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Introduction



Facility location? Human beings take locations decisions since the early beginnings: Ancient civilizations tend to locate near river valleys. (Egyptians/Nile , Ancient India/Indus and Ganges, Ancient China / Yellow, Mesopotamia/ Tigris and Euphrates) Provide (easy) access to essential resources















(Google maps, 2014) 5
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Facility location? 



We all select the place where we live base on different criteria:
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Facility location? 



We all select the place where we live base on different criteria: 







Distance to desirable public and private services: schools, hospitals, supermarkets, banks, etc. Distance to undesirable facilities: airports, land fills, highways, etc.
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Facility location? 



We all select the place where we live base on different criteria: 



 



Distance to desirable public and private services: schools, hospitals, supermarkets, banks, etc. Distance to undesirable facilities: airports, land fills, highways, etc. Affect:  
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Location in business and public environments Long term impact on cost, demand, quality of service, profits, etc. Limits other tactical and operative decisions Important monetary investments



  



Villegas et al.(2012) 9
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Location in business and public environments 



“The success or failure of private and public facilities depends in part on the locations chosen for those facilities” (Daskin, 1995)



Villegas et al.(2012) 10
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Location analysis and Geographic Information Systems 



Current GIS (geographic Information Systems) give us access to information that before was more difficult/expensive to collect  







Data collection and processing Solution visualization



New models and methods enhanced/exploiting GIS capabilities
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Location analysis and Geographic Information Systems 



Current GIS (geographic Information Systems) give us access to information that before was more difficult/expensive to collect  







Data collection and processing Solution visualization



For instance, in our works we use: 
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ESRI –ArcGIS, Google Maps
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Early works- spatial median problem Find a point in a plane 𝑥 ∗ , 𝑦 ∗ which minimizes the sum of weighted Euclidean distances from itself to 𝑛 fixed points with coordinates (𝑎𝑖 , 𝑏𝑖 ) 𝑛



min 𝑊 𝑥, 𝑦 = 𝑥,𝑦
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𝑤𝑖



𝑎𝑖 − 𝑥



2



+ 𝑏𝑖 − 𝑦



2



𝑖=1
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Early works- spatial median problem Find a point in a plane 𝑥 ∗ , 𝑦 ∗ which minimizes the sum of weighted Euclidean distances from itself to 𝑛 fixed points with coordinates (𝑎𝑖 , 𝑏𝑖 ) 𝑛



min 𝑊 𝑥, 𝑦 = 𝑥,𝑦







𝑤𝑖



𝑎𝑖 − 𝑥



2



+ 𝑏𝑖 − 𝑦



2



𝑖=1



Known as the:  Fermat problem (unweighted three-point case). Pierre de Fermat (1601-1665)



“let he who does not approve my method attempt the solution of the following problem: given three points in the plane, find a fourth point such that the sum of its distance to the three points is minimum” (Cited by Kuhn,1967) 14
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Early works- spatial median problem 



Known as the:  Fermat-Torricelli problem  Solution of the unweighted three-point case: Evangelista Torrricelli (1608-1647)
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Early works- spatial median problem 



Known as the:  Fermat -Weber problem or simply Weber problem  Alfred Weber (1909) introduced an industrial application for the problem
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Early works- spatial median problem Endre Vaszonyi Weiszfeld (Andrew Vaszonyi-1936) Iterative solution method for large 𝑛 and arbitrary weights



Weiszfeld Algorithm 



Use first order conditions and set partial derivatives equal to 0, 𝑛 𝜕𝑊 𝑥, 𝑦 𝑤𝑖 (𝑥 − 𝑎𝑖 ) = =0 𝜕𝑥 𝑑𝑖 (𝑥, 𝑦) 𝜕𝑊 𝑥, 𝑦 = 𝜕𝑦



Where: 𝑑𝑖 𝑥 



𝑘



,𝑦



𝑘



= 𝑤𝑖



𝑖=1 𝑛



𝑖=1



𝑤𝑖 (𝑥 − 𝑏𝑖 ) =0 𝑑𝑖 (𝑥, 𝑦)



𝑎𝑖 − 𝑥 (𝑘)



2



+ 𝑏𝑖 − 𝑦 (𝑘)



2



Extract 𝑥 𝑎𝑛𝑑 𝑦 by ignoring its presence in the distance 𝑑𝑖 (𝑥, 𝑦)
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Early works- spatial median problem Endre Vaszonyi Weiszfeld (Andrew Vaszonyi-1936) Iterative solution method for large 𝑛 and arbitrary weights



Weiszfeld Algorithm   



Use first order conditions and set partial derivatives equal to 0, Extract (𝑥, 𝑦) by ignoring its presence in the distance 𝑑𝑖 (𝑥, 𝑦) Iteratively updates the coordinates of the point (𝑥 𝑘 , 𝑦 𝑘 ) 𝑤𝑖 𝑎𝑖 𝑤𝑖 𝑏𝑖 𝑛 𝑛 𝑖=1 𝑑𝑖 (𝑥 𝑘 , 𝑦 𝑘 ) 𝑖=1 𝑑𝑖 (𝑥 𝑘 , 𝑦 𝑘 ) 𝑘+1 𝑘+1 𝑥 ,𝑦 = , 𝑤 𝑤𝑖 𝑖 𝑛 𝑛 𝑖=1 𝑑𝑖 (𝑥 𝑘 , 𝑦 𝑘 ) 𝑖=1 𝑑𝑖 (𝑥 𝑘 , 𝑦 𝑘 )
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Facility location problem: A definition 



Facility location problems deal with the question of where to locate certain facilities, so that they can satisfy some kind of demand of a certain set of customers, and so that a given objective function is optimized (Adapted from the Encyclopedia of Optimization, 2009) (Villegas, 2003)



19
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Location problems taxonomy Facility location models



Planar models



Network models



Discrete Models



• Usually, demands arise at discrete points in the plane • Facilities can be located anywhere in the plane • Distance measure using the 𝑙𝑝 distance metric 𝑝



• 𝑑 (𝑥1 , 𝑦1 ; (𝑥2 , 𝑦2 )] = ( 𝑥1 − 𝑥2 𝑝 + 𝑦1 − 𝑦2 𝑝 ) • Special cases: Manhattan 𝑝 = 1, and Euclidean distance 𝑝 = 2 20
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Location problems taxonomy Facility location models



Planar models



• • • •



Network models



Discrete Models



Travel between demand sites and facilities occur on a network Demand occurs usually at nodes of the network Facilities can be located on nodes of the network (or at arcs of the networks) Usually, shortest path distances 21
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Location problems taxonomy Facility location models



Planar models



• • • •



Network models



Discrete Models



Demand occurs at nodes of a discrete set Facilities can be located at nodes of a discrete set Distance between demand sites and facilities are represented by an (arbitrary) distance matrix Usually, modeled as mixed integer programming problems 22
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Location problems taxonomy Facility location models



Planar models
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Network models
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Facility location problem/ Questions 



Questions that could be answered:   
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Where should each facility be located? (How many facilities should be sited?) How should demand for the facilities service be allocated to the facilities? (Which will be the size of each facility)
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Discrete Facility Location/ Elements 



Facility location problems deal with the question of where to locate certain facilities, so that they can satisfy some kind of demand of a certain set of customers, and so that a given objective function is optimized



Customers



25



ELAVIO 2014



Introduction- Models - Extensions



Discrete Facility Location/ Elements 



Facility location problems deal with the question of where to locate certain facilities, so that they can satisfy some kind of demand of a certain set of customers, and so that a given objective function is optimized



Customers Candidate Facilities
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Discrete Facility Location/ Decisions 



Location decisions (which facilities will operate)
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Discrete Facility Location/ Decisions 



Allocation decisions (how open facilities will serve the customers)
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Discrete Facility Location/ Decisions  



Allocation decisions (how open facilities will serve the customers) (Usually) it is assumed that customers patronize to the closest facility (Hotelling’s principle)
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Discrete Facility Location/ Applications 



30



Supply chain design : Plants, Distribution centers, Warehouses, etc.
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Discrete Facility Location/ Applications 







31



Supply chain design : Plants, Distribution centers, Warehouses, etc. Service networks: banks, hospitals, ambulances, schools, telecommunication networks etc.
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Discrete Facility Location/ Applications 
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Supply chain design : Plants, Distribution centers, Warehouses, etc. Service networks: banks, hospitals, schools, telecommunication networks, etc. Public facilities: parks, libraries, jails, shelters, humanitarian warehouses, waste collection: bins landfills and transfer stations, fire stations, etc.
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Discrete Facility Location/ Applications 















Supply chain design : Plants, Distribution centers, Warehouses, etc. Service networks: banks, hospitals, schools, telecommunication networks etc. Public facilities: parks, libraries, jails, shelters, humanitarian warehouses, landfills and transfer stations, fire stations, etc. Others less evident applications: color selection for dental prosthesis, space lighting, design of medical treatments, etc. Cocking (2008)
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Discrete Facility Location/ Applications 
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Supply chain design : Plants, Distribution centers, Warehouses, etc. Service networks: banks, hospitals, schools, telecommunication networks etc. Public facilities: parks, libraries, jails, shelters, humanitarian warehouses, landfills and transfer stations, fire stations, etc. Others less evident applications: color selection for dental prosthesis, space lighting, design of medical treatments, etc. Data clustering ELAVIO 2014
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Facility Location/ Applications / References  
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Basic discrete facility location models



Four families of discrete location problems Discrete location problems



Median problems
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Center problems
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Basic notation / parameters  



𝒥: Customer set 𝒥 = {1, … , 𝑚} 𝑑𝑗 : Demand of customer 𝑗 ∈ 𝒥



38
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Basic notation / parameters    



𝒥: Customer set 𝒥 = {1, … , 𝑚} 𝑑𝑗 : Demand of customer 𝑗 ∈ 𝒥 Set of potential facilities ℐ = {1, … , 𝑛} Number of facilities to be opened, 1 ≤ 𝑝 ≤ 𝑛



ℐ: 𝑝:
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Basic notation / parameters     



𝒥: Customer set 𝒥 = {1, … , 𝑚} 𝑑𝑗 : Demand of customer 𝑗 ∈ 𝒥 ℐ: Set of potential facilities ℐ = {1, … , 𝑛} 𝑝: Number of facilities to be opened, 1 ≤ 𝑝 ≤ 𝑛 ℎ𝑖𝑗 : Distance between customer 𝑗 ∈ 𝒥 and potential facility 𝑖 ∈ ℐ
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Basic notation / variables Location decisions 𝑦𝑖 =



1 𝑖𝑓 𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 𝑠𝑖𝑡𝑒 𝑖 ∈ ℐ 𝑖𝑠 𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 𝑡𝑜 𝑜𝑝𝑒𝑛 𝑎 𝑓𝑎𝑐𝑖𝑙𝑖𝑡𝑦 0 𝑖𝑓 𝑛𝑜𝑡



Allocation decisions 1 𝑖𝑓 𝑑𝑒𝑚𝑎𝑛𝑑 𝑜𝑓 𝑐𝑢𝑠𝑡𝑜𝑚𝑒𝑟 𝑗 ∈ ℐ 𝑖𝑠 𝑠𝑒𝑟𝑣𝑒𝑑 𝑏𝑦 𝑎 𝑓𝑎𝑐𝑖𝑙𝑖𝑡𝑦 𝑖𝑛 𝑖 ∈ ℐ 𝑥𝑖𝑗 = 0 𝑖𝑓 𝑛𝑜𝑡



41



ELAVIO 2014



Introduction- Models - Extensions



A small example 𝒥 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, 𝑔, ℎ, 𝑖} ℐ = 1, … , 36 𝑑𝑖𝑗 measured using the 𝑙1 𝑜𝑟 𝑀𝑎𝑛ℎ𝑎𝑡𝑡𝑎𝑛 𝑚𝑒𝑡𝑟𝑖𝑐
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Four families of discrete location problems Discrete location problems



Median problems
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Center problems
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p-median problem 𝑛



𝑚



min



Minisum objective function



𝑑𝑗 ℎ𝑖𝑗 𝑥𝑖𝑗 𝑖=1 𝑗=1



Subject to: 𝑛



𝑥𝑖𝑗 = 1 𝑖=1 𝑥𝑖𝑗 ≤ 𝑛



𝑦𝑖



∀𝑗 ∈𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥



𝑦𝑖 = 𝑝 𝑖=1 𝑥𝑖𝑗 ∈



{0,1} 𝑦𝑖 ∈ {0,1} 44



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ ELAVIO 2014
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p-median problem 𝑛



𝑚



min



Minimize de total (demandweighted) distance



𝑑𝑗 ℎ𝑖𝑗 𝑥𝑖𝑗 𝑖=1 𝑗=1



Subject to: 𝑛



𝑥𝑖𝑗 = 1 𝑖=1 𝑥𝑖𝑗 ≤ 𝑛



𝑦𝑖



∀𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥



𝑦𝑖 = 𝑝 𝑖=1 𝑥𝑖𝑗 ∈



{0,1} 𝑦𝑖 ∈ {0,1} 45



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ ELAVIO 2014
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p-median problem 𝑛



𝑚



min



𝑑𝑗 ℎ𝑖𝑗 𝑥𝑖𝑗 𝑖=1 𝑗=1



Minimize de total (demandweighted) distance



Subject to: 𝑛



𝑥𝑖𝑗 = 1 𝑖=1 𝑥𝑖𝑗 ≤ 𝑛



𝑦𝑖



Assign the customers to exactly ∀𝑗 ∈ 𝒥 one facility ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥



𝑦𝑖 = 𝑝 𝑖=1 𝑥𝑖𝑗 ∈



{0,1} 𝑦𝑖 ∈ {0,1} 46



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ ELAVIO 2014
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p-median problem 𝑛



𝑚



min



Minimize de total (demandweighted) distance



𝑑𝑗 ℎ𝑖𝑗 𝑥𝑖𝑗 𝑖=1 𝑗=1



Subject to: 𝑛



𝑥𝑖𝑗 = 1 𝑖=1 𝑥𝑖𝑗 ≤ 𝑛



𝑦𝑖



∀𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥



Assign customers only to open facilities



𝑦𝑖 = 𝑝 𝑖=1 𝑥𝑖𝑗 ∈



{0,1} 𝑦𝑖 ∈ {0,1} 47



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ ELAVIO 2014
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p-median problem 𝑛



𝑚



min



Minimize de total (demandweighted) distance



𝑑𝑗 ℎ𝑖𝑗 𝑥𝑖𝑗 𝑖=1 𝑗=1



Subject to: 𝑛



𝑥𝑖𝑗 = 1 𝑖=1 𝑥𝑖𝑗 ≤ 𝑛



𝑦𝑖



∀𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥



Locate exactly p facilities



𝑦𝑖 = 𝑝 𝑖=1 𝑥𝑖𝑗 ∈



{0,1} 𝑦𝑖 ∈ {0,1} 48



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ ELAVIO 2014
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p-median problem 𝑛



𝑚



min



Minimize de total (demandweighted) distance



𝑑𝑗 ℎ𝑖𝑗 𝑥𝑖𝑗 𝑖=1 𝑗=1



Subject to: 𝑛



𝑥𝑖𝑗 = 1 𝑖=1 𝑥𝑖𝑗 ≤ 𝑛



𝑦𝑖



∀𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥



𝑦𝑖 = 𝑝 𝑖=1 𝑥𝑖𝑗 ∈



{0,1} 𝑦𝑖 ∈ {0,1} 49



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 Binary decision variables ∀𝑖 ∈ ℐ ELAVIO 2014
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p-median in our small example (p=3) ∗ ∗ ∗ 𝑦10 = 𝑦21 = 𝑦31 = 1, Optimal solution with objective function 60 ∗ ∗ ∗ ∗ 𝑥10,𝑎 = 𝑥10,𝑏 = 𝑥10,𝑐 = 𝑥10,𝑑 = 1(Weighted average distance: 1.07) ∗ ∗ ∗ ∗ 𝑥21,𝑒 = 𝑥21,𝑓 = 𝑥21,𝑔 = 𝑥21,ℎ =1 ∗ ∗ 𝑥31,𝑖 = 𝑥31,𝑗 =1



Open Facility Assigned customers



50
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Four families of discrete location problems Discrete location problems



Median problems



51



Center problems
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Basic notation / variables Location decisions 𝑦𝑖 =



1 𝑖𝑓 𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 𝑠𝑖𝑡𝑒 𝑖 ∈ ℐ 𝑖𝑠 𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 𝑡𝑜 𝑜𝑝𝑒𝑛 𝑎 𝑓𝑎𝑐𝑖𝑙𝑖𝑡𝑦 0 𝑖𝑓 𝑛𝑜𝑡



Allocation decisions 1 𝑖𝑓 𝑑𝑒𝑚𝑎𝑛𝑑 𝑜𝑓 𝑐𝑢𝑠𝑡𝑜𝑚𝑒𝑟 𝑗 ∈ ℐ 𝑖𝑠 𝑠𝑒𝑟𝑣𝑒𝑑 𝑏𝑦 𝑎 𝑓𝑎𝑐𝑖𝑙𝑖𝑡𝑦 𝑖𝑛 𝑖 ∈ ℐ 𝑥𝑖𝑗 = 0 𝑖𝑓 𝑛𝑜𝑡



52
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p-center notation / variables Location decisions 𝑦𝑖 =



1 𝑖𝑓 𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 𝑠𝑖𝑡𝑒 𝑖 𝑖𝑠 𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 𝑡𝑜 𝑜𝑝𝑒𝑛 𝑎 𝑓𝑎𝑐𝑖𝑙𝑖𝑡𝑦 0 𝑖𝑓 𝑛𝑜𝑡



Allocation decisions 𝑥𝑖𝑗 =



1 𝑖𝑓 𝑑𝑒𝑚𝑎𝑛𝑑 𝑜𝑓 𝑐𝑢𝑠𝑡𝑜𝑚𝑒𝑟 𝑗 ∈ ℐ 𝑖𝑠 𝑠𝑒𝑟𝑣𝑒𝑑 𝑏𝑦 𝑎 𝑓𝑎𝑐𝑖𝑙𝑖𝑡𝑦 𝑖𝑛 𝑖 ∈ ℐ 0 𝑖𝑓 𝑛𝑜𝑡



New continuous decision variable 𝑤: 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑎 𝑑𝑒𝑚𝑎𝑛𝑑 𝑝𝑜𝑖𝑛𝑡 𝑎𝑡 𝑡ℎ𝑒 𝑛𝑒𝑎𝑟𝑒𝑠𝑡 𝑜𝑝𝑒𝑛 𝑓𝑎𝑐𝑖𝑙𝑖𝑡𝑦 53
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p-center problem min 𝑧 Subject to: 𝑥𝑖𝑗 ℎ𝑖𝑗 ≤ 𝑧



∀𝑖 ℐ, 𝑗 ∈ 𝒥



𝑛



𝑥𝑖𝑗 = 1 𝑖=1 𝑥𝑖𝑗 ≤ 𝑛



𝑦𝑖



∀𝑗 ∈ 𝒥



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥



𝑦𝑖 = 𝑝 𝑖=1 𝑥𝑖𝑗 ∈



{0,1} 𝑦𝑖 ∈ {0,1}
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∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ
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p-center problem min 𝑧 Subject to: 𝑥𝑖𝑗 ℎ𝑖𝑗 ≤ 𝑧



Minimax objective function ∀𝑖 ℐ, 𝑗 ∈ 𝒥



𝑛



𝑥𝑖𝑗 = 1 𝑖=1 𝑥𝑖𝑗 ≤ 𝑛



𝑦𝑖



∀𝑗 ∈ 𝒥



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥



𝑦𝑖 = 𝑝 𝑖=1 𝑥𝑖𝑗 ∈



{0,1} 𝑦𝑖 ∈ {0,1}
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∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ
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p-center problem min 𝑧 Subject to: 𝑥𝑖𝑗 ℎ𝑖𝑗 ≤ 𝑧



Minimize the maximum distance between demand points and open facilities



∀𝑖 ℐ, 𝑗 ∈ 𝒥



𝑛



𝑥𝑖𝑗 = 1 𝑖=1 𝑥𝑖𝑗 ≤ 𝑛



𝑦𝑖



∀𝑗 ∈ 𝒥



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥



𝑦𝑖 = 𝑝 𝑖=1 𝑥𝑖𝑗 ∈



{0,1} 𝑦𝑖 ∈ {0,1}
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∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ
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p-center problem min 𝑧 Subject to: 𝑥𝑖𝑗 ℎ𝑖𝑗 ≤ 𝑧 𝑛



𝑥𝑖𝑗 = 1 𝑖=1 𝑥𝑖𝑗 ≤ 𝑛



𝑦𝑖



Minimize the maximum distance between demand points and open facilities



∀𝑖 ℐ, 𝑗 ∈ 𝒥 Linearization of the maximum function ∀𝑗 ∈ 𝒥



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥



𝑦𝑖 = 𝑝 𝑖=1 𝑥𝑖𝑗 ∈



{0,1} 𝑦𝑖 ∈ {0,1}
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∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ
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p-center in the small example (p=3) ∗ ∗ 𝑦3∗ = 𝑦22 = 𝑦34 = 1, Optimal solution with maximum distance = 3 ∗ ∗ ∗ ∗ ∗ 𝑥3,𝑎 = 𝑥3,𝑏 = 𝑥3,𝑐 = 𝑥3,𝑑 = 𝑥3,𝑓 = 1 ∗ ∗ ∗ 𝑥22,𝑒 = 𝑥22,𝑔 = 𝑥15,ℎ =1 ∗ ∗ 𝑥34,𝑖 = 𝑥34,𝑗 =1



Open Facility Assigned customers
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Four families of discrete location problems Discrete location problems



Median problems
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Center problems
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Covering problems



Fixed charge problems



Introduction- Models - Extensions



Basic notation / parameters     



𝒥: Customer set 𝒥 = {1, … , 𝑚} 𝑑𝑗 : Demand of customer 𝑗 ∈ 𝒥 ℐ: Set of potential facilities ℐ = {1, … , 𝑛} 𝑝: Number of facilities to be opened, 1 ≤ 𝑝 ≤ 𝑛 ℎ𝑖𝑗 : Distance between customer 𝑗 ∈ 𝒥 and potential facility 𝑖 ∈ ℐ
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Covering notation / parameters     



 



𝒥: Customer set 𝒥 = {1, … , 𝑚} 𝑑𝑗 : Demand of customer 𝑗 ∈ 𝒥 ℐ: Set of potential facilities ℐ = {1, … , 𝑛} 𝑝: Number of facilities to be opened, 1 ≤ 𝑝 ≤ 𝑛 ℎ𝑖𝑗 : Distance between customer 𝑗 ∈ 𝒥 and potential facility 𝑖 ∈ ℐ



ℎ𝑚𝑎𝑥 : Maximum coverage distance 𝒬𝑗 : 𝑖 ∈ ℐ: ℎ𝑖𝑗 ≤ ℎ𝑚𝑎𝑥 . Set of candidate facilities that can cover customer𝑗 ∈ 𝒥
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Covering notation / variables Location decisions 𝑦𝑖 =



1 𝑖𝑓 𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 𝑠𝑖𝑡𝑒 𝑖 𝑖𝑠 𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 𝑡𝑜 𝑜𝑝𝑒𝑛 𝑎 𝑓𝑎𝑐𝑖𝑙𝑖𝑡𝑦 0 𝑖𝑓 𝑛𝑜𝑡



Allocation is not performed
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Location set covering problem 𝑛



min



Minimize de number of facilities



𝑦𝑖 𝑖=1



Subject to: 𝑦𝑖 ≥ 1



∀𝑗 ∈ 𝒥



𝑦𝑖 ∈ {0,1}



∀𝑖 ∈ ℐ



𝑖∈𝒬𝑗
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Location set covering problem 𝑛



min



Minimize de number of facilities



𝑦𝑖 𝑖=1



Subject to: 𝑦𝑖 ≥ 1



∀𝑗 ∈ 𝒥



𝑦𝑖 ∈ {0,1}



∀𝑖 ∈ ℐ



𝑖∈𝒬𝑗
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Each customer has at least one open facility within the coverage distance
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Location set covering problem 𝑛



min



Minimize de number of facilities



𝑦𝑖 𝑖=1



Subject to: 𝑦𝑖 ≥ 1



∀𝑗 ∈ 𝒥



𝑦𝑖 ∈ {0,1}



∀𝑖 ∈ ℐ



𝑖∈𝒬𝑗
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Binary decision variables
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Location set covering in the small example with 𝒉𝒎𝒂𝒙 = 𝟐 ∗ ∗ 𝑦4∗ = 𝑦9∗ = 𝑦26 = 𝑦29 = 1,



Optimal solution with 4 facilities



Coverage area



Open Facility
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Covering notation / parameters     



 



𝒥: Customer set 𝒥 = {1, … , 𝑚} 𝑑𝑗 : Demand of customer 𝑗 ∈ 𝒥 ℐ: Set of potential facilities ℐ = {1, … , 𝑛} 𝑝: Number of facilities to be opened, 1 ≤ 𝑝 ≤ 𝑛 ℎ𝑖𝑗 : Distance between customer 𝑗 ∈ 𝒥 and potential facility 𝑖 ∈ ℐ



ℎ𝑚𝑎𝑥 : Maximum coverage distance 𝒬𝑗 : 𝑖 ∈ ℐ: ℎ𝑖𝑗 ≤ ℎ𝑚𝑎𝑥 . Set of candidate facilities that can cover customer𝑗 ∈ 𝒥
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Covering notation / variables Location decisions 𝑦𝑖 =



1 𝑖𝑓 𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 𝑠𝑖𝑡𝑒 𝑖 ∈ ℐ 𝑖𝑠 𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 𝑡𝑜 𝑜𝑝𝑒𝑛 𝑎 𝑓𝑎𝑐𝑖𝑙𝑖𝑡𝑦 0 𝑖𝑓 𝑛𝑜𝑡



1 𝑖𝑓 𝑐𝑢𝑠𝑡𝑜𝑚𝑒𝑟 𝑗 ∈ 𝒥 𝑖𝑠 𝑐𝑜𝑣𝑒𝑟𝑒𝑑 𝑤𝑗 = 0 𝑖𝑓 𝑛𝑜𝑡
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Maximal covering location problem 𝑚



max



Maximize covered demand



𝑑𝑗 𝑤𝑗 𝑗=1



Subject to: 𝑦𝑖 ≥ 𝑧𝑗



∀𝑗 ∈ 𝒥



𝑖∈𝒬𝑗 𝑛



𝑦𝑖 ≤ 𝑝 𝑖=1



𝑦𝑖 ∈ {0,1} 𝑤𝑗 ∈ {0,1}
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∀𝑖 ∈ ℐ ∀𝑗 ∈ 𝒥
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Maximal covering location problem 𝑚



max



Maximize covered demand



𝑑𝑗 𝑤𝑗 𝑗=1



Subject to: 𝑦𝑖 ≥ 𝑧𝑗



∀𝑗 ∈ 𝒥



𝑖∈𝒬𝑗 𝑛



To be covered the customer must have at least one open facility within the coverage distance



𝑦𝑖 ≤ 𝑝 𝑖=1



𝑦𝑖 ∈ {0,1} 𝑤𝑗 ∈ {0,1}
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∀𝑖 ∈ ℐ ∀𝑗 ∈ 𝒥
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Maximal covering location problem 𝑚



max



Maximize covered demand



𝑑𝑗 𝑤𝑗 𝑗=1



Subject to: 𝑦𝑖 ≥ 𝑧𝑗



∀𝑗 ∈ 𝒥



𝑖∈𝒬𝑗 𝑛



Locate at most p facilities



𝑦𝑖 ≤ 𝑝 𝑖=1



𝑦𝑖 ∈ {0,1} 𝑤𝑗 ∈ {0,1}
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∀𝑖 ∈ ℐ ∀𝑗 ∈ 𝒥
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Maximal covering location problem 𝑚



max



Maximize covered demand



𝑑𝑗 𝑤𝑗 𝑗=1



Subject to: 𝑦𝑖 ≥ 𝑧𝑗



∀𝑗 ∈ 𝒥



𝑖∈𝒬𝑗 𝑛



𝑦𝑖 ≤ 𝑝 𝑖=1



𝑦𝑖 ∈ {0,1} 𝑤𝑗 ∈ {0,1}
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∀𝑖 ∈ ℐ ∀𝑗 ∈ 𝒥



Binary decision variables
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Maximal covering location problem in the small example with 𝒉𝒎𝒂𝒙 = 𝟐 and 𝒑 = 𝟑 ∗ ∗ 𝑦4∗ = 𝑦15 = 𝑦19 = 1, 𝑧𝑎∗ = 𝑧𝑏∗ = 𝑧𝑐∗ = 𝑧𝑑∗ = 𝑧𝑒∗ = 𝑧𝑓∗ = 𝑧𝑔∗ = 𝑧ℎ∗ = 𝑧ℎ∗ = 1



Optimal solution covering 51 units of demand (i.e., 98% of the demand)



Coverage area



Open Facility
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Demand covered vs Number of facilities  



Last facilities tend to add very small marginal coverage Set covering vs Maximal covering



74



ELAVIO 2014



Introduction- Models - Extensions



Four families of discrete location problems Discrete location problems



Median problems
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Center problems
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Covering problems



Fixed charge problems



Introduction- Models - Extensions



Fixed charge notation/ parameters     



  



𝒥: Customer set 𝒥 = {1, … , 𝑚} 𝑑𝑗 : Demand of customer 𝑗 ∈ 𝒥 ℐ: 𝑓𝑖 : 𝑤𝑖 : ℎ𝑖𝑗 :



Set of potential facilities ℐ = {1, … , 𝑛} Fixed cost of operating a facility at site 𝑖 ∈ ℐ Maximum capacity of a facility at site 𝑖 ∈ ℐ Distance between customer 𝑗 ∈ 𝒥 and potential facility 𝑖 ∈ ℐ



𝑡𝑖𝑗 : Unitary transportation cost of shipping one unit to customer 𝑗 ∈ 𝒥 from facility 𝑖 ∈ ℐ 𝑐𝑖𝑗 : Total cost of serving all customer’s 𝑗 ∈ 𝒥 demand from facility 𝑖 ∈ ℐ, 𝑐𝑖𝑗 = 𝑑𝑗 ℎ𝑖𝑗 : 𝑡𝑖𝑗
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Fixed charge notation / variables Location decisions 𝑦𝑖 =



1 𝑖𝑓 𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 𝑠𝑖𝑡𝑒 𝑖 ∈ ℐ 𝑖𝑠 𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 𝑡𝑜 𝑜𝑝𝑒𝑛 𝑎 𝑓𝑎𝑐𝑖𝑙𝑖𝑡𝑦 0 𝑖𝑓 𝑛𝑜𝑡



Allocation decisions 𝑥𝑖𝑗 = % 𝑜𝑓 𝑑𝑒𝑚𝑎𝑛𝑑 𝑜𝑓 𝑐𝑢𝑠𝑡𝑜𝑚𝑒𝑟 𝑗 ∈ 𝒥 𝑠𝑒𝑟𝑣𝑒𝑑 𝑏𝑦 𝑓𝑎𝑐𝑖𝑙𝑖𝑡𝑦 𝑖 ∈ ℐ
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Fixed-charge location problem (Uncapacitated facility location problem-UFLP) 𝑛



min



𝑛



𝑚



𝑓𝑖 𝑦𝑖 + 𝑖=1



𝑐𝑖𝑗 𝑥𝑖𝑗 𝑖=1 𝑗=1



Subject to: 𝑛



𝑥𝑖𝑗 = 1 𝑖=1 𝑥𝑖𝑗 ≤



𝑦𝑖



0 ≤ 𝑥𝑖𝑗 ≤ 1 𝑦𝑖 ∈ {0,1}
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∀𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ
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Uncapacitated facility location problem 𝑛



min



𝑛



𝑚



𝑓𝑖 𝑦𝑖 + 𝑖=1



𝑐𝑖𝑗 𝑥𝑖𝑗



Total operating cost



𝑖=1 𝑗=1



Subject to: 𝑛



𝑥𝑖𝑗 = 1 𝑖=1 𝑥𝑖𝑗 ≤



𝑦𝑖



0 ≤ 𝑥𝑖𝑗 ≤ 1 𝑦𝑖 ∈ {0,1}
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∀𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ
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Uncapacitated facility location problem 𝑛



min



𝑛



𝑚



𝑓𝑖 𝑦𝑖 + 𝑖=1



𝑐𝑖𝑗 𝑥𝑖𝑗



Total operating cost



𝑖=1 𝑗=1



Subject to: 𝑛



𝑥𝑖𝑗 = 1 𝑖=1 𝑥𝑖𝑗 ≤



𝑦𝑖



0 ≤ 𝑥𝑖𝑗 ≤ 1 𝑦𝑖 ∈ {0,1}
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∀𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥



All the demand of the customers must be served



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ
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Fixed charge in our small example 𝒥 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, 𝑔, ℎ, 𝑖} ℐ = 1, … , 36 𝑑𝑖𝑗 measured using the 𝑙1 𝑜𝑟 𝑀𝑎𝑛ℎ𝑎𝑡𝑡𝑎𝑛 𝑚𝑒𝑡𝑟𝑖𝑐 𝑡𝑖𝑗 = 1 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 𝑓𝑖 = 30 ∀𝑖 ∈ ℐ
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Uncapacitated facility location problem in the small example ∗ ∗ 𝑦10 = 𝑦26 =1 ∗ ∗ ∗ ∗ ∗ 𝑥10,𝑎 = 𝑥10,𝑏 = 𝑥10,𝑐 = 𝑥10,𝑑 = 𝑥10,𝑒 =1 ∗ ∗ ∗ ∗ ∗ 𝑥26,𝑓 = 𝑥26,𝑔 = 𝑥26,ℎ = 𝑥26,𝑖 = 𝑥26,𝑗 =1
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Cost: 145
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Uncapacitated facility location problem in the small example ∗ ∗ 𝑦10 = 𝑦26 =1 ∗ ∗ ∗ ∗ ∗ 𝑥10,𝑎 = 𝑥10,𝑏 = 𝑥10,𝑐 = 𝑥10,𝑑 = 𝑥10,𝑒 =1 ∗ ∗ ∗ ∗ ∗ 𝑥26,𝑓 = 𝑥26,𝑔 = 𝑥26,ℎ = 𝑥26,𝑖 = 𝑥26,𝑗 =1



Cost: 145



Demand served by each Facility : Site 10: 25 Site 26: 27
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Adding capacity constraints 



All previous models are uncapacitated not only the UFLP 







p-median, p-center, maximal covering and set covering



Why having capacities in FLP  
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Actual capacities Technical limits Balancing or other managerial policies
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Capacitated facility location problem (CFLP) 𝑛



min



𝑛



𝑚



𝑓𝑖 𝑦𝑖 + 𝑖=1



𝑐𝑖𝑗 𝑥𝑖𝑗



Total operating cost



𝑖=1 𝑗=1



Subject to: 𝑛



𝑥𝑖𝑗 = 1 𝑖=1 𝑥𝑖𝑗 ≤ 𝑚



𝑦𝑖



∀𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥



𝑑𝑗 𝑥𝑖𝑗 ≤ 𝑤𝑖 𝑦𝑖 𝑖 ∈ ℐ 𝑗=1



0 ≤ 𝑥𝑖𝑗 ≤ 1 𝑦𝑖 ∈ {0,1} 85



Capacity of the open facilities



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ ELAVIO 2014
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Single Source capacitated facility location problem 𝑛



min



𝑛



𝑚



𝑓𝑖 𝑦𝑖 + 𝑖=1



𝑐𝑖𝑗 𝑥𝑖𝑗



Total operating cost



𝑖=1 𝑗=1



Subject to: 𝑛



𝑥𝑖𝑗 = 1 𝑖=1 𝑥𝑖𝑗 ≤ 𝑚



𝑦𝑖



∀𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥



𝑑𝑗 𝑥𝑖𝑗 ≤ 𝑤𝑖 𝑦𝑖 𝑖 ∈ ℐ 𝑗=1



𝑥𝑖𝑗 ∈ {0,1} 𝑦𝑖 ∈ {0,1} 86



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ ELAVIO 2014



Customer assigned to only one facility Introduction- Models - Extensions



Fixed charge in our small example with capacity constraints 𝒥 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, 𝑔, ℎ, 𝑖} ℐ = 1, … , 36 𝑑𝑖𝑗 measured using the 𝑙1 𝑜𝑟 𝑀𝑎𝑛ℎ𝑎𝑡𝑡𝑎𝑛 𝑚𝑒𝑡𝑟𝑖�� 𝑡𝑖𝑗 = 1 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 𝑓𝑖 = 30 ∀𝑖 ∈ ℐ Capacity constraint



𝑤𝑖 = 23 ∀𝑖 ∈ ℐ
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Capacitated facility location problem ∗ ∗ 𝑦4∗ = 𝑦22 = 𝑦26 =1 ∗ ∗ ∗ 𝑥4,𝑎 = 𝑥4,𝑏 = 𝑥4,𝑐 =1 ∗ ∗ ∗ ∗ 𝑥22,𝑑 = 𝑥22,𝑒 = 𝑥22,𝑓 = 𝑥22,𝑗 =1 ∗ ∗ 𝑥26,𝑔 = 𝑥26,𝑖 =1 ∗ 𝑥26,ℎ = 0.8 ∗ 𝑥22,ℎ = 0.2
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Capacitated facility location problem ∗ ∗ 𝑦4∗ = 𝑦22 = 𝑦26 =1 ∗ ∗ ∗ 𝑥4,𝑎 = 𝑥4,𝑏 = 𝑥4,𝑐 =1 ∗ ∗ ∗ ∗ 𝑥22,𝑑 = 𝑥22,𝑒 = 𝑥22,𝑓 = 𝑥22,𝑗 =1 ∗ ∗ 𝑥26,𝑔 = 𝑥26,𝑖 =1 ∗ 𝑥26,ℎ = 0.8 ∗ 𝑥22,ℎ = 0.2



Cost: 155



Demand served by each Facility : Site 4: 14 Site 22: 15 Site 26: 23 89
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Capacitated facility location problem ∗ ∗ 𝑦4∗ = 𝑦22 = 𝑦26 =1 ∗ ∗ ∗ 𝑥4,𝑎 = 𝑥4,𝑏 = 𝑥4,𝑐 =1 ∗ ∗ ∗ ∗ 𝑥22,𝑑 = 𝑥22,𝑒 = 𝑥22,𝑓 = 𝑥22,𝑗 =1 ∗ ∗ 𝑥26,𝑔 = 𝑥26,𝑖 =1 ∗ 𝑥26,ℎ = 0.8 ∗ 𝑥22,ℎ = 0.2



Cost: 155



Demand served by each Facility : Site 4: 14 Site 22: 15 Site 26: 23 Fractionated service is now an important option 90
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Capacitated facility location problem with single sourcing ∗ ∗ 𝑦4∗ = 𝑦20 = 𝑦22 =1 ∗ ∗ 𝑥4,𝑎 = 𝑥4,𝑏 =1 ∗ ∗ ∗ ∗ 𝑥20,𝑐 = 𝑥20,𝑓 = 𝑥20,𝑔 = 𝑥20,𝑖 =1 ∗ ∗ ∗ ∗ 𝑥22,𝑑 = 𝑥22,𝑒 = 𝑥22,ℎ = 𝑥22,𝑗 =1



Cost: 156



Demand served by each Facility : Site 4: 8 Site 20: 22 Site 22: 22
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Summary of models with objectives and data Discrete location problems



Median problems Minimize weighted average distance
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Center problems Minimize maximum distance



Covering problems



Fixed charge problems



Maximize Covered demand or Minimize facilities to cover al demand ELAVIO 2014



Minimize cost: operating facilities + allocation of customers
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Summary of models with objectives and data Discrete location problems



Median problems



Center problems



Distance between sites and customers



+ Coverage distance



P facilities to be open
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Covering problems



Fixed charge problems Operating cost Allocation cost



[Capacity]
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Some extensions to basic models



Location of undesirable facilities 



Some facilities (Nuclear plants, jails, landfills, etc.) are undesirable because of:     



Health hazards, Environmental pollution, Noise, Truck traffic, Decrease of property value
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Location of undesirable facilities 



 



Contrary to the previous models where proximity to facilities is desirable in this case people don’t want the facilities to be close to them. This introduces which is called a push objective: we want facilities far from the customers Some related terms:  NIMBY (not in my back yard),  BANANA (build absolutely nothing anywhere near anything)  NOPE (Not On Planet Earth),  and other terms
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Location of undesirable facilities  Possible approaches to handle undesirable facilities: 











A Maxisum Model: maximize the demand-weighted distance to the facilities that serve the customers (opposite to the p-median problem) Add constraints such that at most one of the facilities is located in a exclusion zone. Avoiding population centers (customers) being in the vicinity of more than one undesirable facility. (Eiselt & Marianov, 2014) Add additional objectives to minimize the impact of the facilities (To be covered in one application reviewed in Part II) 97
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A Maxisum Model for the location of undesirable facilities 𝑛



𝑚



max



Maximize the (demandweighted) distance of customers to facilities



𝑑𝑗 ℎ𝑖𝑗 𝑥𝑖𝑗 𝑖=1 𝑗=1



Subject to: 𝑛



𝑥𝑖𝑗 = 1 𝑖=1 𝑥𝑖𝑗 ≤ 𝑛



𝑦𝑖



∀𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥



p-median problem structure



𝑦𝑖 = 𝑝 𝑖=1 𝑚



𝑥𝑘𝑗 ≥𝑦𝑚𝑗 𝑘=1 𝑥𝑖𝑗 ∈



{0,1} 𝑦𝑖 ∈ {0,1} 98



∀𝑗 ∈ 𝒥, 𝑚 = 1, … 𝑛 Assign customers to the closest



open facilities



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ ELAVIO 2014
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A Maxisum Model for the location of undesirable facilities 𝑛



𝑚



max



Maximize the (demandweighted) distance of customers to facilities



𝑑𝑗 ℎ𝑖𝑗 𝑥𝑖𝑗 𝑖=1 𝑗=1



Subject to: 𝑛



𝑥𝑖𝑗 = 1 𝑖=1 𝑥𝑖𝑗 ≤ 𝑛



𝑦𝑖



∀𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥



p-median problem structure



𝑦𝑖 = 𝑝 𝑖=1 𝑚



𝑥𝑘𝑗 ≥𝑦𝑚𝑗 𝑘=1 𝑥𝑖𝑗 ∈



{0,1} 𝑦𝑖 ∈ {0,1} 99



∀𝑗 ∈ 𝒥, 𝑚 = 1, … 𝑛 Assign customers to the closest



open facilities



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ ELAVIO 2014



𝑚 𝑡ℎ𝑒 𝑖𝑛𝑑𝑒𝑥 𝑡𝑜 𝑡ℎ𝑒 𝑚𝑡ℎ 𝑐𝑙𝑜𝑠𝑒𝑠𝑡 𝑓𝑎𝑐𝑖𝑙𝑖𝑡𝑦 𝑡𝑜 𝑐𝑢𝑠𝑡𝑜𝑚𝑒𝑟 𝑗 Introduction- Models - Extensions



Maxisum Model in the small example
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Maxisum Model vs p-median p-median solution



Maxisum Solution



Demand weighted distance= 60
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Demand weighted distance= 251
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p-median with exclusion areas 𝑛



𝑚



min



Minimize the (demand-weighted) distance of customers to facilties



𝑑𝑗 ℎ𝑖𝑗 𝑥𝑖𝑗 𝑖=1 𝑗=1



Subject to: 𝑛



𝑥𝑖𝑗 = 1 𝑖=1 𝑥𝑖𝑗 ≤ 𝑛



𝑦𝑖



∀𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥



p-median problem structure



𝑦𝑖 = 𝑝 𝑖=1 𝑛



𝑥𝑖 ≤ 1



Only one facility in the exclusion area of each customer



∀𝑗 ∈ 𝒥,



𝑖∈𝑄𝑗



𝑥𝑖𝑗 ∈ {0,1} 𝑦𝑖 ∈ {0,1} 102
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𝓠𝒋 : Now is the exclusion area of each customer Introduction- Models - Extensions



p-median with exclusion areas with 𝒉𝒎𝒂𝒙 = 𝟐 p-median with exclusion areas



Demand weighted distance= 62
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p-median with exclusion areas with 𝒉𝒎𝒂𝒙 = 𝟐 p-median solution



p-median with exclusion areas



Demand weighted distance= 60
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Demand weighted distance= 62
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Facility location and reliability 







 







Recent natural disasters and terrorist attacks motivated the study of facility location problems with unreliable facilities Including possible failures at facilities: reliable version of classical facility location problems Reliable version of classical models Snyder, L.V., & Daskin, M. S. (2007). Models for reliable supply chain network design. In Critical Infrastructure (pp. 257-289). Springer Berlin Heidelberg Snyder, L.V., Scaparra, M. P., Daskin, M. S., & Church, R. L. (2006). Planning for disruptions in supply chain networks. Tutorials in operations research. INFORMS 105
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Reliable facility location problem (Snyder & Daskin, 2007)  



One version of the uncapacitated facility location problem At each site 𝑗 ∈ 𝒥 it is possible to locate: 



A reliable facility that never fails with cost 𝑓𝑖𝑅







Or an unreliable facility that fail randomly with probability 𝑞 with cost 𝑓𝑗𝑈







𝑓𝑖𝑅 > 𝑓𝑗𝑈 so that locating unreliable facilities is an attractive option
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Reliable facility location problem (Snyder & Daskin, 2007)  



One version of the uncapacitated facility location problem At each site 𝑗 ∈ 𝒥 it is possible to locate: 



A reliable facility that never fails with cost 𝑓𝑖𝑅 Or an unreliable facility that fail randomly with probability 𝑞 with cost 𝑓𝑗𝑈







𝑓𝑖𝑅 > 𝑓𝑗𝑈 so that locating unreliable facilities is an attractive option







Now our location decision are: 𝑦𝑖𝑅 = 𝑦𝑖𝑈



1 𝑖𝑓 𝑤𝑒 𝑙𝑜𝑐𝑎𝑡𝑒 𝑎 𝑟𝑒𝑙𝑖𝑎𝑏𝑙𝑒 𝑓𝑎𝑐𝑖𝑙𝑖𝑡𝑦 𝑎𝑡 𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 𝑠𝑖𝑡𝑒 𝑖 ∈ ℐ 0 𝑖𝑓 𝑛𝑜𝑡



1 𝑖𝑓 𝑤𝑒 𝑙𝑜𝑐𝑎𝑡𝑒 𝑎𝑛 𝑢𝑛𝑟𝑒𝑙𝑖𝑎𝑏𝑙𝑒 𝑓𝑎𝑐𝑖𝑙𝑖𝑡𝑦 𝑎𝑡 𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 𝑠𝑖𝑡𝑒 𝑖 ∈ ℐ = 0 𝑖𝑓 𝑛𝑜𝑡 107
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Reliable facility location problem (Snyder & Daskin, 2007)  



Each customer 𝑗 ∈ 𝒥 must be assigned to a primary facility and to a backup facility The backup facility is the closest reliable facility and is used when the facility of the primary assignment fails
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Reliable facility location problem (Snyder & Daskin, 2007) 







Each customer 𝑗 ∈ 𝒥 must be assigned to a primary facility and to a backup facility The backup facility is the closest reliable facility and is used when the facility of the primary assignment fails Now our allocation decision are:



1 𝑖𝑓 𝑡ℎ𝑒 𝑝𝑟𝑖𝑚𝑎𝑟𝑦 𝑎𝑠𝑠𝑖𝑔𝑛𝑚𝑒𝑛𝑡𝑜𝑓 𝑐𝑢𝑠𝑡𝑜𝑚𝑒𝑟 𝑗 𝑖𝑠 𝑡𝑜 𝑎 𝑃 𝑓𝑎𝑐𝑖𝑙𝑖𝑡𝑦 𝑎𝑡 𝑠𝑖𝑡𝑒 𝑖 ∈ ℐ 𝑥𝑖𝑗 = 0 𝑖𝑓 𝑛𝑜𝑡 1 𝑖𝑓 𝑡ℎ𝑒 𝑏𝑎𝑐𝑘𝑢𝑝 𝑎��𝑠𝑖𝑔𝑛𝑚𝑒𝑛𝑡𝑜𝑓 𝑐𝑢𝑠𝑡𝑜𝑚𝑒𝑟 𝑗 𝑖𝑠 𝑡𝑜 𝑎 𝐵 𝑓𝑎𝑐𝑖𝑙𝑖𝑡𝑦 𝑎𝑡 𝑠𝑖𝑡𝑒 𝑖 ∈ ℐ 𝑥𝑖𝑗 = 0 𝑖𝑓 𝑛𝑜𝑡 109
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Reliable facility location problem 𝑛



𝑛



𝑖=1



𝑖=1



𝑖=1 𝑗=1



∀𝑗 ∈ 𝒥



𝐵 𝑥𝑖𝑗 =1



∀𝑗 ∈ 𝒥



𝑖=1 𝑛



𝑖=1 𝑃 𝑥𝑖𝑗 ≤ 𝑦𝑖𝑈 + 𝑦𝑖𝑅 𝐵 𝑥𝑖𝑗 ≤ 𝑦𝑖𝑅 𝑦𝑖𝑈 + 𝑦𝑖𝑅 ≤ 1 𝑛 𝑦𝑖𝑅 ≥ 1 𝑖=1 𝑃 𝐵 𝑥𝑖𝑗 ∈ 0,1 , 𝑥𝑖𝑗 𝑦𝑖𝑈 ∈ 0,1 , 𝑦𝑖𝑅 110



𝑚 𝐵 𝑐𝑖𝑗 𝑥𝑖𝑗



𝑖=1 𝑗=1



Same structure of the UFLP with two versions for each constraint



𝑛



=1



𝑛 𝑃 𝑐𝑖𝑗 𝑥𝑖𝑗 +𝑞



Subject to: 𝑃 𝑥𝑖𝑗



𝑚



𝑓𝑖𝑈 𝑦𝑖𝑈 + (1 − 𝑞)



𝑓𝑖𝑅 𝑦𝑖𝑅 +



min



𝑛



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ,



∈ 0,1 ∈ {0,1}



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ ELAVIO 2014
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Reliable facility location problem 𝑛



𝑛



𝑖=1



𝑚



𝑓𝑖𝑈 𝑦𝑖𝑈 + (1 − 𝑞)



𝑓𝑖𝑅 𝑦𝑖𝑅 +



min



𝑛



𝑖=1



𝑚



𝑃 𝑐𝑖𝑗 𝑥𝑖𝑗 +𝑞 𝑖=1 𝑗=1



Subject to:



𝑛



𝐵 𝑐𝑖𝑗 𝑥𝑖𝑗 𝑖=1 𝑗=1



Primary assignments with probability 1 − q



𝑛



𝑃 𝑥𝑖𝑗 =1



∀𝑗 ∈ 𝒥



𝐵 𝑥𝑖𝑗 =1



∀𝑗 ∈ 𝒥



𝑖=1 𝑛



𝑖=1 𝑃 𝑥𝑖𝑗 ≤ 𝑦𝑖𝑈 + 𝑦𝑖𝑅 𝐵 𝑥𝑖𝑗 ≤ 𝑦𝑖𝑅 𝑦𝑖𝑈 + 𝑦𝑖𝑅 ≤ 1 𝑛 𝑦𝑖𝑅 ≥ 1 𝑖=1 𝑃 𝐵 𝑥𝑖𝑗 ∈ 0,1 , 𝑥𝑖𝑗 𝑦𝑖𝑈 ∈ 0,1 , 𝑦𝑖𝑅 111



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ,



∈ 0,1 ∈ {0,1}



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ ELAVIO 2014
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Reliable facility location problem 𝑛



𝑛



𝑖=1



𝑚



𝑓𝑖𝑈 𝑦𝑖𝑈 + (1 − 𝑞)



𝑓𝑖𝑅 𝑦𝑖𝑅 +



min



𝑛



𝑖=1



𝑚



𝑃 𝑐𝑖𝑗 𝑥𝑖𝑗 +𝑞 𝑖=1 𝑗=1



Subject to:



𝑛



𝐵 𝑐𝑖𝑗 𝑥𝑖𝑗 𝑖=1 𝑗=1



Backup assignments with probability q



𝑛



𝑃 𝑥𝑖𝑗 =1



∀𝑗 ∈ 𝒥



𝐵 𝑥𝑖𝑗 =1



∀𝑗 ∈ 𝒥



𝑖=1 𝑛



𝑖=1 𝑃 𝑥𝑖𝑗 ≤ 𝑦𝑖𝑈 + 𝑦𝑖𝑅 𝐵 𝑥𝑖𝑗 ≤ 𝑦𝑖𝑅 𝑦𝑖𝑈 + 𝑦𝑖𝑅 ≤ 1 𝑛 𝑦𝑖𝑅 ≥ 1 𝑖=1 𝑃 𝐵 𝑥𝑖𝑗 ∈ 0,1 , 𝑥𝑖𝑗 𝑦𝑖𝑈 ∈ 0,1 , 𝑦𝑖𝑅 112



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ,



∈ 0,1 ∈ {0,1}



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ ELAVIO 2014
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Reliable facility location problem 𝑛



𝑛



𝑖=1



𝑚



𝑓𝑖𝑈 𝑦𝑖𝑈 + (1 − 𝑞)



𝑓𝑖𝑅 𝑦𝑖𝑅 +



min



𝑛



𝑖=1



𝑛



𝑚



𝑃 𝑐𝑖𝑗 𝑥𝑖𝑗 +𝑞 𝑖=1 𝑗=1



𝐵 𝑐𝑖𝑗 𝑥𝑖𝑗 𝑖=1 𝑗=1



Subject to: 𝑛



𝑃 𝑥𝑖𝑗 =1



∀𝑗 ∈ 𝒥



𝐵 𝑥𝑖𝑗 =1



∀𝑗 ∈ 𝒥



𝑖=1 𝑛



𝑖=1 𝑃 𝑥𝑖𝑗 ≤ 𝑦𝑖𝑈 + 𝑦𝑖𝑅 𝐵 𝑥𝑖𝑗 ≤ 𝑦𝑖𝑅 𝑦𝑖𝑈 + 𝑦𝑖𝑅 ≤ 1 𝑛 𝑦𝑖𝑅 ≥ 1 𝑖=1 𝑃 𝐵 𝑥𝑖𝑗 ∈ 0,1 , 𝑥𝑖𝑗 𝑦𝑖𝑈 ∈ 0,1 , 𝑦𝑖𝑅 113



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ,



∈ 0,1 ∈ {0,1}



Backup assignments only to reliable facilities



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ ELAVIO 2014
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Reliable facility location problem 𝑛



𝑛



𝑖=1



𝑚



𝑓𝑖𝑈 𝑦𝑖𝑈 + (1 − 𝑞)



𝑓𝑖𝑅 𝑦𝑖𝑅 +



min



𝑛



𝑖=1



𝑛



𝑚



𝑃 𝑐𝑖𝑗 𝑥𝑖𝑗 +𝑞 𝑖=1 𝑗=1



𝐵 𝑐𝑖𝑗 𝑥𝑖𝑗 𝑖=1 𝑗=1



Subject to: 𝑛



𝑃 𝑥𝑖𝑗 =1



∀𝑗 ∈ 𝒥



𝐵 𝑥𝑖𝑗 =1



∀𝑗 ∈ 𝒥



𝑖=1 𝑛



𝑖=1 𝑃 𝑥𝑖𝑗 ≤ 𝑦𝑖𝑈 + 𝑦𝑖𝑅 𝐵 𝑥𝑖𝑗 ≤ 𝑦𝑖𝑅 𝑦𝑖𝑈 + 𝑦𝑖𝑅 ≤ 1 𝑛 𝑦𝑖𝑅 ≥ 1 𝑖=1 𝑃 𝐵 𝑥𝑖𝑗 ∈ 0,1 , 𝑥𝑖𝑗 𝑦𝑖𝑈 ∈ 0,1 , 𝑦𝑖𝑅 114



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ,



∈ 0,1 ∈ {0,1}



At most one facility at each site



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ ELAVIO 2014
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Reliable facility location problem 𝑛



𝑛



𝑖=1



𝑚



𝑓𝑖𝑈 𝑦𝑖𝑈 + (1 − 𝑞)



𝑓𝑖𝑅 𝑦𝑖𝑅 +



min



𝑛



𝑖=1



𝑛



𝑚



𝑃 𝑐𝑖𝑗 𝑥𝑖𝑗 +𝑞 𝑖=1 𝑗=1



𝐵 𝑐𝑖𝑗 𝑥𝑖𝑗 𝑖=1 𝑗=1



Subject to: 𝑛



𝑃 𝑥𝑖𝑗 =1



∀𝑗 ∈ 𝒥



𝐵 𝑥𝑖𝑗 =1



∀𝑗 ∈ 𝒥



𝑖=1 𝑛



𝑖=1 𝑃 𝑥𝑖𝑗 ≤ 𝑦𝑖𝑈 + 𝑦𝑖𝑅 𝐵 𝑥𝑖𝑗 ≤ 𝑦𝑖𝑅 𝑦𝑖𝑈 + 𝑦𝑖𝑅 ≤ 1 𝑛 𝑦𝑖𝑅 ≥ 1 𝑖=1 𝑃 𝐵 𝑥𝑖𝑗 ∈ 0,1 , 𝑥𝑖𝑗 𝑦𝑖𝑈 ∈ 0,1 , 𝑦𝑖𝑅 115



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ,



At least one reliable facility ∈ 0,1 ∈ {0,1}



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 ∀𝑖 ∈ ℐ ELAVIO 2014
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Reliable facility location problem in our small example 𝒥 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, 𝑔, ℎ, 𝑖} ℐ = 1, … , 36 𝑑𝑖𝑗 measured using the 𝑙1 𝑜𝑟 𝑀𝑎𝑛ℎ𝑎𝑡𝑡𝑎𝑛 𝑚𝑒𝑡𝑟𝑖𝑐 𝑡𝑖𝑗 = 1 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 𝑓𝑖𝑅 = 30 ∀𝑖 ∈ ℐ 𝑓𝑖𝑈 = 20 ∀𝑖 ∈ ℐ 𝑞 = 0.1
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Reliable facility location problem in our small example Objective function: 136



Primary assignment
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Reliable facility location problem in our small example Objective function: 136



Backup assignment
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Reliable facility location problem in our small example Objective function: 136



Fixing 𝑓𝑖𝑅 = 30 𝑞 > 0.25 or 𝑓𝑖𝑅 > 25 makes undesirable the location of unreliable facilities 119
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 J. A. Montoya, M. Vélez-Gallego, J.G. Villegas. Capacitated facility location problem with general operating and building costs. Congreso Latino-Iberoamericano de Investigación Operativa/ Simposio Brasileiro de Pesquisa Operacional (XVI CLAIO/XLIV SBPO). Rio de Janeiro – Brazil, September, 24-28 2012.



Capacitated multi-product facility location problem with general operating and building cost



A capacitated multi-product facility location problem with general operating and building cost 



Capacitated FLP with General Operating and Building Costs (CFLPGOBC)







Extends classical facility location problems by including: 



 



Multiple products Staircase cost for opening facilities Includes capacity decision with a general operating cost function with different behaviors: Economies of scale, congestion, etc.
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A capacitated multi-product facility location problem with general operating and building cost 



Inspired by the structure of the Colombian cement industry  Is it better to have many small facilities or few big facilities?  Is it better to have specialized facilities by product type or to have non-specialized multiproduct facilities?



122



ELAVIO 2014



Introduction- Models - Extensions



Capacitated multi-product facility location problem with general operating and building cost 



Sets 𝒩: Candidate locations ℒ: Feasible location sizes ℳ: Customers 𝒫: Products 𝒬: Feasible production quantities



 



  







Parameters   



 



𝑢𝑖 : Maximum size of the facility that can be built at location 𝑖 ∈ 𝒩 𝑑𝑗𝑘 : Demand of customer 𝑗 ∈ ℳ for product 𝑘 ∈ 𝒫 𝑐𝑖𝑗𝑘 : Cost of shipping one unit of product 𝑘 ∈ 𝒫 from location 𝑖 ∈ 𝒩to customer 𝑗 ∈ ℳ 𝑓𝑖𝑙 : Cost of building a facility of size 𝑙 ∈ ℒ at location 𝑖 ∈ 𝒩 𝑔𝑖𝑘𝑞 : Cost of producing quantity 𝑞 ∈ 𝒬 of product 𝑘 ∈ 𝒫 in a facility located at 𝑖 ∈ 𝒩 123
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Capacitated multi-product facility location problem with general operating and building cost 



Decision Variables 



𝑥𝑖𝑗𝑘 : Fraction of demand of product 𝑘 ∈ 𝒫 supplied from facility 𝑖 ∈ 𝒩 to customer 𝑗 ∈ ℳ







𝑦𝑖𝑙 : Binary variable indicating the size of facility 𝑖 ∈ 𝒩







𝑧𝑖𝑘𝑞 : Binary variable indicating the quantity of product 𝑘 ∈ 𝒫 produced at facility 𝑖 ∈ 𝒩
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Mathematical Model Opening cost



Operating cost



Transportation cost



Subject to:
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Mathematical Model Opening cost



Operating cost



Transportation cost



Subject to:



Demand satisfaction constraints
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Mathematical Model Opening cost



Operating cost



Transportation cost



Subject to:



Demand satisfaction constraints Capacity constraints per product type Overall capacity constraints



Capacity selection 127
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Mathematical Model Opening cost



Operating cost



Transportation cost



Subject to:



Demand satisfaction constraints



Capacity constraints per product type Overall capacity constraints Selection of size of facilities Opening of facilities Capacity selection 128
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Test Instances  



Randomly generated Resembling a cement supply chain in Colombia    







Candidate locations: Current plants and calyx mines Customers: located at main cities Maximal capacity: taken from actual plants Parameters:



Three instances were generated for each combination (288 in total) Parameters Notation Values
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Building cost



-



Staircase



Operating cost



-



Concave, Convex, S-shape



Facilities



n



10, 20



Customers



m



100, 150



Products



p



4, 8



Maximum capacity



U



100, 200



Demand to capacity ratio



g



0.25, 0.75
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General Cost Functions 



Building Cost 



Concave Staircase  







Capacity increases by discrete amounts Economies of scale



Operating Cost 



Concave 







Convex 







Diseconomies of scale



S-shape 
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Economies of scale



Both ELAVIO 2014



Introduction- Models - Extensions



Computational Experiments 



Gurobi 4.5.1 was used to solve the MILP  







The solver was allowed to run for a maximum of 3600 seconds The experiments were run on a 3.07 GHz Intel Core i7 with 16 GB of memory running Window 7 at 64 bits



For each instance: 
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The upper (UB) and lower bound (LB) obtained by the solver were used to compute the optimality gap (%Gap)
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Average gap by operating cost function



Operating cost function



%Gap



Number of instances solved to optimality



Average time (s)



30/96



2728.43



Concave



Average 1.17



Maximum 10.44



Convex



0.53



4.71



19/96



3044.82



S-shape



9.00



69.51



14/96



3121.54



Overall



3.57



69.51



63/288



2964.93



 



The average optimality gap was 3.57% 55% of the instances were solved with a %Gap ≤ 1%. 132
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Analysis of frequencies for the %Gap %Gap Interval 0-1 1-5 5-10 10-20 20-30 30-40 40-50 50-60 60-70
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Concave Convex S-shape Freq (%) Cum (%) Freq (%) Cum (%) Freq (%) Cum (%) 63 63 86 86 17 17 34 97 14 100 21 38 1 98 0 100 29 67 2 100 0 100 26 93 0 100 0 100 3 96 0 100 0 100 2 98 0 100 0 100 0 98 0 100 0 100 1 99 0 100 0 100 1 100
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Number of candidate facilities



Average Gap %



Facilities by building cost function 14 12 10 8 6 4 2 0 concave convex s-shape
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m=10 0.584 0.322 5.706
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m=20 1.751 0.733 12.304
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Number of customers Customers by building cost function Average Gap %



12 10 8 6 4 2 0 concave convex s-shape
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n=100 0.875 0.432 6.598
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n=150 1.459 0.623 11.412
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Number of products Products by building cost function Average Gap %



14 12 10 8 6



4 2 0 concave convex s-shape
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p=4 0.368 0.105 4.801
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p=8 1.967 0.950 13.209
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Maximum capacity Max capacity by building cost function Average Gap %



12 10 8 6 4 2 0 concave convex s-shape
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U=100 1.169 0.795 6.758
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U=200 1.166 0.259 11.252
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Demand to capacity ratio Capacity ratio by building cost function Average Gap %



12 10 8 6 4 2 0 concave convex s-shape



138



g=0.25 0.687 0.353 7.405
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g=0.75 1.648 0.702 10.605
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Other trends and extensions



Multi-echelon location models 



Supply chain applications often require locations decision with multiple echelons or layer to model Ambrosino & Scutella (2005)
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Two-echelon capacitated facility location problem with single sourcing/ Tragantalerngsak et al (2000)     



  



𝒥: Customer set 𝒥 = {1, … , 𝑚} 𝑑𝑗 : Demand of customer 𝑗 ∈ 𝒥 ℐ: Set of potential facilities ℐ = {1, … , 𝑛} 𝒦 Set of potential depots 𝒦 = {1, … , 𝑜} 𝑓𝑖𝑘 : Fixed cost of serving facility 𝑖 ∈ ℐ from depot k 𝑤𝑖 : Maximum capacity of a facility at site 𝑖 ∈ ℐ 𝑔𝑘 : Fixed cost of operating depot at location 𝑘 ∈ 𝒦 𝑐𝑖𝑗𝑘 : Total cost of serving customer’s 𝑗 ∈ 𝒥 demand from facility 𝑖 ∈ ℐ, served supplied by depot 𝑘 ∈ 𝒦



141



ELAVIO 2014



Introduction- Models - Extensions



Two-echelon capacitated facility location problem with single sourcing / variables Location decisions 1 𝑖𝑓 𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 𝑠𝑖𝑡𝑒 𝑖 ∈ ℐ 𝑖𝑠 𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 𝑡𝑜 𝑜𝑝𝑒𝑛 𝑎 𝑓𝑎𝑐𝑖𝑙𝑖𝑡𝑦 𝑠𝑒𝑟𝑣𝑒𝑑 𝑓𝑟𝑜𝑚 𝑑𝑒𝑝𝑜𝑡 𝑘 ∈ 𝒦 𝑦𝑖𝑘 = 0 𝑖𝑓 𝑛𝑜𝑡 1 𝑖𝑓𝑑𝑒𝑝𝑜𝑡 𝑘 ∈ 𝒦 𝑖𝑠 𝑜𝑝𝑒𝑛 𝑧𝑘 = 0 𝑖𝑓 𝑛𝑜𝑡



Allocation decisions 𝑥𝑖𝑗𝑘



1 𝑖𝑓 𝑐𝑢𝑠𝑡𝑜𝑚𝑒𝑟𝑗 ∈ 𝒥 𝑖 𝑖𝑠 𝑠𝑒𝑟𝑣𝑒𝑑 𝑓𝑟𝑜𝑚 𝑓𝑎𝑐𝑖𝑙𝑖𝑡𝑦 𝑎𝑡 𝑠𝑖𝑡𝑒 𝑖 ∈ ℐ 𝑠𝑢𝑝𝑝𝑙𝑖𝑒𝑑 𝑏𝑦 𝑓𝑟𝑜𝑚 𝑑𝑒𝑝𝑜𝑡 𝑘 ∈ 𝒦 = 0 𝑖𝑓 𝑛𝑜𝑡
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Two-echelon capacitated facility location problem with single sourcing 𝑜



𝑛



min



𝑜



𝑜



𝑓𝑖𝑘 𝑦𝑖𝑘 + 𝑘=1 𝑖=1



𝑛



𝑚



𝑔𝑘 𝑧𝑘 𝑘=1



𝑐𝑖𝑗𝑘 𝑥𝑖𝑗𝑘 𝑘=1 𝑖=1 𝑗=1



Total operating cost



Subject to: 𝑜



𝑛



𝑥𝑖𝑗𝑘 = 1 𝑘=1 𝑖=1



𝑥𝑖𝑗𝑘 ≤ 𝑦𝑖𝑘 𝑦𝑖𝑗 ≤ 𝑔𝑘 𝑜



∀𝑗 ∈ 𝒥



Customer assigned to ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥, ∀𝑘 ∈ 𝒦 only one facility



∀𝑖 ∈ ℐ, ∀𝑘 ∈ 𝒦



𝑚



𝑑𝑗 𝑥𝑖𝑗𝑘 ≤ 𝑤𝑖 𝑖 ∈ ℐ 𝑘=1 𝑗=1



𝑥𝑖𝑗𝑘 ∈ {0,1} 𝑦𝑖𝑘 ∈ {0,1} 𝑔𝑘 ∈ {0,1} 143



∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥, ∀𝑘 ∈ 𝒦 ∀𝑖 ∈ ℐ, ∀𝑘 ∈ 𝒦 ∀𝑘 ∈ 𝒦
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Two-echelon capacitated facility location problem with single sourcing 𝑜



𝑛



min



𝑜



𝑜



𝑓𝑖𝑘 𝑦𝑖𝑘 + 𝑘=1 𝑖=1



𝑛



𝑚



𝑔𝑘 𝑧𝑘 𝑘=1



𝑐𝑖𝑗𝑘 𝑥𝑖𝑗𝑘 𝑘=1 𝑖=1 𝑗=1



Total operating cost



Subject to: 𝑜



𝑛



𝑥𝑖𝑗𝑘 = 1



∀𝑗 ∈ 𝒥



The structure of the 𝑥𝑖𝑗𝑘 ≤ 𝑦𝑖𝑘 ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥 , ∀𝑘 ∈ 𝒦 single echelon case 𝑦𝑖𝑗 ≤ 𝑔𝑘 ∀𝑖 ∈ ℐ, ∀𝑘 ∈ 𝒦 replicates for each 𝑜 𝑚 echelon: 𝑑𝑗 𝑥𝑖𝑗𝑘 ≤ 𝑤𝑖 𝑖 ∈ ℐ • Assigned to open 𝑘=1 𝑗=1 𝑥𝑖𝑗𝑘 ∈ {0,1} ∀𝑖 ∈ ℐ, 𝑗 ∈ 𝒥, ∀𝑘 ∈ 𝒦 facilities 𝑦𝑖𝑘 ∈ {0,1} ∀𝑖 ∈ ℐ, ∀𝑘 ∈ 𝒦 • Capacity constraints 𝑘=1 𝑖=1



𝑔𝑘 ∈ {0,1} 144



∀𝑘 ∈ 𝒦
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Integration with other tactical and operative decisions 



Facility location is closely related to other (logistic) decisions: transportation, production planning, inventory control, procurement, etc.) Production decisions Riopel et al (2005)



Network design (Facility location)



Procurement decisions



Transportation decisions



(Capacitated) location-routing problems 



In classical location problems customers are served in round trips this  



May under/overestimate the cost of serving them Does not takes into account the interrelation of location and routing decisions 146



(1)



(3)



(1) (1)



(4)



(2)



(1)



(4)



(2)



(1) (1)



(4)



(2)



Customers



(2) (1)



(2) (1)



(4) Candidate depots



(𝑑𝑗 )
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(Capacitated) location-routing problems 



In classical location problems customers are served in round trips this  



May under/overestimate the cost of serving them Does not takes into account the interrelation of location and routing decisions 147



(1) (1)



(4)



(2)



(1)



(4)



(2)



(1)



(4)



(2)



Customers



(𝑑𝑗 )
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(3)



(1)



(1) (1)



(2) (1)



(4) Selected depots



Vehicle capacity 10 Introduction- Models - Extensions



Capacitated location-routing problems   



A strategic decision: the location of the depots. Tactical decisions: assignment of customers to depots Operational decisions: routing to the vehicles (1)



(3)



(1) (1)



(4) (2)



(1)



(4)



(2) (1)



(4)



(2)
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Capacitated location-routing problems 



Optimization models structure  The total demand of customers assigned to one depot must not exceed its capacity;  Each route begins and ends at the same depot;  Each vehicle performs at most one trip;  Each customer is served by one single vehicle (no split delivery); and  the total demand of customers visited by one vehicle fits vehicle capacity.
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Capacitated location-routing problems 



Optimization models structure     







The total demand of customers assigned to one depot must not exceed its capacity; Each route begins and ends at the same depot; Each vehicle performs at most one trip; Each customer is served by one single vehicle (no split delivery); and the total demand of customers visited by one vehicle fits vehicle capacity.



Minimize total cost   



the cost of open depots + the fixed costs of vehicles used + the cost of the routes 150
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Capacitated location-routing problems 







Appears frequently in humanitarian (Rath & Gutjahr 2014) and military logistics where location decisions are deployed and may change in the short-term Also: supply chain design (Schittekat & Sörensen, 2009), collection of recyclable material (Mar-Ortiz et al. 2010), service network design in public utilities (Erkut et al. 2000)



Schittekat & Sörensen, 2009), 151



ELAVIO 2014



Introduction- Models - Extensions



Capacitated location-routing problems  







The incorporation of routing decisions makes the problem harder than classical FLP Only very small LRP instances can be solved exactly by state-of-the-art MIP solvers, Exact approaches are available, but can solve only instances up to 50 customers Review of state-of-the-art metaheuristics: 



Prodhon, C., & Prins, C. (2014). A Survey of Recent Research on Location-Routing Problems. European Journal of Operational Research. Doi: http://dx.doi.org/10.1016/j.ejor.2014.01.005
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Other extensions 



Competitive facility location problems 







Stochastic Facility location problems 







Demand and maybe other parameters are random variables



Dynamic Facility location problems 







Facilities operate in a competitive environment



Decisions are taken over several periods



Hub location problems 



The underlying network uses hubs to consolidate flows
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Other extensions/ references  
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Conclusions/ remarks



Conclusions remarks   



Discrete Facility location models are an important field of operations research Four families of location problems: median, center, fixed charge, covering Possible extensions and trends:   



Undesirable facilities Unreliable facilities Integration with other decisions: routing, capacity, inventory, etc.
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