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Unimodality of Betti numbers for Hamiltonian circle actions with index-increasing moment Maps



Yunhyung Cho Center for Geometry and Physics, Institute for Basic Science (IBS) Pohang 37673, Republic of Korea [email protected] Received 15 October 2015 Accepted 9 March 2016 Published 20 April 2016 The unimodality conjecture posed by Tolman in [L. Jeﬀrey, T. Holm, Y. Karshon, E. Lerman and E. Meinrenken, Moment maps in various geometries, http://www.birs.ca/ workshops/2005/05w5072/report05w5072.pdf] states that if (M, ω) is a 2n-dimensional smooth compact symplectic manifold equipped with a Hamiltonian circle action with only isolated ﬁxed points, then the sequence of Betti numbers {b0 (M ), b2 (M ), . . . , b2n (M )} is unimodal, i.e. bi (M ) ≤ bi+2 (M ) for every i < n. Recently, the author and Kim [Y. Cho and M. Kim, Unimodality of the Betti numbers for Hamiltonian circle action with isolated ﬁxed points, Math. Res. Lett. 21(4) (2014) 691–696] proved that the unimodality holds in eight-dimensional case by using equivariant cohomology theory. In this paper, we generalize the idea in [Y. Cho and M. Kim, Unimodality of the Betti numbers for Hamiltonian circle action with isolated ﬁxed points, Math. Res. Lett. 21(4) (2014) 691–696] to an arbitrary dimensional case. We prove the conjecture in arbitrary dimension under the assumption that the moment map H : M → R is index-increasing, which means that ind(p) < ind(q) implies H(p) < H(q) for every pair of critical points p and q of H, where ind(p) is the Morse index of p with respect to H. Keywords: Symplectic cohomology.
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1. Introduction Let A = {a1 , . . . , an } be a ﬁnite sequence of real numbers. We say that A is unimodal if there is a positive integer k (called a mode of A) such that ai ≤ ai+1 for every i < k and aj ≥ aj+1 for every j ≥ k. In K¨ ahler geometry, it is well-known that a sequence of even (alternatively, odd) Betti numbers is unimodal. More precisely, let (M, ω, J) be a complex n-dimensional compact K¨ahler manifold. Then the hard Lefschetz theorem says that [ω]n−k : H k (M ; R) → H 2n−k (M ; R) α → α ∧ [ω]n−k 1650043-1
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is an isomorphism for every k = 0, 1, . . . , n. In particular, the map ∧[ω]
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H k (M ; R) −−−→ H k+2 (M ; R) is injective for every k < n. Hence the sequences {b0 (M ), b2 (M ), . . . , b2n (M )} and {b1 (M ), b3 (M ), . . . , b2n−1 (M )} are unimodal by Poincar´e duality. In the symplectic category, there are a lot of examples which do not satisfy the hard Lefschetz theorem so that the unimodality of Betti numbers is not obvious in general (see [3, 5] and [8]). Unfortunately, the author is not aware of any example of a compact symplectic manifold on which the unimodality fails. In fact, the following question seems to be open as far as the author knows. Question 1.1. Is there any example of compact symplectic manifold (M, ω) such that the sequence of even (alternatively, odd) Betti numbers is not unimodal? In the conference “Moment maps in various geometries” in 2005, the unimodality of Betti numbers of symplectic manifolds was discussed in the equivariant setting. More precisely, let S 1 be the unit circle group acting on a symplectic manifold (M, ω) in a Hamiltonian fashion. Tolman posed the following question. Question 1.2 ([9]). Let (M, ω) be a 2n-dimensional closed symplectic manifold equipped with a Hamiltonian circle action with only isolated ﬁxed points. Then is {b0 (M ), b2 (M ), . . . , b2n (M )} unimodal? As far as the author knows, Question 1.2 originated from the existence problem for compact non-K¨ ahler symplectic manifolds equipped with a Hamiltonian circle action with only isolated ﬁxed points. Note that there are some necessary (topological) conditions for the existence of a K¨ ahler structure, such as the evenness of odd Betti numbers b2i+1 (M ) induced by the Hodge symmetry, and the unimodality of Betti numbers induced by the hard Lefschetz theorem. Since the problem of the existence of a K¨ ahler structure is extremely hard to deal with in general, it seems more reasonable to investigate whether our manifold satisﬁes conditions with which any K¨ ahler manifold satisﬁes, such as the hard Lefschetz property or the unimodality of Betti numbers. There is another point of view to consider Question 1.2. Note that any 2ndimensional compact symplectic manifold (M, ω) equipped with an eﬀectivea Hamiltonian T n -action is a projective toric variety by Delzant’s theorem [7], hence the sequence of Betti numbers is unimodal by the hard Lefschetz theorem. Note n that the ﬁxed point set M T is isolated so that there is a generic choice of a circle subgroup S 1 ⊂ T n which acts on (M, ω) with the same ﬁxed point set, i.e. 1 n M S = M T . Consequently, we may regard Question 1.2 as a generalization of the unimodality problem of Betti numbers for Hamiltonian T n -action to the case of Hamiltonian S 1 -action. a A G-action on a manifold M is called eﬀective if the identity element e ∈ G is the unique element which ﬁxes the whole M .
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Hamiltonian circle actions with index-increasing moment maps



Recently, the author and Kim [6] proved that the unimodality holds in the eight-dimensional case. In this paper, we generalize the idea used in [6] and prove the unimodality of Betti numbers for Hamiltonian circle actions with isolated ﬁxed points with an extra condition. More precisely, let H : M → R be a moment map 1 for a compact Hamiltonian S 1 -manifold (M, ω) with isolated ﬁxed point set M S . Then it is well-known that H is a perfect Morse function whose critical point set 1 is equal to M S . In particular, the Morse index of each ﬁxed point is even so that every odd Betti number of M vanishes, i.e. b2i+1 (M ) = 0 for every i ≥ 0. We denote by ind(p) the Morse index of a critical point p of H. We say that H is index-increasing if ind(p) < ind(q) ⇒ H(p) < H(q) 1



for every p and q in M S . Our main result is as follows. Theorem 1.3. Let (M, ω) be a 2n-dimensional closed symplectic manifold equipped with a Hamiltonian circle action with only isolated fixed points. Assume the moment map H : M → R is index-increasing. Then the sequence of even Betti numbers of M is unimodal. The idea of our proof of Theorem 1.3 is as follows. Suppose that (M, ω) is a 2n-dimensional compact Hamiltonian S 1 -manifold with only isolated ﬁxed points 1 M S = {p1 , . . . , pm }. Since the corresponding moment map is a perfect Morse function, the number of ﬁxed points of index 2i is equal to b2i (M ). Now, let us consider the decomposition of equivariant cohomology HS∗ 1 (M ) = R0 ⊕ R2 ⊕ · · · , where R2i is the set of elements of degree 2i in HS∗ 1 (M ) for i ≥ 0. Our main observation is that, for any subset I = {i1 , i2 , . . . , ik } ⊂ [m] = {1, . . . , m} with |I| = k < dimR R2i , there must exist a non-zero element α ∈ R2i such that the restriction of α to the ﬁxed point set {pij | j = 1, 2, . . . , k} vanishes. This fact is obvious; since the restriction map r : R2i →



k 



HS2i1 (pij ) ∼ = Rk



j=1



α → (α|pi1 , . . . , α|pik ) is R-linear, it must have non-trivial kernel for dimensional reasons. Here, the restric1 tion α|p for p ∈ M S means i∗p (α) where i∗p : HS∗ 1 (M ) → HS∗ 1 (p) ∼ = R[u] is the ring homomorphism induced by the inclusion map ip : p → M . Hence if unimodality fails, i.e. if there is some positive integer i < n such that b2i (M ) > b2i+2 (M ), then there exists some non-zero element α ∈ HS2i1 (M ) such that the restriction α|p vanishes for every ﬁxed point p of index k for k < 2i and k = 2i + 2 since b0 (M ) + · · · + b2i−2 (M ) + b2i (M ) > b0 (M ) + · · · + b2i−2 (M ) + b2i+2 (M ) by 1650043-3
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our assumption. In Sec. 3, we will show that the existence of such an α leads to a contradiction with the Atiyah–Bott–Berline–Vergne localization theorem, see Theorem 2.4 in Sec. 2. This paper is organized as follows. In Sec. 2, we give a brief introduction to equivariant cohomology theory for Hamiltonian circle actions, including Kirwan’s injectivity theorem and the Atiyah–Bott–Berline–Vergne localization theorem for circle actions. In Sec. 3, we give the complete proof of Theorem 1.3. Finally, in Sec. 4, we show the existence of index-increasing moment map for any complex Grassmannian. 2. Equivariant Cohomology In this section, we give a brief introduction to equivariant cohomology theory for a Hamiltonian circle action on a symplectic manifold. Throughout this section, we assume that (M, ω) is a 2n-dimensional smooth compact symplectic manifold equipped with a Hamiltonian S 1 -action with a moment map H : M → R. Also, every coeﬃcient of any cohomology theory is assumed to be the ﬁeld of real numbers R. 2.1. Equivariant cohomology The equivariant cohomology HS∗ 1 (M ) is deﬁned by HS∗ 1 (M ) = H ∗ (M ×S 1 ES1 ), where ES1 is a contractible space on which S 1 acts freely. In particular, the equivariant cohomology of a point p is HS∗ 1 (p) = H ∗ (p ×S 1 ES1 ) = H ∗ (BS1 ), where BS1 = ES1 /S 1 is the classifying space of S 1 . Note that BS1 can be constructed as an inductive limit of the sequence of Hopf ﬁbrations S 3 → S 5 → · · · S 2n+1 · · · → ES 1 ∼ S ∞ ↓ ↓ ··· ↓ ··· ↓ 1 2 n 1 CP → CP → · · · CP · · · → BS ∼ CP ∞ so that we have H ∗ (BS1 ) = R[u], where u is an element of degree two with u, [CP 1 ] = 1. 2.2. Equivariant formality Note that a projection map M × ES1 → ES1 is S 1 -equivariant so that it induces a map π : M ×S 1 ES1 → BS1 1650043-4
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which makes M ×S 1 ES1 into an M -bundle over BS1 : f



M ×S 1 ES1 ← M,



Int. J. Math. 2016.27. Downloaded from www.worldscientific.com by KOREA ADVANCED INSTITUTE OF SCIENCE AND TECHNOLOGY (KAIST) on 05/09/16. For personal use only.



π↓ BS1 where f is an inclusion of M as a ﬁber. So it induces the following sequence of ring homomorphisms f∗



π∗



H ∗ (BS1 ) → HS∗ 1 (M ) → H ∗ (M ). In particular, HS∗ 1 (M ) has an H ∗ (BS1 )-module structure via the map π ∗ such that u · α = π ∗ (u) ∪ α for u ∈ H ∗ (BS1 ) and α ∈ HS∗ 1 (M ). In our situation, the equivariant cohomology of a Hamiltonian circle action has a remarkable property as follows. Theorem 2.1 ([10]). Let (M, ω) be a smooth compact symplectic manifold equipped with a Hamiltonian circle action. Then M is equivariantly formal, that is, HS∗ 1 (M ) is a free H ∗ (BS1 )-module so that HS∗ 1 (M ) ∼ = H ∗ (M ) ⊗ H ∗ (BS1 ). Equivalently, the map f ∗ is surjective with kernel u · HS∗ 1 (M ) where · means the scalar multiplication of the H ∗ (BS1 )-module structure on HS∗ 1 (M ). 2.3. Localization theorem Let α ∈ HS∗ 1 (M ) be any element of degree k. Then Theorem 2.1 implies that α can be uniquely expressed as α = αk ⊗ 1 + αk−2 ⊗ u + αk−4 ⊗ u2 + · · · , where αi ∈ H i (M ) for each i = k, k − 2, . . .. By Theorem 2.1, we have f ∗ (α) = αk . Definition 2.2. An integration along the fiber M is an H ∗ (BS1 )-module homomorphism M : HS∗ 1 (M ) → H ∗ (BS1 ) deﬁned by  α = αk , [M ] · 1 + αk−2 , [M ] · u + · · · M



for every α = αk ⊗ 1 + αk−2 ⊗ u + αk−4 ⊗ u2 + · · · ∈ HSk1 (M ). Here, [M ] is the fundamental homology class of M . i = dim M = 2n, i.e. the only possibly Note that αi , [M ] is zero for every  non-zero term is α2n , [M ] . Hence M α =  0 only if k is even and is greater than or equal to dim M . In this case, we have M α = α2n , [M ] ul−n where 2l = k. In particular, if deg α < dim M , then we have  α = 0. M
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Now, let F ⊂ M S be a ﬁxed component with an inclusion map iF : F → M . Then it induces a ring homomorphism
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i∗F : HS∗ 1 (M ) → HS∗ 1 (F ) ∼ = H ∗ (F ) ⊗ H ∗ (BS1 ). Theorem 2.3 ([10, Kirwan’s injectivity theorem]). Let (M, ω) be a compact 1 Hamiltonian S 1 -manifold. For the inclusion i : M S → M, the induced map 1



i∗ : HS∗ 1 (M ) → HS∗ 1 (M S ) is injective. For any α ∈ HS∗ 1 (M ), we call the image i∗F (α) the restriction of α to F and theorem due to Atiyah–Bott [1] denote by α|F = i∗F (α) for simplicity. The following  and Berline–Vergne [4] enables us to compute M α in terms of the ﬁxed point data. Theorem 2.4 (Atiyah–Bott–Berline–Vergne localization). For any α ∈ HS∗ 1 (M ), we have    α|F α= , S 1 (F ) e M F S1 F ⊂M



S1



where e (F ) is the equivariant Euler class of the normal bundle of F . In particular, if every ﬁxed point is isolated, then we have the following corollary. Corollary 2.5 ([2]). Let (M, ω) be a 2n-dimensional smooth compact symplectic manifold equipped with a Hamiltonian circle action with isolated fixed points. Let α ∈ HS∗ 1 (M ). Then we have   α|p  α= , ( i wi (p))un M S1 p∈M



where the sum is taken over all fixed points, and {w1 (p), . . . , wn (p)} is the set of weights of the tangential S 1 -representation on Tp M . 2.4. Equivariant symplectic classes Let H : M → R be a moment map for a closed Hamiltonian S 1 -manifold (M, ω). For the product space M × ES1 , consider a two form ωH := ω + d(H · θ), regarding ω as the pull-back of ω along the projection M × ES1 → M on the ﬁrst factor and θ as the pull-back of a connection 1-form on the principal S 1 -bundle ES1 → BS1 along the projection M × ES1 → ES1 on the second factor. Here, the connection form θ on ES1 is a ﬁnite dimensional approximation of the connection form of the principal S 1 -bundle S 2n−1 → CP n (see [2] for the details). It is not hard to show that LX ωH = iX ωH = 0, where X is the fundamental vector ﬁeld on M × ES1 generated by the diagonal action. Hence we can push-forward ωH to the quotient H the push-forward of ωH . Obviously, the restriction of M ×S 1 ES1 and denote by ω H the equivariant symplectic form with ω H on each ﬁber M is precisely ω, we call ω 1650043-6
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respect to H and we call the corresponding cohomology class [ ωH ] ∈ HS2 1 (M ) the equivariant symplectic class with respect to H. The restriction of the equivariant symplectic class to each ﬁxed component can be easily computed as follows. 1
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Proposition 2.6. Let F ∈ M S be a fixed component of the given Hamiltonian circle action. Then we have [ ωH ]|F = [ω]|F ⊗ 1 − H(F ) ⊗ u ∈ H ∗ (F ) ⊗ H ∗ (BS1 ). In particular, if F is isolated, then we have [ ωH ]|F = −H(F )u. Proof. Consider the push-forward of ω H |F = (ω+dH ∧θ+H ·dθ)|F ×ES1 to F ×BS1 .  1 Since the restriction dH|F ×ES1 vanishes, we have [ ωH ]|F = [ω]|F ⊗1+H(F )⊗[dθ]| BS 1  where [dθ] is the push-forward of [dθ] to F × BS . Since the push-forward of dθ is the curvature form which represents the ﬁrst Chern class of ES1 → BS1 , we have  = −u. Therefore, [ [dθ] ωH ]|F = [ω]|F ⊗ 1 − H(F ) ⊗ u. 3. Proof of Theorem 1.3 Throughout this section, we will always take cohomology with coeﬃcient in R. For a Hamiltonian circle action on (M, ω) with isolated ﬁxed points, recall that a moment map H : M → R for the action is a perfect Morse function. For each ﬁxed point 1 p ∈ M S , we denote by ind(p) the Morse index of p with respect to H. We say that H is index-increasing if ind(p) < ind(q) implies H(p) < H(q) for every pair of ﬁxed points p and q. Lemma 3.1. For each 2k ≤ 2n, the dimension of HS2k1 (M ) is b0 + b2 + · · · + b2k , where bi is the ith Betti number of M . Proof. Since M is equivariantly formal by Theorem 2.1, we have HS2k1 (M ) ∼ = H 0 (M ) ⊗ H 2k (BS1 ) ⊕ · · · ⊕ H 2k (M ) ⊗ H 0 (BS1 ). Then the claim follows from the fact that dimR H 2i (BS1 ) = 1 for all i ≥ 0. 1



Lemma 3.2. Let P = {p1 , . . . , pr } be any subset of the fixed point set M S with r < b0 + b2 + · · · + b2k . Then there exists a non-zero class α ∈ HS2k1 (M ) such that α|pi = 0 for every i = 1, . . . , r. 1 ∼ R is a Proof. For any α ∈ HS2k1 (M ) and p ∈ M S , the restriction α|p ∈ HS2k1 (p) = polynomial of degree k in a variable u. Thus we have α|p = auk for some a ∈ R. Let us consider the following map



2k φP 2k : HS 1 (M ; R) →



α Then



φP 2k



Rr



→ (α|p1 , . . . , α|pr ).



is R-linear and it has a non-trivial kernel for dimensional reasons. 1650043-7
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Now, we are ready to prove our main Theorem 1.3. Proof of Theorem 1.3. Let (M, ω) be a 2n-dimensional compact symplectic manifold with a Hamiltonian circle action with only isolated ﬁxed points. By our assumption, a moment map H : M → R for the action is index-increasing. For each i = 0, 1, . . . , n, we denote by Λ2i the set of all ﬁxed points of index 2i so that we have b2i := b2i (M ) = |Λ2i | = |Λ2n−2i |. Now, let us assume that the unimodality fails, i.e. b2k > b2k+2 for some 0 ≤ 2k + 2 ≤ n. Let P1 =







Λ2k−4i+2 ,



i≥0



P2 =







Λ2n−2k+4i



and



i≥1



P = P1 ∪ P2 . Since 2k < n, we have 2k − 4i + 2 ≤ 2k + 2 < 2n − 2k + 4 ≤ 2n − 2k + 4j for every i ≥ 0 and j ≥ 1. Thus P1 and P2 are disjoint so that P is the disjoint union of P1 and P2 . Therefore, the cardinality of P is given by |P| = |P1 | + |P2 |   b2k−4i+2 + b2n−2k+4i = i≥0



= b2k+2 +







i≥1



b2k−4i+2 +



i≥1







b2k−4i



i≥1



= b0 + b2 + · · · + b2k−2 + b2k+2 < b0 + b2 + · · · + b2k−2 + b2k . Then Lemma 3.2 implies that there exists a non-zero class α ∈ HS2k1 (M ) which vanishes on P. Let I1 = Λ0 ∪ Λ2 ∪ · · · ∪ Λ2k+4 , Ij = Λ2k+2+2j



for all j ∈ {2, 3, . . . , n − 2k − 1} and



In−2k = Λ2n−2k+2 ∪ Λ2n−2k+4 ∪ · · · ∪ Λ2n 1



1



be a decomposition of the ﬁxed point set M S into disjoint (n− 2k)-subsets of M S . Since H is index-increasing, there exists (n − 2k − 1) numbers {r1 , r2 , . . . , rn−2k−1 } such that H(p) < ri < H(q) 1650043-8
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for every p ∈ Ii and q ∈ Ii+1 . For each i = 1, . . . , n − 2k − 1, let Hi = H − ri be a new moment map and [ωHi ] be the equivariant symplectic class with respect to Hi . Let
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β := α2 · [ωH1 ] · [ωH2 ] · · · [ωHn−2k−1 ] ∈ HS2n−2 (M ). 1 Applying the localization Theorem 2.4 to β, we have   (α|p )2 · [ωH1 ]|p · [ωH2 ]|p · · · [ωHn−2k−1 ]|p β= =0 eS 1 (p) M S1 p∈M



for dimensional reasons. Since α = 0 in HS2k1 (M ), there exists at least one ﬁxed 1 point, namely z ∈ M S , such that α|z = 0 by the Kirwan’s injectivity Theorem 2.3. Now, let us determine the sign of each summand of the integration above. For 1 every p ∈ I1 with α|p = 0, the sign of eS (p) is (−1)k , since α vanishes on P1 so that ind(p) is 2k + 4i for some integer i ≤ 1. Also by Proposition 2.6, we can easily see that (α|p )2 · [ωH1 ]|p · [ωH2 ]|p · · · [ωHn−2k−1 ]|p = (α|p )2 (−H1 (p))(−H2 (p)) · · · (−Hn−2k−1 (p)) > 0 since Hi (p) < 0 for every p ∈ I1 . Therefore, we have  (α|p )2 · [ωH1 ]|p · [ωH2 ]|p · · · [ωHn−2k−1 ]|p (−1)k · ≥ 0. eS 1 (p) p∈I 1



The equality holds if and only if α|p = 0 for every p ∈ I1 . 1 For p ∈ Ij with j = 2, . . . , n − 2k − 1, the sign of eS (z) is (−1)k+j+1 since ind(p) = 2k + 2j + 2. Also, we have Hi (p) > 0 for i < j and Hi (p) < 0 for i ≥ j so that the numerator has a sign of (−1)j−1 , i.e. the summand for each p ∈ Ij has a sign (−1)k+2j = (−1)k . Therefore,  (α|p )2 · [ωH1 ]|p · [ωH2 ]|p · · · [ωHn−2k−1 ]|p (−1)k · ≥0 eS 1 (p) p∈I j



for all j = 2, . . . , n − 2k − 1. And the equality holds if and only if α|p = 0 for every p ∈ Ij . 1 Finally, for p ∈ In−2k with α|p = 0, the sign of eS (p) is (−1)n−k+1 since α vanishes on P2 so that ind(p) is 2n − 2k + 2i for i = 1, 3, 5, . . . . Also, Hi (p) > 0 for every i so that the sign of the numerator is (−1)n−2k−1 . Therefore  (α|p )2 · [ωH1 ]|p · [ωH2 ]|p · · · [ωHn−2k−1 ]|p (−1)k · ≥ 0. eS 1 (p) p∈In−2k



The equality holds if and only if α|p = 0 for every p ∈ In−2k . To sum up, every summand has the same  sign, and there is at least one summand which is non-zero. Thus the integral M β cannot be zero which leads to a contradiction. This ﬁnishes the proof. 1650043-9
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4. Examples: Complex Grassmannians Let n > 1 be a positive integer. For 1 ≤ k ≤ n − 1, let G(k, n) be the complex Grassmannian manifold which consists of all k-dimensional subspaces of Cn . In this section, we will construct a Hamiltonian circle action on G(k, n) having only isolated ﬁxed points, and show that it has a moment map which is index-increasing. More precisely, we ﬁrst deﬁne a T n -action on G(k, n), and also deﬁne a Hamiltonian n T n -action on (P(k )−1 , ωFS ) such that the Pl¨ ucker embedding  k 



n −1 ∼ n ( ) k φ : G(k, n) → P C =P n is T n -equivariant where ωFS is the Fubini–Study form on P(k )−1 . If we denote by n n µ : P(k )−1 → Rn a moment map for the action on P(k )−1 , then the T n -action on (G(k, n), φ∗ ωFS ) becomes a Hamiltonian action with a moment map µ ◦ φ. Then we will show that there is a circle subgroup H of T n such that the induced H-action has only isolated ﬁxed points and the corresponding moment map is index-increasing. To do this, we ﬁrst consider a linear T n -action on Cn . We denote by {e1 , e2 , . . . , en } the standard basis of Cn . Let T n be an n-dimensional compact torus acting linearly on Cn by



(t1 , t2 , . . . , tn ) · (z1 , z2 , . . . , zn ) = (t1 z1 , t2 z2 , . . . , tn zn ). Since T n acts on Cn linearly, it induces a T n -action on G(k, n). Then the ﬁxed point set is given by n



G(k, n)T = {eI | I ⊂ [n], |I| = k}, where eI is a k-dimensional subspace of Cn generated by {ei1 , ei2 , . . . , eik } with I = {i1 , i2 , . . . , ik | 1 ≤ i1 < i2 < · · · < ik ≤ n}. For each k-subset I ⊂ [n], let us consider a holomorphic chart UI ∼ = Ck(n−k) of eI which can be identiﬁed with the set of all k × n matrices of the form



        



∗ ∗ ∗ .. . ∗



··· ··· ··· .. . ···



∗ ∗ ∗ .. . ∗



1 ∗ 0 ∗ 0 ∗ .. .. . . 0 ∗ i1 th



··· ··· ··· .. . ···



∗ ∗ ∗ .. . ∗



0 ∗ 1 ∗ 0 ∗ .. .. . . 0 ∗ i2 th



······ ∗ 0 ∗ ······ ∗ 0 ∗ ······ ∗ 0 ∗ . . · · · · · · .. .. ∗ ······ ∗ 1 ∗ ··· ik th



··· ··· ···







       ···  ···



such that (r, ir )th entry is 1 for every r = 1, 2, . . . , k. Then the T n -action on each (r, s)th coordinate zrs with s = ir is given by t · zrs = ts t−1 ir zrs 1650043-10
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so that the weight of the T n -action on each (r, s)-coordinate subspace is αs −αir ∈ t∗ where t



αj :



→R
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ξ = (ξ1 , ξ2 , . . . , ξn ) → ξj for every j. Thus the set of weights wt(eI ) of the tangential T n -representation at eI is given by wt(eI ) = {αj − αi | j ∈ I c , i ∈ I}, where I c denotes the complement of I in [n]. To make the action to be Hamiltonian, we need to ﬁnd a T n -invariant symplectic form on G(k, n). Let us consider the Pl¨ ucker embedding k  



n −1 n ( ) ∼ φ : G(k, n) → P k C =P L



→ φ(L) = [α1 ∧ α2 ∧ · · · ∧ αk ],



where {α1 , α2 , . . . , αk } is a basis of L. Note that φ is well-deﬁned, i.e. φ(L) does not depend on the choice of a basis of L. By using the homogeneous coordinates k  



n P = {[zI1 : zI2 : · · · : zI n ] | Ij ⊂ [n], |Ij | = k}, C (k) where zI = [ei1 ∧ ei2 ∧ · · · ∧ eik ] with I = {i1 , i2 , . . . , ik } ⊂ [n], deﬁne a T n -action on P( k Cn ) such that t · [zI1 : zI2 : · · · : zI n ] = [tI1 zI1 : tI2 zI2 : · · · : tI n zI n ], (k) (k ) (k)  n where tI = i∈I ti . Then it is easy to check that φ is T -equivariant with respect k to the action deﬁned as above. Let ω be a T n -invariant K¨ ahler form on P( Cn ) such that  n ω (k )−1 = 1. V P(



k



Cn )



Since φ is an algebraic map and is T n -equivariant, the pull-back form σ = φ∗ ω is a T n -invariant symplectic form on G(k, n) so that the T n -action on G(k, n) is Hamiltonian with respect to σ. Now, consider the circle subgroup H = {(t, t2 , . . . , tn ) ∈ T n | t ∈ S 1 } of T n . Then the H-action on P( k Cn ) can be written as   



r n r r t · zI1 : zI2 : · · · : zI(n) = t 1 zI1 : t 2 zI2 : · · · : t (k ) zI n , (k) k  k n C ), ω), the correwhere ri = j∈Ii j. With respect to the H-action on (P( sponding moment map µ is given by   r |z |2  i i Ii : z : · · · : z z I1 I2 I n µ ( k ) =  |zI |2 . i i 1650043-11
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FIi = [0 : 0 : · · · : 0 : zIi = 1 : 0 : · · · : 0]



is ri = j∈Ii j. Note that µ ◦ φ : G(k, n) → R is a moment map for the H-action n on (G(k, n), φ∗ ω) and the image of each ﬁxed point eI ∈ G(k, n)T is given by  µ ◦ φ(eI ) = µ(FI ) = j. j∈I c



For each k-subset I ⊂ [n], let I be its complement, i.e. j ∈ I c if and only if j ∈ / I. Then the weights of the H-representation, denoted by wtH (eI ), on the tangent space of each ﬁxed point eI is {j − i | j ∈ I c , i ∈ I}. Now, we claim that k



  1 k(k + 1) ind(eI ) = . j− i = µ ◦ φ(eI ) − 2 2 i=1 j∈I



To show this, we use induction on |I c | = n − k. For a ﬁxed n, let I = {i1 , i2 , . . . , ik },



i1 < i2 < · · · < ik



and let I c = {j1 , j2 , . . . , jn−k },



j1 < j2 < · · · < jn−k .



Recall that 12 ind(eI ) is the number of negative weights in wtH (eI ) = {j − i | j ∈ I c , i ∈ I}. For n − k = 1, i.e. I c = {j1 }, we have 1 ind(eI ) = |{i ∈ I = {1, 2, . . . , jˆ1 , j1 + 1, . . . , n} | j1 < i}| 2 = n − j1 =



n 



i−



i=1



=







n−1 



i − j1



i=1



j−



n−1 



i.



i=1



j∈I



Hence the claim is true for n − k = 1. Now, suppose that the claim is true for all I ⊂ [n] with |I c | = n − k > 1. Assume that |I c | = n − k and let l = {i ∈ I | j1 < i}. Then n − j1 = |{i ∈ [n] | j1 < i}| = l + |{j2 , . . . , jn−k }| = n − k − 1 + l. Hence we have j1 = k + 1 − l. Now, let I  = I ∪ {j1 } so that |(I  )c | = n − k − 1. By induction, we have 1 1 ind(eI ) − l = ind(eI  ) 2 2 =



 j∈I 



j−



k+1 



i



i=1



1650043-12
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=







j + j1 − (k + 1) −







i



i=1



j∈I



=



k 



j + k + 1 − l − (k + 1) −
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 j∈I



Therefore, we have



 j∈I



j−



k



i=1



i



i=1



j∈I



=



k 



j−



k 



i − l.



i=1



i = 12 ind(eI ) and this ﬁnishes the proof of the



claim. Consequently, µ ◦ φ(eI ) is equal to 12 ind(eI ) + index-increasing.



k(k+1) . 2



In particular, µ ◦ φ is



Example 4.1. Moment graph of G(2, 4) for some T 2 -action.



index : 8 index : 6



index : 4



index : 4



index : 2 index : 0
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