the intersection index (∗) is equal to the Gusein-Zade–Ebeling index of the restriction of ω to the complete intersection {f1 = · · · = fk = 0} deﬁned in [1] (in particular, if either of these two quantities is well deﬁned, then so is the other). The theorem thus enables us to calculate the Gusein-Zade–Ebeling index in terms of the Newton polyhedra of the germs of the fi , i = 1, . . . , k, and the components ωj , j = 1, . . . , n, of the 1-form. 2. Let I = N + 1 in the hypotheses of the theorem, so that the irreducible hypersurface R(Σ1 , . . . , ΣI ) is deﬁned by an irreducible polynomial called a generalized resultant. For the germ ∞ j of a map F : (C1 , 0) → (C[Σ1 ] ⊕ · · · ⊕ C[ΣI ], 0) with components f(a,i) = j=k(a,i) cj,(a,i) s , where a ∈ Σi , k(a,i) ⊂ N, and the numbers ck(a,i) ,(a,i) are in general position, the intersection index (∗) is equal to the value of the support function of the Newton polyhedron of the generalized resultant on the convector with components k(a,i) . The theorem thus provides a description of this Newton polyhedron. I am grateful to S. M. Gusein-Zade for suggesting the problem and for his continued interest in the work, and also to A. G. Khovanskii for some useful discussions. Bibliography [1] W. Ebeling and S. M. Gusein-Zade, Moscow Math. J. 3 (2003), 439–455. [2] I. M. Gel’fand, M. M. Kapranov, and A. V. Zelevinsky, Discriminants, resultants, and multidimensional determinants, Birkh¨ auser, Boston 1994. [3] B. Sturmfels, J. Algebraic Combinatorics 3:2 (1994), 207–236. [4] A. G. Khovanskii, Funktsional. Anal. i Prilozhen. 11:4 (1977), 56–64; English transl., Functional Anal. Appl. 11 (1977), 289–296. Moscow State University Presented by S. M. Gusein-Zade Received 25/JAN/05
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