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Abstract: The shi/t .factor of o permutation is the overage of' the displacement ol elements.In this paper, we count the number of'permutationshaving maximumshift./'actor in which adjacent elementsnot appearing together. shift factor, Keywords: speechscrambling,key generation.permutations,derangements, residualintelligibility



I.



INTRODUCTION



In a scramblingsystem,the signal is encryptedby rearrangingthe input (plain text) data using permutations. When the signalis divided into portionsor sub-bands,the method directs the rearrangementor jumbling the order of these is enabledby a key and the inverseof This rearrangement portionsor sub-bands. this key would decrypt back the original data. The scrambling works with permutationas the key elementfor encryptionand its inversepermutationas the key for decryption.However,not all of thesepermutationsgeneratedresult in a scrambledsignal with acceptablylow ResidualIntelligibility (RI). The prime requirementof any encryptionalgorithm is that the RI should be minimtzed, t.e. after permutationone shouldnot be in a position to decipherany detailsfrom the permuteddata.The problemof key selectionis thereforean importantissuein the designof a scramblingsystem.
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The following are examplesof permutations that can minimizeRI: .



Cl



.



C2 Permutations whose elements do not retain their relative adjacencywith respectto the original permutation.Thus if the permutationis given by Eq.(l) below,then p, and p,*, should



(Derangements) permutationswhoseelementsare displacedfrom their originalposition.



not be adjacent, thatis, p,+l * pi*t. .



C3 Permutationswith maximum sht/i .factor. The shift factor of a permutationis det-rned below.



A rearrangement pr , pz, . . . , p , , o f l . 2 , 3 , . . . 1 , 2i s c a l l e da p e r m u t a t i oonf degreen. This permutationcan be writtenas



(r p -t \P'



2



n)



Pz



P, )



I



(l)



and for the sakeof simplicitywe write this permutationas p1,pt,...,p,. For permutationp of degreen, givenby Eq. (l ), the shifi.factoris definedby



l(\ an: - L h',



, lr- Pil.



The orderof displacement (oD) of a permutation p, given by Eq. ( I ), is definedby



OD(p)- min,_,. ..,,1i - p, l . Thus the minimurn distancebetweenan element'soriginal positionand its displacedpositionis the OD. Derangement is a permutationwhereno element retainsits old positionafter being subjectedto permutationor in otherwords it is a permutationfor which i + yt,. Thus a derangement is a permutationwith an OD of at leastone. Bv using computerprograms.MahadevaPrasannaet al. ! ] countedthe numberof permutationssatisfyingvariouscombinationsof the aboveconditions Cll-C3. Ravichandranet al. [2] developedrecurrencerelationsfbr countingthe
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satisfying(i) both Cl and C2 permutations exceptfor the two cases:permutations and (ii) both C2 and C3. Our main result in this paper is a recurrencerelation for the number of permutationssatisfying both C2 and C3. Since the proof of our main result dependson the descriptionof the permutationshaving maximum shift factor, we first review this and also provide a summaryof the alreadyknown results.



2.



PERMUTATION WITH THE MAXIMUM SHIFT FACTOR



High shift factor is essentialfor ensuringminimum or zero Rl, sincethe permutationswith high shift factor displacesthe elementsmuch farther. If the shift factor is taken to be the maximum possiblevalue, we can describeall the permutationswith the maximum shift factor. The following theorem gives the value for the maximum shift factor amongall permutationsof degreen. Theorem 1. The maximum shft .factor omong all permutations of degree n is given by n G,r,,,, :



(n even)



2 2n



(n odd)



The maximum shift factor is attainedfor the permutationsdescribedin the 2. I and2.2. Subsections Essentially,the proof of Theorem 1 dependson the following result which canbe verifiedby a directcomputation: Lemma l. Let p and p' be permutations given b1,



p- (' \/, and



a



,'l



h



l),, )



\2)
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(3)



d p , be the shift.factorsof p, p'respectively. I.f max {o,bl < min {r,d},



then e,, 1 d,



In the caseof even degreepermutations,for any permutationother than thosegiven in Subsectron2.l,we have elementssatisfyingthe conditionsof the Lemma. Therefore,the new perrnutationobtainedusing the Lemma will have higher shift factor.This can be seendirectly as follows. If the permutationis not theoneinSubsection2.1,thenoneoftheelementa=P,,|Si,P,< b e m o v e d t o t h e e l e m e n6t - p i



w h e r eI S j , p i



of the elementsC: pr , m+7 I k, pr a 2m will be moved to the element d : p t w h e r em + l and hence max {o,h} interchangingthe numbersb andd wllt have higher shift factor. This provesthat the permutationsgiven in Subsection2.l are the permutationswith maximum shift factor. SeeRavichandranet al. l2l for the completeproof.



2.1



Permutationsof Even DegreeHaving Maximum shift Factor



Let n be a n e v e n i n te g e r, s a y , n :2 ft1 , m + l . In thi s case,the fol l ow i ng permutations have shift factor nl2:



p -l



(l \P'



2



m



m+l



,*)



Pt



p*



P r+t



Pzn, ,)



(4)



w h e r ep r , p z , . . . , p , i s a p e r m u t a t i oonf m * I , m a 2 , . . . , 2 m a n d P-*r, Pm+2, ..., p2. is a permutation of 1, 2, ...,m.It shouldbe notedthat



p,2i



for i


and p,Si



for i>m+1.
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Also



Ir = l p , = ,f- l @ + i ) a n d



i-l



l-l



n et al. [2].) The shift factora is given by m : ; (seeRavichandran z 2.2



Permutationsof Odd DegreeHaving Maximum Shift Factor



Let n be an odd integer,say,n : 2m I l, m + 1. In this case,permutations in the following classeshavethe shift factor(nl2) - (ll2n). describedin the fbllowing This maximumis attainedfor the permutations threeclasses: of the fbrm ClassI consistsof permutations



(r



2



m



m+t m+2



2m+1)



[P'



Pz



P,,



m +l



Pz.*r )



P,,+2



(5)



w h e r ep t , p 2 , . . . , P * i s a p e n n u t a t i oonf m * 2 , m . ' 3 , . . . , 2 m+ 1 a n d P n * 2 , P ^ + s ,. . . , P 2 ^ . , i s a p e r m u t a t i oonf 1 , 2 , . . . ,m . Class II consistsof petmutationsof the form



(t \Pt



2



m



m+7 m+2



zm+t)



Pz



P,,



P,,+t



Pzrq )



Pm+z



(6)



w h e r ep t , p z t . . . t P n t +i,s a p e r m u t a t i o n omf + 1 , f f i * 2 , . . . , 2 m +



I andPm+2,



of l, 2, "', m' P *+t , .'., P2^*' is a permutation Class III consistsof permutationsof the form (6) where P,



P2, ..., P, is a



p e r m u t a t i o no f m * 2 , m * 3 , . . . , 2 m * I a n d p m + t t P m + 2 ,. . . , P z ^ + r i s a permutation of 7,2, ...,m * 1.
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The permutationsin classI are thosepermutationsin classII and III which fix m+1. The following theoremsgive the number of permutationssatisfyingthe conditionsC1, C2, C3 respectively. Theorem 2. The number of derangement, or permutations with all the elements displacedfrom their original positions, is



(_r),,[;), n_r)t



d,:,ri +:i



Theorem 3. Let t, denotesthe number ofpermutations o.fdegreen satisJ);ingC2. Then



'':



(n+Df[l



I



n le--+



(-l)'-'I .(r.,xj



The abovetheoremscan be found in Vilenkin [3]. Also the following recurrence relationis satisfied: t n : ( n - I ) t , , _+, ( n - 2 ) t , _ r , ( n > 4 ) tz:I, tt:3. (SeeRavichandran et al. [2].) Theorem 4. The number of permutations of degreen with ma:rimumshiftJactor is



[r, .),-l'



"r={



Lt,tr'_l @even) (nodd\ r-t\,1' ,l( L\ 2 ))



The result follows by counting,since the permutationswith maximum shift factorare known. For example,when n is odd, we needto count the distinct permutations in classesI, Il, and III. Sinceall the permutations in classI belongto both the classesII and Ill', we subtractthe numberof permutationsin classI from
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the combinedpermutationof classIl and classIIl. The proof is explainedin detail et al. [2]. in Ravichandran The following resultgivesthe numberof permutationssatisfyingboth Cl andC3. Theorem 5. The number o.fderangementswith rnaximumshi/i./'actoris (



t,.-r12



I .t = 1 I



.tn



(neven)



ltilrl L\2/l



|



-



-l



@od,t) lr-'r[f?)'"l' L\ 2 )) t



We sketchthe proof when r is even. Set n : 2m, m + I. The following permutationwith P, P2,...,Pnt as a permutationof m -l l, m * 2,..., 2m and as a permutationof l, 2,.'., ffi will have the maximum shift Pm*t,Pot+2r...rP2r, factor and also is derangedas seenin (1 tl \P,r*r



2



m



m+l



P*+2



Pz,



Pr



2*\ Pr"'



P,)



with maximumshift factorin this caseis Hencethe numberof deransements f r



r l-



(mt).1mt):lIi ]'l L\2))



Similarproof canbe given when n is odd. The following theorem gives the number of permutationssatisfying all threeconditionsCl. C2 andC3. Theorem 6. The number oJ'permutationofdegree n with maximumshift./actor in which no element is fixed and no adjacent elements are mapped to ctdjacent elementsis l2l



|I



(n even)



1,,1'



_) Lt_i u .' ^ - 1 _ - t,,_,) (n odd'l l2r, , lt, _, I



t



I



2



2 |
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NUMBER OF PERMUTATIONS SATISFYING C2 AND C3



In this section,we count the number of permutationshaving maximum shift factor with adjacentelementsnot appearingtogether. Theorem 7. The numberof'permtrtation,s with maximumshift.factorand adjacent elementsnot appearing together is (



|



@ even)



1,,1'



Itl



r I Dr-1



LrJ



lr, , 12,,*,r, ,1 @ odd) I t |



:



il



Proo./.Letn beevenandsetn:2m. Consider thepermutation below (1 tl \P,,*,



2



m



m+l



2*\



P,+z



Pz,,



Pr



P,, )



and assumethat it has the maximum shift factor and adjacentelementsdo not appeartogether.Sinceit hasmaximumshift factor,it is clear that p, p2,...,p,, is a permutationof l, 2,...,H zfrd p,,*r,..., p2,nis a permutationof m 1 1, ..., 2m. Since adjacent elements does not occur together, the number of possible p e r m u t a t i o n sP t , P z , . . . , P , o f l , 2 , m is t^. Similarlythe numberof permutatronspn+t, Pr,*2r...,P2,, ts tr. In this case,the numberof permutations havingmaximumshift factorin which adjacentelementsdo not appeartogetheris t) or ltnnl2. Now let n be odd and set n : 2m + 1. Considerthe permutationsin the classesI-III given Section2.2. In class I, the number of permutationswith adjacentelementsnot appearingtogetheris t). In eachof classesII and III, the number of permutationswith adjacentelementsnot appearingtogetheris t,t,*r. Thus when n is odd, the total number of permutationsin thesethree classeswith adjacent elements not appearing together is 2t^t -*, - t) or l-



--l



t r , , r , r l ' 2 t , n + t t- r 2l 1 r - r y , z l'
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