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A



Derivations
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A.1



3



The output gap loss in equilibrium is



Output gap loss ] u ˆ ∆u 2 ∗ (y − y ) = (1 − λ)(q − yˆ ) − λ − (1 − κ)∆y − κ ξ ξ ( )2 ( ) u ˆ ∆u 2 ∗ ∗ = (1 − λ)(q − yˆ ) − λ + (1 − κ)∆y + κ ξ ξ ( )( ) ∆u u ˆ ∗ − 2 (1 − λ)(q − yˆ ) − λ (1 − κ)∆y∗ + κ . ξ ξ ∗ 2
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6



[



∗



From the law of iterated expectations, the unconditional expectation of the last line in the above sequence of equations equals zero: [( )( )] ∆u u ˆ E (1 − λ)(q − yˆ∗ ) − λ (1 − κ)∆y∗ + κ ξ ξ )( ) ]] [ [( ∆u u ˆ ∗ (1 − κ)∆y∗ + κ |q, m =E E (1 − λ)(q − yˆ ) − λ ξ ξ [( ) [( ) ]] u ˆ ∆u ∗ ∗ =E (1 − λ)(q − yˆ ) − λ E (1 − κ)∆y + κ |q, m ξ ξ ) ] [( u ˆ ·0 =E (1 − λ)(q − yˆ∗ ) − λ ξ =0. Thus, the unconditional expectation of the output gap loss is written as [( [( ) ] ) ] ∆u 2 u ˆ 2 ∗ 2 ∗ + E (1 − κ)∆y∗ + κ . E[(y − y ) ] =E (1 − λ)(q − yˆ ) − λ ξ ξ
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A.2



8



From p = αf pf + αp pp + αu pu , the loss from price dispersion is given by



(A.1)



Price dispersion loss



∫ ] θ¯ 1 θ¯ [ (pj − p)2 dj = αf (pf − p)2 + αp (pp − p)2 + αu (pu − p)2 ξ 0 ξ ] θ¯ [ = αf (1 − αf )(pf − pp )2 + 2αu αf (pf − pp )(pp − pu ) + αu (1 − αu )(pp − pu )2 . ξ 9 10



Since E[pf |q, m] = pp in equilibrium (see Section 3), the second term in the above expression must be zero under any policy as follows: E [(pf − pp )(pp − pu )] =E [E [(pf − pp )(pp − pu )|q, m]] =E [E [(pf − pp )|q, m] · (pp − pu )] =E [0 · (pp − pu )] =0.



2



1



2



3 4 5



Thus, the unconditional expectation of price dispersion is given by [∫ 1 ] ¯ [ [ ] θ¯ ] θ θ¯ E (pj − p)dj = αu (1 − αu )E (pp − pu )2 + αf (1 − αf )E (pf − pp )2 ξ ξ ξ 0 [( ] [( ) ) ] 2 θ¯ αu u ˆ θ¯ 1 − αf 2 ∆u 2 2 ∗ = λ E q − yˆ + + κ E −∆y∗ + ξ 1 − αu ξ ξ αf ξ [( ] [ )2 ( )2 ] u ˆ ∆ u ∗ ¯ ¯ =θλ(1 − λ)E q − yˆ + + θκ(1 − κ)E −∆y∗ + . (A.2) ξ ξ



A.3



Objective functions



Under any policy, the central bank’s objective function is derived as follows. Note that the last expression applies the statistical properties such as E[∆2y∗ ] = E[(y ∗ )2 ] − E[(ˆ y ∗ )2 ], E[∆y∗ ∆u ] = ∗ ∗ 2 2 2 E[y u] − E[ˆ y u ˆ], and E[∆u ] = E[u ] − E[ˆ u ]. [(



u ˆ (1 − λ)(q − yˆ∗ ) − λ ξ



E[L] = E |



[( ¯ + θλ(1 − λ)E |



)2 ]



[( ) ] ∆u 2 + E (1 − κ)∆y∗ + κ ξ {z }



Output gap loss (A.1)



u ˆ q − yˆ∗ + ξ



)2 ]



[( )2 ] ∆ u ¯ + θκ(1 − κ)E −∆y∗ + ξ {z }



Price dispersion loss (A.2)



[( [( ) ] )2 ] ¯ ¯ − 1)λ u θλ ( θ u ˆ 2 ˆ ∗ ¯ + ¯ =(1 − λ)(θλ + 1 − λ)E q − yˆ + ¯ E ξ θλ + 1 − λ (θ − 1)λ + 1 ξ ] [ [( ( )2 ] ¯ − 1)κ ∆u )2 ¯ ∆ ( θ θκ u ¯ + 1 − κ)E ∆y∗ − + ¯ E + (1 − κ)(θκ ξ θκ + 1 − κ (θ¯ − 1)κ + 1 ξ [( ] [ ] ( ) ) 2 2 ¯ − 1)λ u ¯ ( θ u ˆ ˆ θλ ¯ + 1 − λ)E q − yˆ∗ + =(1 − λ)(θλ + ¯ E ξ (θ¯ − 1)λ + 1 ξ θλ + 1 − λ [( ] [ ) ( )2 ] 2 ¯ ¯ − 1)κ u ( θ ˆ θκ u ˆ ¯ + 1 − κ)E yˆ∗ − − ¯ E − (1 − κ)(θκ ξ (θ¯ − 1)κ + 1 ξ θκ + 1 − κ [( ] [ ) ( )2 ] ¯ ¯ − 1)κ u 2 ( θ θκ u ∗ ¯ + 1 − κ)E y − + ¯ + (1 − κ)(θκ E . ξ (θ¯ − 1)κ + 1 ξ θκ + 1 − κ {z } | [ t.i.p.
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(A.3)



(A.4)



1



2 3 4



A.3.1



Objective function when the monetary instrument is available



The optimal no-revealing instrument rule minimizes the first term in (A.4) and is given by q = ¯ (θ−1)λ yˆ∗ − γ u ˆ/ξ where γ = (θ−1)λ+1 (Lemma 3). Then, the optimal disclosure problem is to minimize ¯ the following indirect loss function: [( ) ] [( )2 ] ¯ ¯ − 1)κ u θλ u ˆ 2 ( θ ˆ ∗ ¯ + 1 − κ)E yˆ − E E[L] =0 + ¯ − (1 − κ)(θκ ξ θλ + 1 − λ (θ¯ − 1)κ + 1 ξ [( ) ] ¯ θκ u ˆ 2 − ¯ E + t[ .i.p. ξ θκ + 1 − κ [ ∗ 2] ¯ + 1 − κ)E (ˆ = − (1 − κ)(θκ y ) + 2(1 − κ)(θ¯ − 1)κE [(ˆ y ∗ )(ˆ u/ξ)] } { ¯ [ ] θλ 2 2 ¯ − κ − θκ(1 − κ) )E (ˆ u /ξ) + t[ .i.p. ¯ +1−λ θλ     = − E H11 (ˆ y ∗ )2 + 2H12 (ˆ y ∗ )(ˆ u/ξ) + H22 (ˆ u/ξ)2  + t[ .i.p. | {z } Φ(ˆ y ∗ ,ˆ u/ξ)



5



where ¯ + 1 − κ) H11 =(1 − κ)(θκ H12 = − (θ¯ − 1)κ(1 − κ) H22



6 7



¯ θλ ¯ − κ)) − =κ(κ + θ(1 ¯ + 1 − λ. θλ



Note that the Hessian matrix H of αp > 0):



1 y∗, u ˆ) 2 Φ(ˆ



(A.5) (A.6) (A.7)



has a unique positive eigenvalue when λ > κ (or



det(H) =H11 H22 − (H12 )2 ( ¯ + 1 − κ)θλ ¯ ) (θκ ¯ =(1 − κ) κθ − ¯ θλ + 1 − λ θ¯ = − (1 − κ)(λ − κ) ¯ < 0. θλ + 1 − λ
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(A.8)



1



2



A.3.2



Objective function when the monetary instrument is unavailable



Suppose that q = 0 almost surely. Then, (A.4) is written as [( [( ) ] )2 ] ¯ − 1)λ u ¯ ( θ ˆ u ˆ 2 θλ ∗ ¯ E [L] =(1 − λ)(θλ + 1 − λ)E 0 − yˆ + ¯ E + ¯ ξ (θ − 1)λ + 1 ξ θλ + 1 − λ [ [( ] ( )2 ] )2 ¯ − 1)κ u ¯ u ˆ ( θ ˆ θκ ¯ + 1 − κ)E yˆ∗ − − (1 − κ)(θκ − ¯ E ¯ ξ (θ − 1)κ + 1 ξ θκ + 1 − κ + t[ .i.p. { } ¯ + 1 − λ)) − (1 − κ)(θκ ¯ + 1 − κ) E[(ˆ = (1 − λ)(θλ y ∗ )2 ] { } + 2 −(1 − λ)(θ¯ − 1)λ + (θ¯ − 1)κ(1 − κ) E[(ˆ y ∗ )(ˆ u/ξ)] { 2 } 2 2 ¯ ¯ + λ + θλ(1 − λ) − κ − θκ(1 − κ) E[(ˆ u/ξ) ] + t[ .i.p. { } = (λ − κ)[θ¯ − 2 − (θ¯ − 1)(λ + κ)] E[(ˆ y ∗ )2 ] { } + 2 (θ¯ − 1)(λ − κ)(λ + κ − 1) E[(ˆ y ∗ )(ˆ u/ξ)] { } ¯ + θλ ¯ E[(ˆ + (θ¯ − 1)(κ2 − λ2 ) − θκ u/ξ)2 ] + t[ .i.p. { [¯ ]} θ−2 ¯ = (λ − κ)(θ − 1) ¯ − (λ + κ) E[(ˆ y ∗ )2 ] θ−1 { } + 2 (θ¯ − 1)(λ − κ)(λ + κ − 1) E[(ˆ y ∗ )(ˆ u/ξ)] { [ ¯ ]} θ + (θ¯ − 1)(λ − κ) ¯ − (λ + κ) E[(ˆ u/ξ)2 ] θ−1 + t[ .i.p. 







 e e 12 yˆ∗ (ˆ e 22 (ˆ .i.p. = − E H (ˆ y ∗ )2 + 2H u/ξ) + H u/ξ)2  + t[ | 11 {z } Φ0 (ˆ y ,ˆ u/ξ) 3



where e 11 H



[



¯− 2] θ =(θ¯ − 1)(λ − κ) (λ + κ) − ¯ θ−1



e 12 = − (θ¯ − 1)(λ − κ)(λ + κ − 1) H ] [ θ¯ ¯ e H22 =(θ − 1)(λ − κ) (λ + κ) − ¯ . θ−1 4 5



(A.9) (A.10) (A.11)



e of 1 Φ0 (ˆ Note that the Hessian matrix of H y∗, u ˆ) has a unique positive eigenvalue whenever λ > κ 2 (or αp > 0): e =H e 11 H e 22 − (H e 12 )2 det(H) [ ] 2(θ¯ − 1) (θ¯ − 2)θ¯ 2 =(θ¯ − 1)2 (λ − κ)2 (λ + κ)2 − ¯ (λ + κ) + ¯ − (λ + κ − 1) θ−1 (θ − 1)2 2 ¯ 2 =(λ − κ) ((θ − 2)θ¯ − (θ¯ − 1) ) = − (λ − κ)2 < 0.



(A.12)
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1



A.4



Objective function with a stochastic price level target



2



The expected loss from aggregate price volatility is ηE[(p − z)2 ] =ηE[(λˆ ω + κ∆ω − zˆ − ∆z )2 ] =ηE[(λq − λˆ y ∗ + λ(ˆ u/ξ) − zˆ)2 ] + ηE[(−κ∆y∗ + κ(∆u /ξ) − ∆z )2 ].



3 4



5



(A.13)



Given any disclosure rule, the optimal no-revealing instrument solves the following minimization problem: ( ) ( ) ( ( ) )2 u ˆ 2 u ˆ u ˆ 2 ¯ ∗ ∗ ∗ + θλ(1 − λ) q − yˆ + + η λ q − yˆ + min (1 − λ)(q − yˆ ) − λ − zˆ . q ξ ξ ξ The first-order condition is ( ) ( ) ( ( ) ) u ˆ u ˆ u ˆ ∗ ∗ ∗ ¯ 0 =(1 − λ) (1 − λ)(q − yˆ ) − λ + θλ(1 − λ) q − yˆ + + ηλ λ q − yˆ + − zˆ ξ ξ ξ [ ] [ ]u ˆ ¯ ¯ = (1 − λ)2 + θλ(1 − λ) + ηλ2 (q − yˆ∗ ) + −(1 − λ)λ + θλ(1 − λ) + ηλ2 − ηλˆ z ξ
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(θ¯ − 1)λ(1 − λ) + ηλ2 u ˆ ηλ =⇒ q =ˆ y∗ − ¯ + ¯ zˆ (θλ + 1 − λ)(1 − λ) + ηλ2 ξ (θλ + 1 − λ)(1 − λ) + ηλ2 λ2 λ (θ¯ − 1)λ + η 1−λ η 1−λ u ˆ ∗ =ˆ y − · + ·ˆ z. λ2 λ2 ξ (θ¯ − 1)λ + 1 + η 1−λ (θ¯ − 1)λ + 1 + η 1−λ | {z } | {z } γ ´ 7



(A.14)



δ´



Note that the policy coeﬃcients in this extension satisfy 2



λ (θ¯ − 1)λ + η 1−λ (θ¯ − 1)λ γ´ ≡ ≥ ¯ =γ 2 λ (θ − 1)λ + 1 (θ¯ − 1)λ + 1 + η 1−λ



δ´ ≡



8



9



λ η 1−λ 2



λ (θ¯ − 1)λ + 1 + η 1−λ



≥ 0.



´z , the expected loss is written as Given q = yˆ∗ − γ´ (ˆ u/ξ) + δˆ [ ][ ] ¯ E[L] = − E q 2 (1 − λ)2 + θλ(1 − λ) + ηλ2 [( )2 ( )2 ( ( ) )2 ] u ˆ u ˆ u ˆ ¯ + E (1 − λ)ˆ y∗ + λ + θλ(1 − λ) −ˆ y∗ + + η λ −ˆ y∗ + − zˆ ξ ξ ξ [( ) ( ) ( ( ) )2 ] ∆u 2 ¯ ∆u 2 ∆u + E (1 − κ)∆y∗ + κ + θκ(1 − κ) −∆y∗ + + η κ −∆y∗ + − ∆z . ξ ξ ξ Define the following variables: ¯ A11 =(1 − λ)2 + θλ(1 − λ) + ηλ2 > 0 [ ] A22 =(λ − κ) (θ¯ − 1 − η)(λ + κ) − (θ¯ − 2) A23 =λ − κ 6



1



and  ∗     x ˆ1 yˆ 1 1 − γ´ δ´ x ˆ2  = 1 −1 ˆ/ξ  . 0  u x ˆ3 zˆ 0 1 −η | {z } B



2



´ y ∗ , (ˆ Then, the gain from public information is given by E[Φ(ˆ u/ξ), zˆ)] where [ ] ¯ ´ y ∗ , (ˆ Φ(ˆ u/ξ), zˆ) =q 2 (1 − λ)2 + θλ(1 − λ) + ηλ2 ) ( ) ( ( ) )2 ( u ˆ 2 u ˆ u ˆ 2 ¯ ∗ ∗ ∗ − θλ(1 − λ) −ˆ y + − η λ −ˆ y + − zˆ − (1 − λ)ˆ y +λ ξ ξ ξ ( ) ( ) ( ( ) )2 u ˆ 2 ¯ u ˆ 2 u ˆ ∗ ∗ ∗ + (1 − κ)ˆ y +κ + θκ(1 − κ) −ˆ y + + η κ −ˆ y + − zˆ ξ ξ ξ [ ] ¯ =ˆ x21 (1 − λ)2 + θλ(1 − λ) + ηλ2 ) ( u ˆ 2 ¯ − θλ(1 − λ)ˆ x22 − η (−λˆ x2 − zˆ)2 − (1 − λ)ˆ x2 + ξ ( ) u ˆ 2 ¯ + (1 − κ)ˆ x2 + + θκ(1 − κ)ˆ x22 + η (−κˆ x2 − zˆ)2 ξ [ ] ¯ =ˆ x21 (1 − λ)2 + θλ(1 − λ) + ηλ2 [ ] ¯ ¯ +x ˆ2 −(1 − λ)2 + (1 − κ)2 − θλ(1 − λ) + θκ(1 − κ) − ηλ2 + ηκ2 2



+ 2ˆ x2 x ˆ3 (λ − κ)    x ˆ1 0 [ ] A11 0    ˆ1 x ˆ2 x ˆ3 x ˆ2  . 0 A22 A23 = x x ˆ3 0 A23 0 {z } | A
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1



B



2



B.1



3



Proof. Let ω ≡ q − y ∗ + u/ξ. The best-responses of three types of firms are given by



4 5 6



Proofs Proof of Lemma 1



pf =(1 − ξ)p + ξω



(B.1)



pp =(1 − ξ)ˆ p + ξω ˆ



(B.2)



pu =(1 − ξ)E[p] + ξE[ω].



(B.3)



Let us first derive the equilibrium strategy of uninformed firms. By taking the unconditional expectations on both sides of (B.1) and (B.2), we have E[pf ] = E[pp ] = pu . Then, the expected aggregate price level satisfies E[p] =αf E[pf ] + αp E[pp ] + αu E[pu ] =(1 − ξ)E[p] + ξE[ω] =⇒ E[p] = E[ω].



7 8 9 10



(B.4)



From (B.3), pu = E[ω] is obtained. Next, we derive the equilibrium strategy of partially informed firms. Taking the conditional expectations on both sides of (B.1), we have E[pf |q, m] = pp . Then, we obtain the conditional expectation of the aggregate price level as follows: E[p|q, m] =αf E[pf |q, m] + αp E[pp |q, m] + αu E[pu |q, m] =(αf + αp ) [(1 − ξ)ˆ p + ξω ˆ ] + αu E[ω] αu (1 − αu )ξ ω ˆ+ E[ω]. =⇒ pˆ = (1 − αu )ξ + αu (1 − αu )ξ + αu
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12 13 14 15



(B.5)



Combined with (B.2), the equilibrium strategy pp is derived as follows: [ ] (1 − αu )ξ αu pp =(1 − ξ) ω ˆ+ E[ω] + ξ ω ˆ (1 − αu )ξ + αu (1 − αu )ξ + αu (1 − ξ)αu ξ ω ˆ+ E[ω] = (1 − αu )ξ + αu (1 − αu )ξ + αu ξ =E[ω] + (ˆ ω − E[ω]). (1 − αu )ξ + αu Finally, we compute the equilibrium strategy of fully informed firms and the aggregate price level. Firstly, we have p − pˆ = αf (pf − pp ) by combining p = αf pf + αp pp + αu pu and E[p|q, m] = αf αp + αp pp + αu pu . Secondly, we have pf − pp = (1 − ξ)(p − pˆ) + ξ∆ω by combining (B.1) and (B.2). Using these equations, we have p − pˆ =αf (pf − pˆf ) =αf [(1 − ξ)(p − pˆ) + ξ∆ω ] αf ξ =⇒ p = pˆ + ∆ω . αf ξ + (1 − αf )
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From the relation p − pˆ = αf (pf − pp ), we have pf = pp + 8



ξ αf ξ+(1−αf ) ∆ω .



(B.6)



1



B.2



2



B.2.1



3



Proof. See the main text.
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B.2.2



5 6
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9 10



11 12



13 14 15
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Proof of Proposition 1 Proof of Lemma 2



Proof of Lemma 3



Proof. Fix a disclosure rule g : R2 → M . Then, the problem for the optimal no-revealing instrument rule is such that ] [ ∫ θ¯ 1 (pj − p)2 dj . min E (y − y ∗ )2 + h:M →R ξ 0 Under equilibrium pricing, the output gap volatility is written as follows:1 [( [( ) ] ) ] ∆u 2 u ˆ 2 ∗ 2 ∗ E[(y − y ) ] =E (1 − λ)(q − yˆ ) − λ + E (1 − κ)∆y∗ + κ . ξ ξ On the other hand, the unconditional expectation of price dispersion is written as [( [( ] [∫ 1 ) ] ) ] u ˆ 2 ∆u 2 θ¯ ∗ 2 ¯ ¯ (pj − p) dj =θλ(1 − λ)E q − yˆ + E + θκ(1 − κ)E −∆y∗ + . ξ ξ ξ 0



(B.7)



(B.8)



Since the second terms in (B.7) and (B.8) are independent of the no-revealing instrument rule, the problem is [( ) ( ) ] u ˆ 2 ¯ u ˆ 2 ∗ ∗ + θλ(1 − λ) h(m) − yˆ + min E (1 − λ)(h(m) − yˆ ) − λ h:M →R ξ ξ Then, the optimal no-revealing instrument rule solves the following problem for each realization of m: ( ) ) ( u ˆ 2 ¯ u ˆ 2 h(m) ∈ arg min (1 − λ)(q − yˆ∗ ) − λ + θλ(1 − λ) q − yˆ∗ + . ξ ξ q Note that if λ = 1 (i.e., αu = 0), then the objective function does not depend on q (i.e., monetary neutrality for αu = 0). When λ < 1, the first-order condition identifies the optimal nominal demand level that solves minq E[L|m]. The first-order condition is ) ( ) ( u ˆ u ˆ ∗ ∗ ¯ +2θ(1 − λ)λ q − yˆ + =0 2(1 − λ) (1 − λ)(q − yˆ ) − λ ξ ξ Thus, the optimal no-revealing instrument rule is expressed as h(n) = yˆ∗ −



1



¯ λ(θ−1) ¯ λ(θ−1)+1



· uξˆ .



To derive (B.7) and (B.8) below, we use the property that the covariance between the conditional expectations (e.g., yˆ∗ and u ˆ) and the forecast errors (e.g., ∆y∗ and ∆u ) must equal zero. See Section A.1 and A.2 in the technical appendix.
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1



2 3



4



B.2.3



Proof of Lemma 4



Proof. Given the optimal no-revealing instrument rule identified in Lemma 3, the optimal disclosure rule is to maximize the gain from public information defined by [ ] E[Φ(ˆ y∗, u ˆ/ξ)] = E H11 (ˆ y ∗ )2 + 2H12 (ˆ y ∗ )(ˆ u/ξ) + H22 (ˆ u/ξ)2 (B.9) where the entries of the Hessian matrix H of 21 Φ are ¯ + 1 − κ) H11 =(1 − κ)(θκ H12 = − (θ¯ − 1)κ(1 − κ) ¯ θλ ¯ − κ)) − H22 =κ(κ + θ(1 ¯ + 1 − λ. θλ



5 6 7



2 < 0 whenever α > 0. Note that det(H) = H11 H22 − H12 p Since H has a unique positive eigenvalue, the optimal disclosure rule can be represented by a linear combination of the state variables. Specifically, the optimal disclosure rule is such that ∗ −1 g(y ∗ , u) =by∗ σy−1 ∗ y + bu σu u 1



8 9 10



11 12



13



14 15 16



17



1



where (by∗ , bu ) is the eigenvector associated with the unique positive eigenvalue of Σ 2 HΣ 2 . Here Σ denotes the variance-covariance matrix of (y, (u/ξ)). The closed-form expression of the eigenvector is √ 2 H − (σ /ξ)2 H + σ (σy2∗ H11 − (σu /ξ)2 H22 )2 + 4σy2∗ (σu /ξ)2 (H12 )2 ∗ 11 u 22 y ∗ by =− < 0. (B.10) bu −2σy∗ (σu /ξ)H12 Note that the sign of by∗ /bu is determined by the sign of H12 < 0. Without loss of generality, we normalize by∗ > 0, bu < 0, and b2y∗ + b2u = 1. B.2.4



Proof of Proposition 1



Proof. Suppose that the public signal is a linear combination of the state variables as presented in Lemma 4. Let us normalize the eigenvector as by∗ > 0, bu < 0, and b2y∗ + b2u = 1. Then, the conditional expectations are given by [( ∗ ) ] ( ) y by∗ σy∗ E |m = m. u bu σu From Lemma 3, the optimal no-revealing instrument rule is expressed as q =ˆ y∗ − γ



u ˆ ξ



=by∗ σy∗ m − γ



bu σu m ξ



=βm. 18



where β ≡ by∗ σy∗ − γbu (σu /ξ) > 0.



19



Thus, the optimal two-step policy is described as in Proposition 1.
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(B.11)



1



B.3



Proof of Proposition 2 1



2 3



4



where B=



5



σy∗ H11 (σu /ξ) H22 − . 2(σu /ξ) (−H12 ) 2σy∗ (−H12 )



Below, we will establish the following relationships: αu ↓ &αp ↑ =⇒ λ ↑ =⇒ αf ↓ &αp ↑ =⇒ κ ↓ =⇒



6 7



1



Proof. The eigenvector (by∗ , bu ) associated with the unique positive eigenvalue of Σ 2 HΣ 2 is such that ( ) √ by∗ = − B + B2 + 1 < 0 bu



H22 −H12 H11 −H12



↓



H22 ↑, −H ↓ 12



(B.12)



by∗ ↑ =⇒ B ↑ =⇒ bu by∗ ↑ =⇒ B ↑ =⇒ bu 



The nontrivial relations are between B and λ and between B and κ. It is useful to rewrite H11 /(−H12 ) and H22 /(−H12 ) as follows: ¯ +1−κ H11 θκ 1 = ¯ =1+ ¯ (−H12 ) (θ − 1)κ (θ − 1)κ ¯ ¯ H22 κ + θ(1 − κ) θλ 1 = ¯ − ¯ (−H12 ) (θ − 1)(1 − κ) θλ + 1 − λ (θ¯ − 1)κ(1 − κ) [ [ ] ] ¯ 1 1 θλ 1−λ 1− ¯ 1+ ¯ =¯ + ¯ . θλ + 1 − λ θλ + 1 − λ (θ − 1)κ (θ − 1)(1 − κ)



10



Then, it is straightforward to verify that (i) H11 /(−H12 ) is decreasing in κ, (ii) H22 /(−H12 ) is increasing in κ and (iii) H22 /(−H12 ) is decreasing in λ. Thus, B is increasing in λ and decreasing in κ.



11



B.4



8 9



12 13



Proof of Corollary 1



Proof. Let (h, g) be the optimal two-step policy identified in Proposition 1. Then, the optimal instrument rule is ∗ −1 f (y ∗ , u) = h(g(y ∗ , u)) = βby∗ σy−1 ∗ y + βbu σu u.



14 15 16



−1 > 0 (recall that b ∗ > 0, b < 0 and β = b ∗ σ ∗ − Let cy∗ ≡ βby∗ σy−1 ∗ > 0 and cu ≡ −βbu σu y u y y γbu (σu /ξ) > 0). First, I show cy∗ > 1. Suppose that αp > 0 (and hence λ > κ). Then,



cy∗ − 1 =βby∗ σy−1 ∗ − 1 =b2y∗ − γby∗ bu



σu −1 ξσy∗



σu = − γby∗ bu − b2u ξσy∗   √ ξσy∗  γσu  . + B2 + 1 − =b2u B {z } γσu  ξσy∗ | −by∗ /bu



11



1



Note that B is defined in (B.12). Since b2u > 0, it suﬃces to show that B 2 + 1 >



(



ξσy∗ γσu



−B



(



)2 ξσy∗ −B γσu ( )2 ( ) ξσy∗ ξσy∗ =1 − +2 B γσu γσu ( ) ( ){ } ξσy∗ 2 ξσy∗ σy∗ H11 (σu /ξ) H22 =1 − +2 − γσu γσu 2(σu /ξ) (−H12 ) 2σy∗ (−H12 ) { } ( )2 { } ξσy∗ 1 H22 H11 = 1+ + −1 − γ . γ H12 γσu H12 B2 + 1 −



2



The following manipulations reveal that the last line in the above expression is positive: ¯ ¯ − κ)) − ¯ θλ 1 H22 (θ¯ − 1)λ + 1 κ(κ + θ(1 θλ+1−λ 1+ · =1 + · γ H12 (θ¯ − 1)λ −(θ¯ − 1)κ(1 − κ) ¯ θλ 1 (θ¯ − 1)λ + 1 κ(θ¯ − 1)(1 − κ) + κ =1 + ¯ · ¯ − · (θ − 1)λ (θ − 1)κ(1 − κ) (θ¯ − 1)λ (θ¯ − 1)κ(1 − κ) ¯ − (θ¯ − 1)λκ − κ(θ¯ − 1)(1 − κ) − κ θλ = (θ¯ − 1)λ(θ¯ − 1)κ(1 − κ) (θ¯ − 1)(1 − κ)(λ − κ) + λ − κ > 0, = (θ¯ − 1)λ(θ¯ − 1)κ(1 − κ)



−1 − γ



3



¯ + 1 − κ) H11 (θ¯ − 1)λ (1 − κ)(θκ =−1− ¯ · H12 (θ − 1)λ + 1 −(θ¯ − 1)κ(1 − κ) (θ¯ − 1)κ + 1 (θ¯ − 1)λ · =−1+ ¯ (θ − 1)λ + 1 (θ¯ − 1)κ (θ¯ − 1)λ[(θ¯ − 1)κ + 1] − [(θ¯ − 1)λ + 1](θ¯ − 1)κ = [(θ¯ − 1)λ + 1](θ¯ − 1)κ (θ¯ − 1)(λ − κ) = ¯ > 0. [(θ − 1)λ + 1](θ¯ − 1)κ



Next, let us show that cu < γ/ξ. cu − γ/ξ = − βbu σu−1 − γ/ξ σy∗ γ γ =− by∗ bu + b2u − σu ξ ξ σy∗ γ 2 =− by∗ bu − by∗ σu ξ { } σy∗ by∗ γσu 2 −bu − by∗ bu = σu bu ξσy∗ σy∗ by∗ = {cy∗ − 1} σ b | {z } | u{z u} + −






Thus, we have cy∗ > 1 and cu < γ/ξ. 12



)2 .



1



2 3



B.5



Proof of Proposition 3



Proof. Suppose that q = 0 under any policy. Then, the central bank’s objective function is given by E[L0 ] = −E[Φ0 (ˆ y∗, u ˆ/ξ)] + t[ .i.p. where e 11 (ˆ e 12 (ˆ e 22 (ˆ Φ0 (ˆ y∗, u ˆ/ξ) =H y ∗ )2 + 2H y ∗ )(ˆ u/ξ) + H u/ξ).



4



5 6



(B.13)



e of 1 Φ0 ) are given by The coeﬃcients (entries of the Hessian H 2 ] [ θ¯ − 2 ¯ e H11 =(θ − 1)(λ − κ) (λ + κ) − ¯ θ−1 ¯ e H12 = − (θ − 1)(λ − κ)(λ + κ − 1) [ ] θ¯ ¯ e H22 =(θ − 1)(λ − κ) (λ + κ) − ¯ . θ−1 e = −(λ − κ)2 < 0 whenever αp > 0. Note that det(H) When the monetary instrument is unavailable, the optimal disclosure rule is given by ∗ ˜ −1 g0 (y ∗ , u) =˜by∗ σy−1 ∗ y + bu σu u
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1 e 12 is given where the eigenvector (˜by∗ , ˜bu ) associated with the unique positive eigenvalue of Σ 2 HΣ by √ e 11 − (σu /ξ)2 H e 22 ) + (σ 2∗ H e 11 − (σu /ξ)2 H e 22 )2 + 4σ 2∗ (σu /ξ)2 (H e 12 )2 (σy2∗ H ˜by∗ y y = . (B.14) ˜bu e 12 2σy∗ (σu /ξ)H [ 2 ] σy∗ 0 ∗ Note that Σ = var(y , (u/ξ)) = . Note that the sign of ˜by∗ /˜bu coincides with the 0 (σu /ξ)2 e 12 . sign of H
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B.6



7 8



9



12 13 14 15



16



17



Proof of Proposition 4



Proof. We will show that (i) ˜by∗ /˜bu is positive if and only if λ + κ < 0 and (ii) |˜by∗ /˜bu | is decreasing in |λ + κ − 1|. √ To conduct comparative statics, it is useful to observe that f (x) = x + x2 + 1 is positive and increasing in x: √ √ √ 1 2x d x2 + 1 + x x2 + 1 − x2 √ f (x) = 1 + √ = √ ≥ > 0. dx 2 x2 + 1 x2 + 1 x2 + 1 e 12 > 0). Then, the relative weight of y ∗ is written as Suppose first that λ + κ < 1 (i.e., H ( ) v )2 u( u ˜by∗ e 11 (σu /ξ) H e 22 e e ∗ σy∗ H σ (σ /ξ) H H y u 11 22 = − +t − +1>0 ˜bu e 12 e 12 e 12 e 12 2(σu /ξ) H 2σy∗ H 2(σu /ξ) H 2σy∗ H where ¯



e 11 λ + κ − θ−2 H 1 ¯ θ−1 = = −1 + ¯ e (θ − 1)(1 − (λ + κ)) H12 1 − (λ + κ) ¯



θ e 22 λ + κ − θ−1 1 H ¯ = = −1 − ¯ . e (θ − 1)(1 − (λ + κ)) H12 1 − (λ + κ)



13



1 2 3



e 11 /H e 12 is increasing in (λ + κ) and H e 22 /H e 12 is decreasing in (λ + κ). Thus, As long as λ + κ < 1, H ˜by∗ /˜bu is positive, and |˜by∗ /˜bu | is increasing in (λ + κ) when λ + κ < 1. e 12 < 0). Then, the relative weight of y ∗ is written as Next, suppose that λ + κ > 1 (i.e., H } { √ ˜by∗ e2 + 1 < 0 e+ B =− B ˜bu



4



where



( e≡ B



e 11 e 22 σy∗ H (σu /ξ) H − e 12 ) e 12 ) 2(σu /ξ) (−H 2σy∗ (−H



) .



8



e is decreasing in (λ + κ). Thus, ˜by∗ /˜bu is negative, and |˜by∗ /˜bu | is decreasing with λ + κ Then B when λ + κ > 1. Hence, ˜by∗ /˜bu is positive (negative) if and only if λ + κ < (>)1. Moreover, |˜by∗ /˜bu | is decreasing with |λ + κ − 1|. If λ + κ = 1, then the optimal disclosure rule is such that ˜by∗ = 1 and ˜bu = 0.
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B.7



5 6 7



10 11



Proof of Proposition 5



Proof. From Lemma 2, the optimal policy is characterized by a two-step policy. Given any disclosure rule, the optimal no-revealing instrument rule is expressed as follows:2 q =y ∗ − γ´



12



u ˆ ´ + δˆ z ξ



where 2



λ (θ¯ − 1)λ + η 1−λ γ´ = 2 (θ¯ − 1)λ + 1 + η λ



and



1−λ



13



14



δ´ =



λ η 1−λ 2



λ (θ¯ − 1)λ + 1 + η 1−λ



.



Let w = (y ∗ , (u/ξ), z)′ and Σ = E[ww′ ]. Now, define two matrices by     A11 0 0 1 1 − γ´ δ´ A =  0 A22 A23  and B = 1 −1 0  0 A23 0 0 1 −η where ¯ A11 =(1 − λ)2 + θλ(1 − λ) + ηλ2 > 0 [ ] A22 =(λ − κ) (θ¯ − 1 − η)(λ + κ) − (θ¯ − 2) A23 =λ − κ.



15 16 17



[ ] ´ w) ˆ ˆ ′ B ′ AB w]. ˆ 3 The dimension of the Then, the gain from public information is E Φ( = E [w optimal public signal is equal to the number of positive eigenvalues of B ′ AB. Note that B ′ AB is not negative semidefinite (i.e., it has at least one positive eigenvalue) because A11 > 0. Furthermore, det(Σ 2 B ′ ABΣ 2 ) = det(Σ 2 ) det(B ′ ) det(A) det(B) det(Σ 2 ) < 0 1



2 3



1



1



1



See Section A.4. See Section A.4.



14



1 2 3



because det(A) < 0. Since the determinant equals the product of all eigenvalues, I conclude that B ′ AB has two positive eigenvalues and one negative eigenvalue. That is, the optimal public signal consists of two indices (m1 , m2 ), which are the linear combinations of the state m1 = b′1 Σ− 2 w 1



m2 = b′2 Σ− 2 w 1



1



1



4



where b1 and b2 are the eigenvectors associated with the positive eigenvalues of Σ 2 B ′ ABΣ 2 .
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C



6



C.1



7 8 9



Benchmarks Optimal policy when the monetary instrument is unobservable



Proposition 1 Suppose that the monetary instrument is not publicly observed, so that the partially informed firm’s information set consists of the public signal. Then, there is an optimal policy such that the instrument rule is given by (θ¯ − 1)κ u q = y∗ − ¯ . (θ − 1)κ + 1 ξ



10 11 12 13



(C.1)



Proof. To keep exposition simple, suppose that the central bank chooses a deterministic policy pair (f, g) where q = f (y ∗ , u) and m = g(y ∗ , u). Then, fully informed firms can correctly predict the choice of the monetary instrument from their observation of (y ∗ , u). On the other hand, partially informed firms have to set prices based only on m. Hence, their pricing rules (B.2) are replaced by pp = (1 − ξ)ˆ p + ξ qˆ − ξ yˆ∗ + u ˆ.



14 15



16 17



Note that the second term in the right hand side is now the conditional expectation qˆ = E[q|m] of nominal demand. Consequently, the equilibrium pricing rules are given as ( ) λ 1 ∗ pp = pu + qˆ − yˆ + u ˆ 1 − αu ξ ( ) 1 κ ∗ pf = pp + ∆q − ∆y + ∆u αf ξ ( ) ( ) 1 1 ∗ p = λ qˆ − yˆ + u ˆ + κ ∆q − ∆y∗ + ∆u . ξ ξ Let a = q − y ∗ . With some notations a ˆ = qˆ − yˆ∗ and ∆a = ∆q − ∆y∗ , the expected welfare loss in equilibrium is expressed as follows. EL =E[(1 − λ)ˆ a − λˆ u/ξ]2 + E[(1 − κ)ˆ a − κˆ u/ξ]2 ¯ ¯ + θλ(1 − λ)E(ˆ a+u ˆ/ξ)2 + θκ(1 − κ)E(∆a + ∆u /ξ)2 .



18 19 20 21 22 23



(C.2)



The central bank controls the distribution of (ˆ a, u ˆ, ∆a , ∆u ) through the choice of (f, g). I will solve the problem according to the following steps. First, given any (ˆ u, ∆u ), choose (ˆ a, ∆a ) as direct control variables to minimize the expected loss. Second, find the optimal disclosure policy when (ˆ a, ∆a ) are determined as in step 1. Third, find a as a function of (y ∗ , u) that is consistent with (ˆ a, ∆a ) in step 1 and the optimal policy in step 2. In the original problem, the central bank indirectly controls (ˆ a, ∆a ) through the choice of a policy that determines a and m. So, the expected 15



1 2 3



loss when (ˆ a, u ˆ, ∆a , ∆u ) are determined by step 1 and 2 should be less than or equal to that under the optimal policy. Therefore, from step 1 and 2, I will obtain relationships among (ˆ a, u ˆ, ∆a , ∆u ) that achieve an upper bound utility.



4 5



Step 1. a ˆ solves the following problem. ¯ min[(1 − λ)ˆ a − λˆ u/ξ]2 + θλ(1 − λ)E(ˆ a+u ˆ/ξ)2 a ˆ



6



7



8



From the first-order condition, the solution is given by (θ¯ − 1)λ u ˆ a ˆ=− ¯ ξ (θ − 1)λ + 1



(C.3)



(θ¯ − 1)κ ∆u ∆a = − ¯ (θ − 1)κ + 1 ξ



(C.4)



Similarly, ∆a is given by



Step 2. Substitute (C.3) and (C.4) into (C.2) and obtain the indirect loss function ) ( )2 ( ¯ ¯ θλ u ˆ θκ ∆u 2 EL = ¯ E + ¯ E ξ ξ θλ + 1 − λ θκ + 1 − κ [ ] ( ) ( )2 2 ¯ ¯ ¯ θλ θκ u ˆ u θκ = ¯ − ¯ E E + ¯ . ξ ξ θλ + 1 − λ θκ + 1 − κ θκ + 1 − κ



9 10



The first term is minimized under no disclosure and the second term is independent of the disclosure rule. Hence, no disclosure is optimal.



11 12



13 14 15



Step 3. Combine (C.3) and (C.4) and obtain [ ¯ ] (θ¯ − 1)κ u (θ − 1)λ (θ¯ − 1)κ u ˆ a=− ¯ − ¯ − ¯ (θ − 1)κ + 1 ξ (θ − 1)λ + 1 (θ − 1)κ + 1 ξ ¯ (θ − 1)κ u . =− ¯ (θ − 1)κ + 1 ξ Note that the second equality holds since u ˆ = 0 under no disclosure. Hence, the optimal policy ¯ (θ−1)κ u under the unobserved instrument is characterized by an instrument rule f (y ∗ , u) = y ∗ − (θ−1)κ+1 ¯ ξ with no disclosure.
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1



2 3



C.2



Optimal policy under rational inattention



Proposition 2 In the rational inattention model with information capacity K ≥ 0, the optimal instrument rule is given by (θ¯ − 1)ϕ u q = y∗ − ¯ (θ − 1)ϕ + 1 ξ



4



where ϕ≡



5 6 7 8 9 10 11



(C.5)



kξ kξ + 1 − k



and



k ≡ 1 − 2−2K .



Proof. In the rational inattention model, each firm optimally allocates its attention over the payoﬀrelevant state, given the information processing constraint. Consequently, firm i receives private signal zi such that zi = ω + ϵi where ϵ ∼ N (0, τz−1 ). The variance of signal noise τz−1 is proportional to the variance of ω. Then, the Kalman gain k is exogenously determined by k = 1 − 2−2K , so that E[ω|zi ] = kzi . From the standard guess and verify method, the equilibrium pricing strategy is characterized kξ by pi = ϕzi where ϕ = kξ+1−k . The aggregate price level is p = ϕω. The output gap is y − y ∗ =q − y ∗ − p u =(1 − ϕ)(q − y ∗ ) − ϕ , ξ



12



and the price dispersion is ∫ θ¯ θ¯ (pi − p)2 di = ϕ2 E[ϵ2i ] ξ ξ θ¯ 1 − k 2 ϕ E[ω 2 ]. = ξ k



13



Hence, the optimal instrument rule solves the following problem: [( [( )2 ] )2 ] u u ¯ − ϕ)ϕE f (y ∗ , u) − y ∗ + min E (1 − ϕ)(f (y ∗ , u) − y ∗ ) − ϕ + θ(1 . ξ ξ f :R2 →R



14



The first-order condition yields f (y ∗ , u) = y ∗ −
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C.3



16



C.3.1



17 18



¯ (θ−1)ϕ u ¯ ξ. (θ−1)ϕ+1



Special cases of the baseline model Fully informed firms (αf = 1)



Consider the case of αf = 1. In the symmetric equilibrium pf = p, it follows from pricing rule (B.1) that u (y − y ∗ ) = − . ξ



19 20 21



Note that the output gap and price dispersion are determined independent of the policy. In other words, the central bank has no influence over the real economy when all firms are fully informed. Hence, any welfare loss arises from firms’ responses to the mark-up shock. 17



1



C.3.2



Partially informed firms (αp = 1)



2



Consider the case of αp = 1. In the symmetric equilibrium pp = p, the output gap is given by (y − y ∗ ) = −



3 4 5 6 7 8 9



u ˆ − (y ∗ − yˆ∗ ). ξ



Again, the monetary channel is ineﬀective, whereas the expectations channel is eﬀective. The output gap depends on the conditional expectations of the fundamentals, and hence the central bank can reduce losses by controlling the information available to partially informed firms. When the central bank chooses full disclosure g(y ∗ , u) = (y ∗ , u), which induces yˆ∗ = y ∗ and u ˆ = u for ∗ 2 every (y , u), the expected loss is given by var(u)/ξ . The central bank can achieve the first-best outcome (i.e., zero welfare loss) by choosing g(y ∗ , u) = y ∗ , which induces y ∗ = y ∗ and u ˆ = E[u] = 0 ∗ for every (y , u).



10



C.3.3



Uninformed firms (αu = 1)



11



When αu = 1, the symmetric equilibrium pu = p implies y = q − E[q].



14



Hence, by choosing an instrument rule f (y ∗ , u) = y ∗ , the central bank achieves the first-best outcome. Note that monetary policy is non-neutral, while the disclosure rule has (trivially) no eﬀects.



15



C.3.4



16



Suppose that αf = 0. Then, the indirect loss function is



12 13



No fully informed firms (αf = 0) ( )2 ¯ u ˆ θξ(1 − αu ) L =¯ + ∆2y∗ + t.i.p. θξ(1 − αu ) + αu ξ



17 18 19
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21 22 23 24 25 26 27



By choosing g(y ∗ , u) = y ∗ , the central bank can achieve the first-best. By contrast, when αf > 0 (and hence λ, κ > 0), the first-best tends to require u ˆ2 = 0 and ∆2u = 0, which is clearly impossible 2 unless σu = 0. C.3.5



No partially informed firms (αp = 0)



Suppose that αp = 0 (or equivalently αf = 1 − αu ). Then, the central bank does not need to take account of the signaling eﬀects of the monetary instrument. Therefore, the optimal monetary policy can (be conducted under full disclosure. Thus, the unconditional expected loss is ) ¯ f θξα var(u) EL = θξα , which concurs with the observation in Baeriswyl and Cornand’s (2010) ¯ f +1−αf ξ2 benchmark case. Interestingly, our setup with αp = 0 is isomorphic to Adam’s (2007) rational inattention model, although his model considers a diﬀerent information structure, so-called the rational inattention model.
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