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A note on Kandori-Matsushima Bingyong Zheng∗ University of Western Ontario September 16, 2004



In a recent paper, Kandori and Matsushima (1998, Section 5) (hereafter referred to as KM) attempted to show a folk theorem in a repeated Prisoner’s dilemma game with independent private monitoring, however, there are serious problems in their proofs. In follows, we point out the mistakes in their proof and give an example to illustrate that it fails to work. We then give an alternative equilibrium strategy to prove Theorem 3. The expected payoff for the two players in the stage game is given in Table 1. Table 1: The Prisoner’s dilemma game Player 2



Player 1



c



c



d



(1, 1)



(−L, 1 + H)



d (1 + H, −L )



(0,0)



In the stage game Gpd , player 1 and 2 do not observe each other’s actions, but observe a private signal ωi ∈ {1, 0}. The marginal distribution of ω1 and ω2 are symmetric, and ∗



Corresponding author: Bingyong Zheng, Department of Economics, University of Western Ontario,



Social Science Center, London, ON, N6A 5C2, Tel: 519-661-2111 ext. 85268, email: [email protected].



1



satisfy p1 (1|d, d) > p1 (1|d, c),



p1 (1|c, d) > p1 (1|c, c).



THEOREM 3: When Gpd is infinitely repeatedly played with communication, any feasible individually rational payoff profile can be approximately achieved by T-public perfect equilibria, where private information is revealed every T-periods, as δ → 1, T → ∞. They used Fudenberg and Levine (1994) algorithm to prove Theorem 3, however, there are serious flaws in the proof. FIRST, for the case of λ1 , λ2 > 0, and a = CC, they let player i’s side payment xi (T ) = 0 if T 1X ωj (t) ≤ pj (1|c, c) + ξ; T t=1



otherwise, xi (T ) = −(H + ǫ). To show a player i has no incentive to deviate, they need to prove (1)



T 1−δ X 1 − (H + ǫ)f (0) > gi (ai (t), c) − (H + ǫ)f T (h), 1 − δ T t=1 T



1



where f T (0) is the probability that player i is penalized if both players play cooperatively and f T (h) is the probability of punishment if player i deviates h times in the T-stage game. KM claimed that as δ converges to one, the incentive constraint (1) of no deviation is satisfied if the following inequality holds (H + ǫ)[f T (h) − f T (0)] >



(2)



T + hH 2 . T



1



There is a typo in KM where (h + ǫ) is used in the left-hand side of the equation.



2



Equation (5.2 ) in KM.
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Note that as δ < 1, if players ever deviate for h periods, they would deviate at the beginning of the T-stage game. Thus the extra payoff from deviating in periods t = 1, . . . , h is greater than



T +hH T



as long as δ < 1, T 1−δ X gi (ai (t), c) 1 − δ T t=1



(1 − δ h )(1 + H) + δ h (1 − δ T −h ) 1 − δT (1 − δ h )H + (1 − δ T ) = 1 − δT (1 + δ + . . . + δ h−1 )H +1 = 1 + . . . + δ h−1 + δ h (1 + . . . + δ T −h ) T + hH . > T =



Hence the inequality in (2) does not imply (1) holds. It is like to show A > C, it is not enough to show A > B when B < C. SECOND, in proving (2), they applied an inequality in Matsushima (2001, eq. 12) (3)



(1 − δ)



T + hH + δf T (h) < (1 − δ) + δf T (0), T



claiming that if δ is replaced with (H + ǫ)/(1 + H), the inequality in (2) holds. However, one can not get the said result by plugging δ = (H + ǫ)/(1 + H) into (3). Also note that the inequality (3) has not really been proved in (Matsushima 2001).3 THIRD, by law of large numbers, if cc is played in all periods in the T-stage game, T 1X lim ωi (t) = pi (1|c, c). T →∞ T t=1 3



Both the proofs for Lemma 1 and Lemma 5 in (Matsushima 2001) are problematic, see the Appendix



for detail.
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For any given ξ > 0, it is true that lim T ξ = ∞.



T →∞



Thus, for any finite number of deviations h, lim f T (h) = 0.



T →∞



which indicates that for all finite h, there exists T such that for all T ≥ T , players may find it profitable to deviate for h periods in the T-stage game. EXAMPLE: We give a simple example to illustrate our point. KM claimed that if δ = (H + ǫ)/(1 + H), players’ incentive constraint is satisfied.4 If we let H = 1, and let ǫ = 1/3, so (H + ǫ)/(1 + H) = 2/3. Suppose T = 2, if player i deviated in both periods while her opponent follows the equilibrium strategy in the T-stage game, her expected payoff equals



10 3



even if she is punished forever after the first T-stage game. If she follows



the equilibrium strategy, her payoff in the repeated game can NOT be greater than 3. Therefore, player i has a strict incentive to deviate from the cooperative strategy. In follows, we construct an alternative equilibrium strategy to prove Theorem 3 in KM. The proof is similar to Compte (1998). Given the strategy profile sT , a player i’s payoff in the repeated game is vi (sT ) = gi (aT ) + E[xi (mT )|sT ], where T



(1 − δ) X t−1 gi (a ) = δ gi (a(t)), (1 − δ T ) t=1 T
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(Kandori and Matsushima 1998), p. 646, line 4, “and Matsushima proves that this holds when δ >



H/(1 + H). Replacing δ by (H + ǫ)/(1 + H). . . ”
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and xi (mT ) is the side payment to player i given the reports of two players at the end of the T-stage game. For the optimal problem (4)



max



a,wT ,sT



2 X i=1



  λi {gi (a) + E xi (mT )|sT }



subject to (SA), (NOD), (U δ -IC) in KM (Kandori and Matsushima 1998, p.633), and λ · x(mT ) ≤ 0



for all mT .



Define a half space U (T, λ, δ) = {v ∈ R2 |λv ≤ k ∗ (λ, δ)}, where k ∗ (λ, δ) is the optimal value. Let Q(T, δ) = half-spaces with direction λ.



T



λ∈R2



U (T, λ, δ), i.e., the intersection of



Denote γ = p(1|c, c) · 1 + p(1|cc)(1 − p(1|cc)), µ = p(1|cd) · 1 + p(1|cc)(1 − p(1|cd)), ν = p(1|cd) · 1 + p(1|cd)(1 − p(1|cd)), η = p(1|d, d) · 1 + p(1|cd)(1 − p(1|dd)). Note that γ < µ and ν < η. The first case λ1 , λ2 > 0 and a = (c, c) maximizes λv. Define a likelihood ratio T



Φi (m ) =



T Y



1ωj (t) p1−ωj (t) (1|cc).



t=1
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We let a player i’s side payment be xi (mT ) = −



(5)



Φi (mT ) (1 − δ)H , T T E[Φi (m )|s ] (ℓ − 1)(1 − δ T )



where ℓ = µ/γ. Since the distribution of private signals is independent across periods, we have E[Φi (mT )|sT ] = E T [1ωj (t) p1−ωj (t) (1|cc)|sT ] = [1 · p(1|cc) + p(1|cc)(1 − p(1|cc))]T = γ T , (1−δ)H and E[xi (mT )|sT ] = − (ℓ−1)(1−δ T).



Player i’s incentive constraint (IC) of no one-shot deviation in the T-stage game can be expressed as (1 − δ) H≤ (1 − δ T )



(6)







 µγ T −1 (1 − δ)H − 1 , γT (ℓ − 1)(1 − δ T )



which is satisfied exactly. Next we show that if player i has no incentive to deviate for one period, then she has no incentive to deviate for any h ∈ [2, T ] periods in the T-stage game. A player i’s IC of no deviation for h periods can be expressed as (1 − δ h )H ≤ (1 − δ T )







 µh γ T −h (1 − δ)H . − 1 γT (ℓ − 1)(1 − δ T )



Recall that ℓh − 1 = (ℓ − 1)(1 + ℓ + . . . + ℓh−1 ) > h(ℓ − 1), thus, (7)



(1 − δ h )H (1 − δ)hH (ℓh − 1)(1 − δ)H < < . (1 − δ T ) (1 − δ T ) (ℓ − 1)(1 − δ T ) 6



Notice that lim E[xi (mT )|sT ] = −



δ→1



H . T (ℓ − 1)



Hence as δ → 1 and T → ∞, vi → 1, and λ1 v1 + λ2 v2 converges to λ1 + λ2 . In the case λ1 , λ2 > 0 and a = (d, c) maximizes λv. Let s1 (mT ) = 0 for all mT , and let s2 (mT ) be determined as x2 (mT ) = −



(8)



˜ 1 (mT ) Φ (1 − δ)L , ′ ˜ 1 (mT )|sT ] (ℓ − 1)(1 − δ T ) E[Φ



where ℓ′ = η/ν, and ˜ 1 (mT ) = Φ



T Y



1ω1 (t) pω1 (t) (1|cd).



t=1



By similar argument as before, players will have no incentives to deviate in the T-stage game. And λv converges to λ1 (H + 1) − λ2 L as T → ∞. By symmetry, in the case of λ1 , λ2 > 0 and a = (c, d) maximizes λv, the profile of payoffs can be approximately achieved and λv converges to λ2 (H + 1) − λ1 L as T → ∞. The case λ1 ≥ 0, λ2 < 0 and a = (d, c) maximizes λv, let s1 (mT ) = 0 for all mT , and let s2 (mT ) be determined as (9)



x2 (mT ) =



˜ 1 (mT )|sT ] E[Φ ϕ(δ, T ), ˜ 1 (mT ) Φ



where ϕ(δ, T ) = sup h



(1 − δ h ) L , T (1 − δ ) (1 − (ℓ′′ )h )



where ℓ′′ = ν/η < 1. Given the side payment, player 2 has no incentive to deviate for any h period in the T-stage game as # " ˜ 1 (mT )|sT ] (1 − δ h )L E[Φ ϕ(δ, T ). ≤ 1− ˜ 1 (mT ) (1 − δ T ) Φ 7



λv converges to λ1 (H + 1) as T → ∞. In the case λ1 < 0, λ2 ≥ 0, we just reverse the role of player 1 and player 2. In the case of λ1 , λ2 < 0, a = (d, d) maximizes λv. As (d, d) is the static NE, no player will have an incentive to deviate. Hence Q(T, δ) approximates the set of feasible and individually rational payoffs as δ → 1, T → ∞.



Appendix Some problems with Matsushima (2001) First we take a look at the proof of Lemma 1 in Matsushima (2001). In Appendix A, he claimed that there exists an infinite sequence ε(m) such that (A1)



(A2)



lim ε(m) = 0,



m→∞



X



lim



m→∞



f (r, m, 0) = 1,



r:|r/m−p(c,c)|


In the proof of Lemma A-1, he tried to use the argument of contradiction, and argued that if there exists no r satisfies the two inequalities (A3)



mf (r − 1, m − 1, 0) >



(1 − δ)K , δ {p(d, c) − p(c, c)}



and (A4)



r ≤ m {p(c, c) − ε(m)} .



Then “For every x and every r satisfying inequality (A4) for m = m(x), inequality (A3) does not hold for m = m(x)”, then f (r, m, 0) ≤



(1 − δ)Kp(c, c) . δr {p(d, c) − p(c, c)} 8



This is true because of the equality (A5)



f (r, m, 0) =



p(c, c) mf (r − 1, m − 1, 0). r



As inequality (A4) is satisfied, (1 − δ)Kp(c, c) (1 − δ)Kp(c, c) ≥ . δr {p(d, c) − p(c, c)} δm(x) {p(c, c) − ε(m(x))} {p(d, c) − p(c, c)} Hence, X



lim



x→∞



f (r, m(x), 0)



r:|r/m(x)−p(c,c)|


≤ lim



x→∞



≥ lim



x→∞



X



r:|r/m(x)−p(c,c)|


X



r:|r/m(x)−p(c,c)|


(1 − δ)Kp(c, c) δr {p(d, c) − p(c, c)} (1 − δ)Kp(c, c) . δm(x) {p(c, c) − ε(m(x))} {p(d, c) − p(c, c)}



Obviously there is no contradiction here, unless one uses the inequality r ≥ m {p(c, c) − ε(m)} , which is in contradiction to (A4). Another problem in the proof of Lemma 5 in (Matsushima 2001) is, he needs to prove  wi (1, m) ≤ vi σ [m] , δ , which requires the one period gain K is no greater than the expected losses in continuation payoff,  (1 − δ)K ≤ δvi σ [m] , δ {p(d, c) − p(c, c)}f (r(m) − 1, m − 1, 0). 9



However, he showed that (1 − δ)K < δm{p(d, c) − p(c, c)}f (r(m) − 1, m − 1, 0).5 By definition,  vi σ [m] , δ =



(1 − δ)m .6 Pr(m)−1 1 − δ r=0 f (r, m, 0)



 For all δ < 1, vi σ [m] , δ < m holds for all m. Thus he actually showed (1 − δ)K < δm{p(d, c) − p(c, c)}f (r(m) − 1, m − 1, 0)  > δvi σ [m] , δ {p(d, c) − p(c, c)}f (r(m) − 1, m − 1, 0), which would not have proved Lemma 5, even assuming Lemma 1 had held.



References Compte, O. (1998): “Communication in repeated games with imperfect private monitoring,” Econometrica, 66, 597–626. Fudenberg, D., and D. Levine (1994): “Efficiency and observability with long-run and short-run players,” Journal of Economic Theory, 62, 103–135. Kandori, M., and H. Matsushima (1998): “Private observations, communication and collusion,” Econometrica, 66, 627–652. 5



There are two typos in the proof in (Matsushima 2001, p172), which actually gives wi (1, m) >



 vi σ [m] , δ . The “>” in line 2 and 3 should be “ 0 is the chance of errors when there are m markets.
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