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b1 , . . . , bm arbitrary (fixed) such that (b1 , . . . , bm ) 6= 0.



z, a1 , . . . , am ∈ Rn i.i.d. standard normal,



In a random convex program we choose



Definition



x ∈ C.



subject to hai , xi = bi , i = 1, . . . , m,



maximize hz, xi



Input: z, a1 , . . . , am ∈ Rn , b1 , . . . , bm ∈ R.



Convex program with reference cone C



Let 1 ≤ m ≤ n − 1.



Let C ⊂ Rn be a regular cone, i.e, I closed convex cone, ˘) 6= ∅. I int(C ) 6= ∅, int(C
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Intrinsic volumes of convex cones



Caltech, August 07, 2012



Dennis Amelunxen



2) What is the probability that the solution of a random semidefinite program has rank r ?
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(CP)



(value of (CP)) (solution set)



val(CP) := sup{hz, xi | x ∈ F(CP)}



Sol(CP) := {x ∈ F(CP) | hz, xi = val(CP)}



. Therefore, j



, j



 n



,



2n



2n



j=m+1



n X



n m 2n







j=0



m−1 X



 n



(→ Adler/Berenguer, Sporyshev, Cheung/Cucker)



Prob[LP is unbounded] =



Prob[LP is feas. & bounded] =



Prob[LP is infeasible] =



Recall that Vj (Rn+ ) =







n j 2n



.



=



1



2



3



4



Prob[LP feas. & bounded]



0



.



5



Prob[LP infeasible]



(n = 15, m = 6)



Recall that



 n j 2n



6



7



8



9 10 11 12 13 14 15



Prob[LP unbounded]



j=m+1



n X   Prob (CP) unbounded = Vj (C ) .



Vj (Rn+ )



Example: LP
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Sol(CP) = {sol(CP)} .



j=0



X  m−1 Prob (CP) infeasible = Vj (C ) ,







  Prob (CP) feasible & bounded = Vm (C ) ,



Intrinsic volumes of convex cones



| Sol(CP)| = 1 ,



3. F(CP) 6= ∅ and val(CP) < ∞. In this case, almost surely,



2. val(CP) = ∞, i.e., (CP) is unbounded,



1. F(CP) = ∅, i.e., (CP) is infeasible,



Possible outcomes:



(feasible set)



F(CP) := {x ∈ C | ∀i : hai , xi = bi }



The kinematic formula (easily) yields: For random instances of (CP)
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Definition
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be a Borel set with λM = M for all λ > 0.



w



C



v



C



v



w



x ∈ C.



subject to hw , xi = 1



v



C



(CP0 )



w



R1



w



C˘



C



C



R2



v



Random convex pograms



maximize hv , xi
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and consider



w ∈ S 1 uniformly at random ,



x ∈ C.



subject to ha, xi = b



maximize hz, xi



v



w



w



F =∅



v



sol ∈ R2



val = ∞



C



x ∈ C.



subject to hw , xi = 1



maximize hv , xi



v



w



F =∅



w



(CP0 )



(CP)



val = ∞



v



C



sol ∈ R1



v ∈ S 1 ∩ w ⊥ uniformly at random ,



Instead, let’s take



Random convex pograms



I
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where Φm (C , M) is the mth curvature measure of C in M.



Then for random instances of (CP)   Prob sol(CP) ∈ M = Φm (C , M) ,



Let M ⊆



Rn



Theorem (A./Bürgisser, 2012)
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Let’s have a look at n = 2, m = 1: I z, a ∈ N (0, I2 ), b 6= 0.
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d◦Π≡2



p



F ∈Fj (C )



Vj (C ) = Prob [d ◦ Π(p) = j] p X = Prob [Π(p) ∈ F ] .



Then for 0 ≤ j ≤ n d◦Π≡1



d(x) = j for x ∈ F ∈ Fj ,



Π : Rn → C the projection map .



d : C → {0, 1, . . . , n} ,



Fj := {F ∈ F | dim(F ) = j} ,



If C ⊆ Rn is a polyhedral cone, denote F := {relint(F¯) | F¯ face of C } ,



Reminder



d◦Π≡0



d◦Π≡1



Random convex pograms



Note also



Bˆ0 (Rn ) ∼ = Bˆ∅ (Rn ) ∼ = B(S n−1 ) .



ˆ n ) | 0 ∈ M} , Bˆ0 (Rn ) := {M ∈ B(R ˆ n ) | 0 6∈ M} . Bˆ∅ (Rn ) := {M ∈ B(R



ˆ n ) = Bˆ0 (Rn ) ∪˙ Bˆ∅ (Rn ), where Note that B(R



the conic (Borel) σ-algebra on Rn .



ˆ n ) := {M ∈ B(Rn ) | ∀λ > 0 : λM = M} B(R



Let B(Rn ) denote the Borel σ-algebra on Rn . We call



Definition
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Localizing intrinsic volumes



d(x) = j for x ∈ F ∈ Fj ,



Π : Rn → C the projection map .



d : C → {0, 1, . . . , n} ,



Fj := {F ∈ F | dim(F ) = j} ,



Random convex pograms



C



7→ (V0 (C ), V1 (C ), . . . , Vn (C )) .



If C ⊆ Rn is a polyhedral cone, denote F := {relint(F¯) | F¯ face of C } ,



C



Intrinsic volumes:



Intrinsic volumes of convex cones
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C



and for the random intersection C ∩ W   E Φj (C ∩ W , M ∩ W ) = Φm+j (C , M) , for j = 1, 2, . . . , n − m ,   E V0 (C ∩ W ) = V0 (C ) + V1 (C ) + . . . + Vm (C ) .



Then for the random projection ΠW (C )   E Φj (ΠW (C ), ΠW (M)) = Φj (C , M) , for j = 0, 1, . . . , n − m − 1 ,   E Vn−m (ΠW (C )) = Vn−m (C ) + Vn−m+1 (C ) + . . . + Vn (C ) ,



a uniformly random subspace of codimension m,



ΠW the orthogonal projection on W .



W ⊆



Rn



I



I



I



C ⊆ Rn a closed convex cone, ˆ n ) such that M ⊆ C , M ∈ B(R



I



Kinematic formula



V0



Vn



inters.



proj.



  E Φj (ΠW (C ), ΠW (M)) = Φj (C , M) ,   E Φj (C ∩ W , M ∩ W ) = Φm+j (C , M) ,



Kinematic formula (how to remember it)
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vol(C ∩ M ∩ S n−1 ) Φn (C , M) = , vol(S n−1 )



( V0 (C ) if 0 ∈ M Φ0 (C , M) = 0 if 0 6∈ M.



V0



V0



Vn−m



Vn−m



for j = 1, 2, . . . , n − m .



for j = 0, 1, . . . , n − m − 1 ,



3. The curvature measures appear in a tube formula similar to the one defining the intrinsic volumes.



Φj (C , M) = Φj (C , C ∩ M). C = M1 ∪˙ . . . ∪˙ Mk ⇒ Vj (C ) = Φj (C , M1 )+. . .+Φj (C , Mk ).



I



I



2. Φj can be extended to nonpolyhedral cones.



Φj (C , C ) = Vj (C ).



ˆ n ). for all M ∈ B(R



Φj (Ci , M) → Φj (C , M)



1. Φj is weakly continuous, i.e., if Ci → C then



Remark



I



Remark



F ∈Fj



p



ˆ n ) → R+ Φj (C , .) : B(R X   Φj (C , M) = Prob Π(p) ∈ F ∩ M .



The jth curvature measure of a polyhedral cone C ⊆ Rn is



Definition
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W := {x ∈ Rn | ha1 , xi = . . . = ham , xi = 0}



i.e., codim W = 1.



˜ instead of Rn , the ambient space is W



˜ , we may assume that Replacing C by C ∩ W



First application of the kinematic formula



˜ := span(Waff ) W



Waff := {x ∈ Rn | ha1 , xi = b1 , . . . , ham , xi = bm }



Notation



w



Waff



◦ ∩ S(W ˜ ) = {w }. where Waff



0



◦ Waff



˜) S(W



W



˜ W



˜ | hw , xi = 1} , = {x ∈ W



◦ Waff := h−1 · Waff



Let h := min{kxk | x ∈ Waff } and define



Applying the kinematic formula
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Applying the kinematic formula
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Random convex pograms



2. Reduction to the case n = 2.



1. Reduction to the codimension 1 case.



Two applications of the kinematic formula:



Idea:
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subject to hw , xi = 1 , ˜, x ∈C ∩W



maximize hv , xi



x ∈ C,



subject to hai , xi = bi , i = 1, . . . , m,



maximize hz, xi



sol(CP0 ) ∈ M ⇐⇒ sol(CP00 ) ∈ ΠL (M) .



a1 m b1 ,...,bm v ,w



(CP0 )



(CP)



=



(kin. F.)



=



(kin. F.)



=



v ,w



Φm (C , M) .



˜ W



  ˜ ,M ∩ W ˜) E Φ1 (C ∩ W



˜ ,L W



  ˜ ), ΠL (M ∩ W ˜ )) E Φ1 (ΠL (C ∩ W



˜ ,L W



(2-dim. case)



(Lem.)



h i ˜) = Prob Prob sol(CP00 ) ∈ ΠL (M ∩ W



˜ W



h i 0 ˜ Prob [sol(CP) ∈ M] = Prob Prob sol(CP ) ∈ M ∩ W ,...,a ,z



The full argument (in the right order)



We have



Lemma



Applying the kinematic formula



Random convex pograms
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where v := kΠW (z)k−1 · ΠW (z).



we consider



Instead of



subject to hw , xi = 1 , ˜, x ∈C ∩W



maximize hv , xi



(CP0 )
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Support measures



Kinematic formula
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(→ two-dimensional situation)



˜ ). x ∈ ΠL (C ∩ W



subject to hw , xi = 1 ,



maximize hv , xi



(CP00 )



we may as well only consider the projection on L := span{v , w }, i.e., we consider



For the program



Second application of the kinematic formula



Applying the kinematic formula
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C



˘ Π(x)



F ∈Fj



p



ˆ n , Rn ) → R+ Θj (C , .) : B(R X   ˘ Θj (C , M) = Prob (Π(p), Π(p)) ∈ (F × F  ) ∩ M .



C˘



Π(x)



The jth support measure of a polyhedral cone C ⊆ Rn is



Definition



˘ Π(x) := argmin{kx − y k | y ∈ C˘} .



x



F → 7 F = relint(C˘ ∩ F ⊥ ) .



Π(x) = argmin{kx − y k | y ∈ C } ,



Support measures



Kinematic formula
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Fj → F˘n−j ,



Setting M∗ := {(v , x) | (x, v ) ∈ M}, we have I



Θj is weakly continuous. Θj can be extended to nonpolyhedral cones. The support measures appear in a tube formula similar to the one defining the intrinsic volumes.



I I I



Θj (C˘, M) = Θn−j (C , M∗ ) .



Θj (C , M) = Θj (C , M ∩ (C × C˘)).



Θj (C , M × C˘) = Φj (C , M), Θj (C , C × M) = Φn−j (C˘, M). I



I



I



Remark



Support measures
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the biconic σ-algebra on Rn .



ˆ n , Rn ) := {M ∈ B(Rn × Rn ) | ∀λ, µ > 0 : (λ, µ)M = M} , B(R



We call



Definition



F˘j := {F 0 ∈ F˘ | dim(F 0 ) = j}



Fj = {F ∈ F | dim(F ) = j}



We have a bijection



for M ∈ B(Rn × Rn ), λ, µ ≥ 0.



F˘ := {relint(F¯0 ) | F¯0 face of C˘}



(λ, µ)M := {(λx, µv ) | (x, v ) ∈ M} ,



Consider the Borel algebra B(Rn × Rn ):



Support measures



Kinematic formula
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F = {relint(F¯) | F¯ face of C }



Let C be a polyhedral cone.



Reminder: Face duality



Support measures
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v ∈Rn



v



(M + N ) × {v } .



v



¬(M ∧ N ) = ¬M ∨ ¬N ,



¬(M ∨ N ) = ¬M ∧ ¬N .



ˆ n , Rn ) is not a lattice. But we have Caution: B(R



M ∨ N :=



[ 



x∈Rn



¬M := M∗ ,  [  M ∧ N := {x} × (Mx + Nx ) , 



Mv := {x ∈ Rn | (x, v ) ∈ M} .



ˆ n , Rn ) via We define ¬, ∧, ∨ on B(R



Mx := {v ∈ Rn | (x, v ) ∈ M} ,



Denote



Lattice structures



Kinematic formula



Intrinsic volumes of convex cones



Measures of the semidefinite cone Notation Formulas



Kinematic formula Support measures Lattice structures One formula to rule them all



Random convex pograms Localizing intrinsic volumes Applying the kinematic formula



Lattice structures



Kinematic formula
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C(Rn ) := {C ⊆ Rn | C closed convex cone} .



¬(¬C ) = C ,



C ∨ {0} = C ,



C ∧ Rn = C ,



C ⊆ D ⇒ ¬C ⊇ ¬D .



C ∨ ¬C = Rn .



C ∧ ¬C = {0} ,



N ⊆ D × D˘ .



Q



k=1



k=j+1



j−1 h i X E Θj (C , M) ∨ Q(D, N ) = Θk (C , M) · Θj−k (D, N ) .



Q



n−1 h X i E Θj (C , M) ∧ Q(D, N ) = Θk (C , M) · Θd+j−k (D, N ) ,



Then for uniformly random Q ∈ O(n) and 1 ≤ j ≤ d − 1



M ⊆ C × C˘ ,



ˆ n , Rn ) such that Let C , D ∈ C(Rn ) and M, N ∈ B(R



Theorem



Glasauer’s kinematic formula



One formula to rule them all



Kinematic formula
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C(Rn ) is an orthocomplemented lattice.



Fact



Also:



Note that



C1 ∨ C2 := C1 + C2 = cone(C1 ∪ C2 ) .



C1 ∧ C2 := C1 ∩ C2 ,



¬C := C˘ ,



We define ¬, ∧, ∨ on C(Rn ) via



Denote



Lattice structures
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I



i,j=1



hxij , yij iR .



n 2



 .



(GOE/GUE/GSE), short: GβE.



Gaussian Orthogonal/Unitary/Symplectic Ensemble



Normal distribution on Herβ,n :



X • Y :=



Euclidean vector space, scalar product:



I n X



R-linear subspace of Fn×n of dim. dβ,n := n + β β



I



Some properties:



Herβ,n := {X ∈ Fn×n | X† = X} . β



The “stage” of semidefinite programming:



Notation
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R



R Fβ



R Fβ Fβ



R Fβ Fβ Fβ



the complex numbers C, the quaternion numbers H.



I I



Mr ,



Random SDP: I Z , A1 , . . . , Am ∈ GβE (i.i.d.), I b1 , . . . , bm arbitrary (fixed) such that (b1 , . . . , bm ) 6= 0.



Problem:



r =0



n [



 max Z • X  s.t. Ai • X = bi  X 0







Mr := {X ∈ Cβ,n | rk(X ) = r } .



Input: Z , Ai ∈ Herβ,n , bi ∈ R, (i = 1, . . . , m)



SDP



if β = 1, if β = 2, if β = 4.



(skew-)field



Cβ,n := {X ∈ Herβ,n | X  0} =



Reference cone:



Notation



Measures of the semidefinite cone
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β ∈ {1, 2, 4} indicates the ground   R Fβ := C   H



the real numbers R,



I



We will work over



Notation
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0



0



1



1



2



1



3



1



4



1



Prob[rk(sol(SDP)) = 2] Prob[rk(sol(SDP)) = 1]



5



1



Prob[SDP infeasible]



6



1



2



7



1



2



8



1



2



2



2



2



2



2



3



9 10 11 12 13 14 15



2 1



Prob[SDP unbounded]



Semidefinite programming is connected with a different distribution: (β = 4, n = 3, m = 6)



SDP



Notation
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where r =(rank of the solution).



dβ,r ≤ m ≤ dβ,r + βr (n − r ) ,



The unique solution of a random SDP satisfies



Remark (Pataki’s inequalities)



For a random SDP we have   the solution of a Prob = Φm (Cβ,n , Mr ) . random SDP has rank r



Corollary



Notation
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1



2



3



4



6



7
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0



5



Prob[LP infeasible]



Linear programming is connected with the binomial distribution: (n = 15, m = 6)



Prob[LP feas. & bounded]



LP



Notation
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1≤i


Mn,β =



∆(z)β =



kzk2 2



z∈Rn+



e−







kzk2 2



Γ(1 + β/2)



· |∆(z)|β dz ,



e−



kzk2 2



· |∆(x)|β · |∆(y )|β · fβ,k (x; y ) dz ,



∆(x)β · ∆(y )β · fβ,k (x; −y ) .



z∈Rn



Z



j=1



n Y Γ(1 + jβ/2)



=: Mn,β



· |∆(z)|β dz =



 Jβ (n, r , k) := 0, if k < 0 or k > βr (n − r ).



where z = (x, y ), x ∈ Rr , y ∈ Rn−r .



1 Jβ (n, r , k) := · (2π)n/2



Z



k=0



X



βr (n−r )



For 0 ≤ k ≤ βr (n − r )



Definition



Recall



Formulas



e−



1 · (2π)n/2



z∈Rn



Z



Measures of the semidefinite cone
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1 · (2π)n/2



Mehta’s integral



For z ∈ Rn we denote the Vandermonde determinant by Y ∆(z) := (zi − zj ).



Formulas
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Y



(zi − zj )β



=:x



=:y



1≤i


Y



k=0



X



fβ,k (x; −y ),



i=1 j=1



r n−r Y Y



(zi − zj )β



 Q Qn−r x-homog. part of ri=1 j=1 (xi + yj )β . of degree k



Let C = {X ∈ Herβ,n | X  0}, Mr = {X ∈ C | rk(X ) = r }. Then   Jβ (n, r , m − dβ,r ) n , Φm (C , Mr ) = · r Mn,β  where dβ,r = dim Herβ,r = r + β 2r .



Theorem (A./Bürgisser)



Formulas
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where fβ,k (x; y ) =







= ∆(x)β · ∆(y )β ·



i=1 j=1



βr (n−r )



(zi − zj )β ·



(xi − yj )β



r +1≤i


Y



r n−r Y Y



(zi − zj )β ·



1≤i


= ∆(x)β · ∆(y )β ·



=



∆(z)β =



Fix 0 ≤ r ≤ n, write z = (z1 , . . . , zr , zr +1 , . . . , zn ). | {z } | {z }



Formulas
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(e) n = 5



(d) n = 4



·



(b) n = 2







(a) n = 1



β = 1, intrinsic volumes



Formulas



Measures of the semidefinite cone
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n r



Mr ,β ·Mn−r ,β . Mn,β



(f) n = 6



(c) n = 3



  1+ (A) · 1+ (B) · fβ,k (A; B) ,



A∈GβE(r ) B∈GβE(n−r )



E



with k = m − dβ,r and cβ,n,r :=



Φm (C , Mr ) = cβ,n,r ·



Then



Writing the integral as an expectation: Let ( 1 if A  0, 1+ (A) := 0 else.



Formulas
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1 8



2 4



3 8π



2 3π √ 2 2π



1 2π



47 120π



−



−



−



−



−



−



1 8



1 4



1 4



1 4



1 2



√



√



11 64



3 16



−



1 4



8 15π



1 2π



−



−



2 4



1 8



1 4



1 2 √ 2 4



1 2



1 40π



1 4π



2 3π √ 2 2π



1 π



√ 2 4



0



V2



1 4



1 4



−



4 15π



2 4



−



1 16



2 2



√



√



1 2π



1−



1 2



0



V3



(j) n = 4



(g) n = 1



+



1 8π



1 2π



2 3π √ 2 2π



−



19 120π



3 16



1 4



0



0



V4



(k) n = 5



(h) n = 2



β = 1, log(intrinsic volumes)
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C4,3



C2,3



C1,3



C4,2



C2,2



C1,2



Cβ,1



V1



V0



Formulas
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3 16



3 32



1 4 1 8π



−



1 8



+



2 4



√



0



0



0



V5



(l) n = 6



(i) n = 3



+



7 64



2 3π √ 2 2π 1 2π



−



−



13 120π



1 4



1 4



0



0



0



V6



11 30π



+



1 4π



0



0



0



0



0



V7



1 16



...



...



0



0



0



0



0



V8



geometric reduction to 2-dimensional case



support measures



explicit formulas for the symmetric cones



Can we “solve” the J-integrals (asymptotically)?
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