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Introduction



We consider the general linear model y = Xβ + e,



E(e) = 0,



Cov (e) = σ 2 V,



(1)



where y is an n × 1 observable random vector, an n × p matrix X and n × n nonnegative deﬁnite matrix V is known, while β is a p × 1 vector of unknown parameter, the positive scalar σ 2 is also unknown. The error vector e has the normal distribution N (0, σ 2 V ). The matrices X and V are both allowed to be of arbitrary rank. Throughout the paper, it is assumed that . the model is consistent[5] , i.e., y ∈ M(X ..V ), where M(A) stands for the range of a matrix A . and (A..B) denotes the partitioned matrix with A and B placed adjacent to each other. In the literature, there are two important estimates of σ 2 . One of them is the MINQUE (Minimum Norm Quadratic Unbiased Estimate) 2 σ m = y  M (M V M )+ M y/k,



(2)



+



suggested by Rao[6] , where M = I − X(X  X) X  , A+ stands for the Moore-Penrose inverse of . a matrix A, k = rank (X ..V ) − rank (X). According to [6, Theorem 3.4], the MINQUE can be



2 is the estimate of σ 2 based on the generalized represented in several diﬀerent forms. In fact, σ m 2 least squares residuals, that is σ m = (y − Xβ ∗ ) T − (y − Xβ ∗ )/k, where T = V + XX  , A− denotes a generalized inverse, and β ∗ = (X  T − X)− X  T − y. Another estimate of σ 2 is given by



σ s2 = y  M y/k,



(3)
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which is obtained simply by replacing V by I in (2), and is called simple estimate or the ordinary least squares estimate. Some authors studied statistical properties of σ s2 when V [3] has some special structures, see, for example, [2,4]. Groß established some necessary and 2 suﬃcient conditions for the equality σ m =σ s2 when X and V can be deﬁcient in rank, without the normality assumption of error distribution. The object of the present note is to make further comparison of these two estimates. Obviously in the general case σ s2 need not even be unbiased. Thus the mean square error (MSE) criterion is adopted, where the mean square error  = E(θ − θ)2 . Some suﬃcient of an estimate θ of a scalar parameter θ is deﬁned by M SE(θ) conditions are obtained for the inequality 2 MSE ( σm ) ≤ MSE ( σs2 ).



(4)



The reverse of (4), however, also can hold in some cases. Some interesting relations between these two estimates are also obtained. To illustrate theoretical results, two examples are given.
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Comparison of the Estimates



The following lemmas are necessary for the proof of our main theorem. Lemma 1. Let Σ be n × n nonnegative definite matrix with rank r. A random vector X ∼ Np (µ, Σ) if and only if X = µ + AU , where A is p × r matrix with rank r and AA = Σ, U ∼ Nr (0, Ir ). A proof can be found in [5]. Lemma 2. Let X be an n × p matrix and V n × n nonnegative definite matrix. Then . rank (V M ) = rank (V ..X) − rank (X), where M = I − X(X  X)+ X  . Proof.



Denote by dim (S) the dimension of a linear space S. We have rank (V M ) =dim (V M ) = dim {V M t, for any tn×1 } . =dim {V u, X  u = 0} = rank (V ..X) − rank (X).



The last equality follows from Theorem 2.1.4 of [11]. Lemma 3. 2 σ m =



k 



u2i /k,



(5)



λi ui 2 /k,



(6)



i=1



σ s2 =



k  i=1



where ui ∼ N (0, σ 2 ), i = 1, · · · , k are independent and λ1 ≥ . . . ≥ λk > 0 are the positive eigenvalues of M V . 2 2 Proof. Since M X = 0, thus σ m and σ s2 can be rewritten as σ m = e M (M V M )+ M e/k, σ s2 =  2 e M e/k. In view of Lemma 1 and e ∼ N (0, σ V ), r = rank (V ), we note that there is an n × r matrix A such that e = Aε, ε ∼ N (0, σ 2 Ir ), V = AA , thus 2 σ m = ε Q1 ε/k,



σ s2 = ε Q2 ε/k,



(7) (8)



where Q1 = A M (M AA M )+ M A, Q2 = A M A. It is easy to verify that Q1 Q2 = Q2 Q1 , which implies (see for example [5]) that there is an r × r orthogonal matrix T such that both T  Q1 T
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and T  Q2 T are diagonal. By using Lemma 2, it can be shown that . rank (Q1 ) = rank (A M ) = rank (A M A) = rank (V M ) = rank (V ..X) − rank (X) = k.



(9)



We note that Q1 is a projection matrix, thus T  Q1 T = diag (Ik , 0),



(10)







T Q2 T = diag (Λk , 0),



(11)



where Λk = (λ1 , · · · , λk ). Denote u = T  ε, then u ∼ Nr (0, σ 2 Ir ).



(12)



Substituting (10), (11) and (12) in (7) and (8) yields (5) and (6). The proof of Lemma 3 is completed.   Denote r0 = rank (X), which implies rank (M ) = n − r0 . Thus k ≤ min n − r0 , rank (V ) . In particular, when V > 0, that is, V is a positive deﬁnite matrix, we have k = n − r0 , which follows from Lemma 2. By using Poincare theorem (see, for example, [11]), we obtain αr0 +i ≤ λi ≤ αi



i = 1, . . . , k.



(13)



where α1 ≥ α2 ≥ · · · ≥ αn are the eigenvalue of V . From Lemma 3, it is easy to show the following fact. Theorem 1.



2 2 2 2 α1 σ m ≥ λ1 σ m ≥σ s2 ≥ λk σ m ≥ αr0 +k σ m .



(14)



 2 m ≤ α1 . s2 σ From (14) we have αr0 +k ≤ σ The results above show that if the eigenvalues α1 and αr0 +k are very close, then so are the 2 estimates σ s2 and σ m . Denote tr (M V )2 [tr (M V )]2 k f (M V, k) = − tr (M V ) + + , (15) k 2k 2 where k is deﬁned in Lemma 3 as the number of the nonzero eigenvalues of M V , tr (A) denotes the trace of matrix A. Theorem 2. 2 (a) If f (M V, k) > 1, then MSE ( σm ) < MSE ( σs2 ); 2 (b) If f (M V, k) = 1, then MSE ( σm ) = MSE ( σs2 ); 2 (c) If f (M V, k) < 1, then MSE ( σm ) > MSE ( σs2 ). Proof.



It follows form (5) that 2 2 MSE ( σm ) = Var ( σm ) = Var



k 



2σ 4 u2i /k = . k i=1



On the other hand, from (6) we have k   λi u2i /k = 2 λ2i σ 4 /k2 , Var ( σs2 ) = Var thus



i=1



E( σs2 ) =



σ2



 k



λi



,



σs2 − σ 2 )2 = E( σs2 )2 − 2σ 2 E( σs2 ) + σ 4 = Var ( σs2 ) + (E σs2 )2 − 2σ 2 E( σs2 ) + σ 4 MSE ( σs2 ) =E(    2σ 4 ( λ2i ) σ 4 ( λi )2 2σ 4 λi + σ4 = + − 2 k k2 k  ( λi ) 2  2σ 4  λ2i k + − λi + . = k k 2k 2
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Note that tr (M V ) =



k  i=1



λi and tr (M V )2 =



k  i=1



λ2i , the proof of Theorem 2 is completed.



Theorem 2 involves the design matrix X which is expressed in terms of M , and this is not convenient for applications. However, it follows from (13) that k 



αr0 +i ≤ tr(M V ) ≤



i=1 k  i=1



k 



k 



αi ,



i=1







αr20 +i ≤ tr(M V )



2



≤



αr0 +i



2



k 2  2   ≤ tr(M V ) ≤ αi ,



i=1



k 



i=1



αi2 .



i=1



Thus k k k 2 k  1  1 2 αr0 +i − αi + αr0 +i + k i=1 2k i=1 2 i=1



≤f (M V, k) ≤



k k k 1 2  1   2 k αi − αr0 +i + αi + . k i=1 2k i=1 2 i=1



Denote l= u=



k k k 2 k  1 2 1  αr0 +i − αi + αr0 +i + , k i=1 2k i=1 2 i=1 k k k 1 2  1   2 k αi − αr0 +i + αi + , k i=1 2k i=1 2 i=1



according to Theorem 2, we easily obtain the following corollary. Corollary 1. 2 (a) If l > 1, then MSE ( σm ) < MSE ( σs2 ); 2 (b) If 0 < u < 1, then MSE ( σm ) > MSE ( σs2 ). It is clear that l and u depend only on V and rank (M V ), therefore Corollary 1 is more convenient than Theorem 2 in applications. For example we consider the model (1) with rank (X) = 1 and V = diag (λ, λ, λ, αλ), where λ > 0 and α > 0. It is easy to see k = 3. When 2 we take λ = 2 and α = 2, then l = 3.5 > 1, according to (a), σ m is the better estimate of σ 2 . 1 When we take λ = 2 and α = 1.1, then u ≈ 0.67 < 1, according to (b), we know that σ s2 is better. However, Corollary 1 does not always work. For example, when we take λ = 45 and α = 2, then l = −0.1 < 1, and u ≈ 2.1 > 1, we cannot make any decision by Corollary 1, so we must return to Theorem 2 again. We note that in many situations, such as sample surveys, animal genetic selection, economic panel data and longitudinal data, X and V may satisfy the condition M V M = tPM V 1/2 for some t > 0, where PA = A(A A)− A . The condition implies that the nonzero eigenvalues of M V M : λi = t, i = 1, · · · , k. By using the special information about X and V , we obtain another result. Theorem 3. Suppose that M V M = tPM V 1/2 for some t > 0 and k ≥ 2, 2 (a) when k−2 σm ) > MSE ( σs2 ); k+2 < t < 1, MSE ( 2 (b) when t = k−2 σm ) = MSE ( σs2 ); k+2 or 1, MSE ( 2 σs2 ). (c) if (a) and (b) are not cases, MSE ( σm ) < MSE ( Proof. Note that M V and M V M have the same nonzero eigenvalues. If M V M = tPM V 1/2 , then the nonzero eigenvalues of M V are λi = t, i = 1, · · · , k. hence f (M V, k) = t2 +



k 2 k t − kt + . 2 2
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The conclusions follow from straightforward discussion. 2 s2 = t σm with unit Theorem 4. If M V M = tPM V 1/2 or V > 0 and M V M = tM, then σ Probability.



Proof. It is easy to see that the hypothesis M V M = tPM V 1/2 implies V M V M V = tV M V. Let V0 = V /t, then we have V0 M V0 M V0 = V0 M V0 , in view of [3, Proposition 1], Theorem 4 is proved. 2 Remark 1. Under the condition of Theorem 3, obviously when t = 1, we have σ s2 = σ m ; 2 when t = (k − 2)/(k + 2), σ s2 < σ m , but their MSE’s are equal. 2 2 Further, when 0 < t < 1, σ s2 is a shinking estimate of σ m , but when t > 1, we have σ s2 > σ m 2 2 2 2 and MSE ( σs ) > MSE ( σm ), so if t > 1, we should choose σ m as the estimate of σ .
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Examples



The estimate of σ 2 are often used in the estimation of variances of estimable functions. In what follows we will give two simple examples to illustrate applications of the results obtained in this paper. Example 1. Consider the following linear model 1n + e, y = µ1



E(e) = 0,



Cov(e) = σ 2 V.



(16)



This model has been found useful in certain statistical inference problems on the mean µ of a population when the observations y1 , · · · , yn are not independent. For some examples of applications in medical data and animal genetic selection, the reader is referred to [7–9]. For the model (16), if the matrix V has following form 



1 ρ ··· ρ 1 ··· . . . . . .. . . ρ ρ ···



 ρ ρ ..  , . 1



(17)



where ρ is known and satisﬁes 0 < ρ < 1, then M V M = (1 − ρ)M , and k = n − 1, which is 11 . clear by noting the fact V = (1 − ρ)I + ρ1 According to Theorems 3 and 4, we have the following statements 4 2 (a) if 0 < ρ < n+1 , then MSE ( σs2 ) < MSE ( σm ); 4 2 2 (b) if n+1 < ρ < 1, then MSE ( σs ) > MSE ( σm ); 4 2 2 , then MSE ( σs2 ) = MSE ( σm ), thus σ m and σ s2 cannot be distinguished by (c) if ρ = n+1 the mean square error criterion; 2 2 (d) σ s2 = (1 − ρ) σm  0, α1 σ 2 αn σ 2 ≤ Var ( µ) ≤ . (18) n n 2 To obtain better estimated bounds of Var ( µ) in (18), we can replace by σ s2 or σ m by using Corallary 1.
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Example 2. Consider the following linear model for longitudinal data yij = xij β + αi + eij ,



i = 1, · · · , m, j = 1, · · · , n,



(19)



where yij denotes the ith observation of the response variable on the jth individual, xij is a p×1 vector of known explanatory variables. β is a p × 1 vector of ﬁxed eﬀects, the αi are random individual eﬀects, and the eij are random errors. Assume that the αi are mutually independent N (0, σα2 ), the eij are mutually independent N (0, σe2 ) and αi and eij are independent of one another (see, for example, [1]). After introducing the following matrix notations   y = (y1 , · · · , ym ),



yi = (yi1 , · · · , yin ),



e = (e1 , . . . , em ),



ei = (ei1 , · · · , ein ) ,



Xi = (xi1 , · · · , xin ),



α = (α1 , . . . , αm ) ,



  X  = (X1 , · · · , Xm ),



the model (19) can be rewritten as y = Xβ + (Im ⊗ 1n )α + e, where α ∼ N (0, σα2 Im ), e ∼ N (0, σe2 Imn ), and ⊗ denotes the Kronecker product of matrices.   1n 1n ) , Cov (y) = σe2 Imn + (Im ⊗ θ1 where θ = σα2 /σe2 > 0. 1n1n ), then V (θ) > 0 and the eigenvalues of V (θ) are 1 + nθ Denoting V (θ) = Imn + (Im ⊗ θ1 and 1 with multiplicity m and m(n − 1) respectively. For a special case m = 2, n = 5, therefore, eigenvalues are 1 + 5θ (with multiplicity 2) and 1 (with multiplicity 8). Let rank (X) = 2. Then k = mn − rank (x) = 8. Because of l = 1 − 10θ < 1, (a) of Corollary 1 fails to work, but u = (25θ2 + 15θ − 2)/2, it is easy to see if 1.425 < θ < 1.6, then 0 < u < 1. According to Corollary 1, we know that σ s2 as the estimate of 2 σe is better. However, let rank (X) = 1, then k = 9, and l = 1 + (65/9)θ + (100/9)θ2 > 1 for 2 any θ > 0, which shows that σ m is better than σ s2 . References [1] Diggle, P.J., Liang, K., Zeger, S.L. Analysis of longitudinal dada. Oxford, New York, 1994 [2] Dufour, J. Bias of S 2 in linear regressions with dependent errors. The Amer. Stati., 40: 284–285 (1996) [3] Groß, J. A note on equality of MINQUE and simple estimator in the general Gauss-Markov model. Statistics Probability Letters. 35: 335–339 (1997) [4] Neudecker, H. Bounds for the bias of the least squares estimator of σ 2 in the case of a ﬁrst-order autoregressive process. Econometrica, 45: 1257–1262 (1977) [5] Rao, C.R. Linear statistical inference and its applications. Wiley, New York, 1973 [6] Rao, C.R. Projectors, generalized inverses and the BLUE’s. J. Roy. Statist. Soc. (Series B), 36: 442–448 (1974) [7] Rawlings, J.O. Order statistics for a special case of unequally correlated multinormal variables. Biometrics, 32: 875–887 (1976) [8] Shaked, M., Tong, Y.L. Comparison of experiments via dependence of normal variables with a common marginal distribution. Ann. Statist., 20: 614–618 (1992) [9] Shoukri, M.M., Lathrop, G.M. Statistical testing of genetic linkage under heterogeneity. Biometrics., 49: 151–161 (1993) [10] Tong, Y.L. The role of the covariance matrix in the least squares estimation for a common mean. Linear Algebra and Its Applications. 264: 313–323 (1997) [11] Wang, S.G., Chow, S.C. Advanced linear models. Marcel Dekker Inc., New York, 1994
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