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Ordered Statistics based rate allocation scheme for Closed Loop MIMO-OFDM system Xiang He, SiYa Wang, WenJun Zhang, XiaoYin Gan Shanghai JiaoTong University Shanghai, P.R.China



Abstract We propose a new rate allocation algorithm for closed loop MIMO-OFDM system. The new scheme utilizes ordered statistics of channel matrix’s singular value and is signiﬁcantly simpler than ideal scheme which uses waterﬁlling in both frequency and space domain. The proposed scheme is more ﬂexible in that it does not force the use of large antenna array as “conventional frequency ﬂat constraint” scheme does[3]. It also outperforms FFC algorithm under equal hardware complexity.



1. Introduction The temporal model of MIMO channel is shown in (1). There are L paths from transmitter to receiver. For every path, the channel matrix is a r × t matrix denoted by hl . We assume the transmitter uses t antennas, while the receiver uses r ones. For simplicity of discussion we assume ∆ r = t = M . Each element of hl is usually modeled as i.i.d complex Gaussian random variable. xk and yk in (1) are channel inputs and outputs. nk is the Gaussian white additive noise. yk =



L−1 



hl xk−l + nk



(1)



l=0



The temporal model can be converted into frequency domain by doing N-point FFT on both sides of (1). Equation (2) shows the usual way that cyclic preﬁx is added to the head of every N transmitted symbols. If this is done, the multi-path effect can be equalized in frequency domain, in that the channel model can be written in a simple form of multiplication. This is shown in (3a) according to the notation deﬁned in (3b).√Since FFT is a unitary transform when  n are still normalized with 1/ N , components in Hn and N i.i.d complex Gaussian variants. We assume in the following context that components in Hn has unit variance. x−p = xN −p , 1 ≤ p ≤ L − 1



(2)



n + N  n, n = 1 . . . N  n = Hn X Y n = X



N −1 



n = xk WNnk , Y



k=0



n = N



N −1 



N −1 



(3a)



yk WNnk



k=0



nk WNnk , Hn =



k=0



L−1 



hl WNnl



(3b)



l=0



WN = e−j2π/N Each MIMO channel represented by (3a) can be further decomposed into M AWGN channels via singular value decomposition(SVD). Let this decomposition be Hn = Vn Dn Un . Substituting (4a) (4b) into (3a) we get (4c). Let sn,k , k = 1 . . . t be the singular values on Dn ’s diagonal. We assume Hn is non-singular so sn,k > 0. Then (4c) can be rewritten in a scalar form as shown in (4d), where  n , X  n , N  n . , xn,i , nn,i are the ith component of vector Y yn,i Since Vn is a unitary matrix, nn,i is still Gaussian distributed, thus (4d) represents a AWGN sub-channel. Hn = Vn Dn Un   = Un X   = V HN   = V HY n , X  n, N n Y n n n n n n = Dn X  n + N  n Y  yn,i = sn,i xn,i + nn,i , i = 1 . . . M



(4a) (4b) (4c) (4d)



The underlying system, which is equivalent to M × N AWGN sub-channels given by (4d), is drawn in Fig.1 for M = 2. SVD pre-ﬁlter and post-ﬁlter corresponds to (4b). P/S and S/P are short-hand of parallel serial conversion. CP stands for cyclic preﬁx deﬁned by (2). SVD decomposition in (4a) is done by the receiver and Vn has to be fed back to the transmitter for the SVD pre-ﬁlter to work. Thus the feedback data amount increases with antenna number M . In this paper we study the bit allocation scheme over the sub-channels. There are M ×N sub-channels in all, indexed by (m, n), m ∈ {1 . . . M }, n ∈ {1 . . . N } where n is the carrier index and m the antenna index. Let the rate allocated



2. Marginal P.D.F of Gaussian random matrix’s ordered singular values



Figure 1. system diagram of SVD-based MIMO-OFDM system



to channel (m, n) be rm,n . Then the bit allocation problem can be expressed with (5). N M    2rm,n − 1 min (5a) s2m,n n=1 m=1 M N  



rm,n = R, rm,n ≥ 0



(5b)



n=1 m=1



rm,n = R/N, rm,n ≥ 0



i



j



S



where R is the overall transmission rate. Solving this problem requires water-ﬁlling across both m and n. Solving this problem adaptively in practice is too complex since N can be huge, thus simpliﬁcation of this ideal problem becomes interesting. One example([3]) introduces “frequency ﬂat constraint”(FFC). It equally allots R among all carriers as shown in (6b) and performs only local water-ﬁlling among M sub-channels as shown in (6a). FFC scheme approaches ideal performance with more antennas, but it does not take care of system with small antenna array whose M is between 2 and 4. Also, big antenna array requires more feedback data.   M  2rm,n − 1 ,n = 1...N (6a) min s2m,n m=1 M 



Joint P.D.F. of i.i.d Gaussian random matrix’s unordered singular values was a classical result given by Wishart in 1920s[1]. The marginal P.D.F of the smallest singular value is later given in [2], which is used to decide how many antennas receiver should use. Interestingly, as we will show below, with similar method, marginal P.D.F. of all ordered singular values can be derived. We use the same notations and assumptions as those in equation (3) and (4). HnH Hn is conventionally called a Wishart matrix. We use notation λk for its unordered eigenvalue and λ(k) for ordered ones. Then probability that λ(k) is bigger than a given constant a can be written in a recursive form shown by (7).     P λ(k) ≥ a = P λ(k−1)th ≥ a    (7) ¯ λ ≥a P ∀i ∈ S, λ < a, ∀j ∈ S, +



(6b)



m=1



In this paper, we aim to provide an alternative bit allocation scheme by studying the ordered statistics of Hn ’s singular value. These singular values are the gain of sub-channels, so they certainly plays an important role in bit allocation. Section II derives their ordered marginal P.D.F(probability density distribution) when Hn is an i.i.d Gaussian random matrix. We demonstrate they have a centralization property with increasing antennas. We make use of this result by making a “worst case” analysis of FFC scheme under continuous water-ﬁlling in section III. In section IV, we explains the proposed rate allocation scheme. Its solution only depends on statistics of singular values and can be stored beforehand. Section V compares the proposed algorithm with other schemes and show it yields satisfactory performance.



where S ⊂ {1, 2, . . . , t}, card (S) = k − 1, S¯ = {1, 2, . . . , t} \S and k ≥ 2. The 2nd term on the left side of (7) is the probability that exactly k − 1 eigenvalues are less than a, which can be expressed in integral form shown in (8). Here p (λ1 ...λt ) is the eigenvalues’ joint P.D.F, and ∆ ∆ S = {i1 , . . . , ik−1 }, S¯ = {ik , . . . , it }.  S



=



  ¯ λj ≥ a, P ∀i ∈ S, λi < a, ∀j ∈ S,



 S



∞



∞ a



a



∫ ... ∫ ∫ ... ∫ p (λ1 ...λt ) dλi1 ...dλik−1 dλik ...dλit a a 0 0     



t−(k−1) k−1



(8) Joint P.D.F is given by (9) according to [1]. 



t   2 r−t −λi p (λ1 ...λt ) = c λi e (λi − λj ) (9) i=1



1≤i


where c is the normalization constant. Integral of this joint P.D.F has an elegant form shown in (10). It is proved in [2]. a



a



∫ . . . ∫ p (λ1 ...λt ) dλ1 . . . dλt = t!c det (Ar,t,a ) 0 0   



(10)



t



where Ar,t,a equals  ˜ ˜ a (s + 2) · · · Γa (s + 1) Γ ˜ a (s + 2) Γ ˜ a (s + 3) · · ·  Γ   ..  . ˜ a (r) ˜ a (r + 1) · · · Γ Γ



˜ a (r) Γ ˜ Γa (r + 1) .. . ˜ a (r + t − 1) Γ



    



 ˜ a (p) = ∞ tp−1 e−t dt. By using In which s = r − t and Γ a the same method, we ﬁnd that (11) holds too. ∞



∞a



a



∫ . . . ∫ ∫ . . . ∫ p (λ1 . . . λt ) dλi1 . . . dλik−1 dλik . . . dλit a a 0 0     k−1



t−(k−1)



= t!c det (Br,t,a,S ) (11) 1.5



1



r=3



where S = {i1 , . . . , ik−1 } and Br,t,a,S is modiﬁed from Ar,t,a by changing k-1 columns indexed by S as shown in (12).  1 − Ar,t,a (i, j) ∀j ∈ S Br,t,a,S (i, j) = ∀j ∈ S¯ Ar,t,a (i, j) (12) ∀i ∈ {1, 2, . . . , t}
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We see that (10) is a special case of (11). By substituting (11) into (7) and (8), we arrive at (13), which is our major result.   P λ(k) ≥ a    (13) ≥ a + t!c det (B ) =P λ S
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Marginal C.D.F (cumulative probability density function) of ordered singular value s(k) can then be calculated with (14). It is then converted into P.D.F and shown in ﬁgure 2 with r(= t) ranging from 2 to 7 .     (14) P s(k) < a = 1 − P λ(k) ≥ a2
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Figure 2 suggests that s(k) becomes more centralized around its mean when r, t increase. This is veriﬁed by Table 1 in which we estimate the average variance σ 2 of s(k) . It decreases by 50% when r, t increases from 2 to 7.
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Table 1. average variance of Gaussian random matrix’s ordered singular values
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3. A proof of strong convergence for Frequency Flat Constraint(FFC) scheme The P.D.F derived above encourages us to explore the reason why FFC scheme can approach ideal performance when r, t increases. We do this by comparing the solution of ideal water-ﬁlling presented in (5) and FFC water-ﬁlling
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Figure 2. marginal P.D.F of Gaussian random matrix’s ordered singular values



in (6). We make the total rate R sufﬁciently large so both degenerate into Lagrange problems. This allows us to express their solutions analytically as in (15a) and (15b).
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s2m,n − = log2 ln 2
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log2



s2m,n ln 2
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MN log2
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R MN



R MN



(15a)



(15b)



Equation (15a) corresponds to ideal water-ﬁlling and (15b) is the result of frequency ﬂat constrain. We then calculate average SNR per antenna per carrier γ¯ required by each scheme. γ¯1 in (16b) is average SNR of ideal water-ﬁlling calculated by applying (15a) in (5a). γ¯2 in (16c) is SNR of FFC scheme calculated from (15b) and (6a). We notice that in both equations, the 1st term on the left increases exponentially with R, while the 2nd term remains unchanged. γ2 , the 2nd term is So when we calculate the SNR ratio γ¯1 /¯ neglected for sufﬁciently large R. After approximation the SNR ratio then takes the form of geometric average over arithmetic average as shown in (16d). ∆ ¯= R xm,n = 1/s2m,n R MN M N N  M    ¯ N x1/M − xm,n /M N γ¯1 = 2R m,n ∆
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m=1 n=1 N M  



x1/M m,n /N −



n=1 m=1 1/N N







(16a)



m=1 n=1



yn yn =



M 



M 



−2/M Um ,b = ∆



m=1



M 



(17) L−2/M m



m=1



50



←r=6



r=7→



45



r=5→



40



35



r=4



30



25



r=3



20



r=2



15



10



0



L−2/M m



Lm = sup {l|P (sm,n ≤ l) < 0.01} Um = inf {u|P (sm,n ≥ u) > 0.99}



M 



0



x1/M m,n



1



2



3



4



5



6



7



8



9



10



(16d) Figure 3. worst case SNR loss per antenna per carrier of FFC compared(dB) to ideal waterﬁlling
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−2/M Um ≤ yn ≤



xm,n /M N (16c)



(a − b) − b (ln a − ln b) nL ≈ N (a − b) (ln a − ln b)



R/N(bits/symbol/carrier)



 s2m,n − = log2 ln 2



can be found via simple derivative and is given in (17). We calculate difference of average SNR between ideal scheme and FFC scheme for these yn with (5a) and (6a), and plot the result in ﬁgure 3. It is shown that performance loss at worst case decreases from 8dB to 1dB when antenna number increases from 2 to 7. Thus we ﬁnd a theoretic proof why FFC scheme can approach ideal performance with big enough antenna array.



≈1 (16e)



γ2 , Worst case is when yn minimizes the SNR ratio γ¯1 /¯ since this means FFC requires more energy than ideal waterﬁlling for same transmission rate. It can be easily veriﬁed that the worst case must appear on the boundary, that is, yn takes either minimal or maximal values in its possible value range. This result is intuitively appealing by comparing (5b) and (6b). FFC works best when sm,n are similar for different n but ﬁxed m, so the worse case appears when they are as different as possible. The value range of yn is decided by C.D.F of s2m,n as shown in (16e). Thus minimization of (16d) is simpliﬁed into a single parameter function of nL , which is the number of yn that takes minimal value. nL



4. Ordered statistics based rate allocation scheme The basic idea of utilizing ordered statistics in rate allocation is to group sub-channels with similar gains together. If the channel gain’s variance is small within every group, then we can allocate same rate to the channels with the same group and get near-optimal performance. This is true for system with big antenna arrays when we group s(m),n with same m but different n together, since the variance of the mth ordered singular value is small. For system with small antenna array, we need to further   divide s(m),n , n = 1 . . . N into sub-categories to keep



late



 n∈c



1/s2(m),n , but Pm,c and conditional mean of



1/s2(m),n , n ∈ c can be estimated beforehand from the marginal P.D.F. Thus we replace Nm,c and  ordered 1/s2(m),n in (18) with their statistical estimates and get n∈c



Figure 4. sub-channel grouping policy for system with 2 antennas



ﬂuctuation of channel gain within a group small. Figure 4 shows how this is done for a system with 2 antennas. In the ﬁgure we deﬁne 5 thresholds marked by vertical lines. The solid line shows the P.D.F of s(2),n and we divide them into 6 categories according to the thresholds. Same transmission rate is used within each category. The dotted line is P.D.F of the smallest singular value s(1),n . For clarity we do not show its thresholds. Virtually the same is done for it except that we use zero rate for the sub-channel whenever s(1),n < δ, where δ is a small positive constant. We know that too small s(1),n means the corresponding channel is really poor. The power consumption for reliable transmission will be signiﬁcantly increased if we still allocate a nonzero rate to this poor channel based on its category, thus it should be prevented. We proceed to answer 2 design problems of this new scheme: 1)How to compute the transmission rate. 2)How to compute the thresholds. If the system has M antennas and each ordered singular value is divided into C subcategories, then we need to compute M ×C rates and deﬁne M × (C − 1) thresholds. Each category is indexed by tuple {m, c}, m = 1 . . . M, c = 1 . . . C. Nm,c is the number of sub-channels belonging to this category. rm,c is its rate. Pm,c is its probability, that is, the area between 2 thresholds under the P.D.F curve. Choices of thresholds should keep ﬂuctuation of channel gain within each category small. In practice we place thresholds by making Pm,c = 1/C and ﬁnd it better than spacing thresholds evenly. Rate for each category is computed by solving the problem in (18). It is derived from ideal water-ﬁlling problem in (5) by assigning same rates to sub-channels within the same category. Here we use n ∈ c as a short hand for all channels (m, n) in category {m, c} . 



  C M   1  rm,c − 1) (2 (18a) min s2 n∈c (m),n m=1 c=1 C M  



Nm,c rm,c = R, rm,c ≥ 0



(18b)



m=1 c=1



We notice that in practice, it is tedious to calcu-



(19). This degrades the new scheme’s performance a little but brings about signiﬁcant simplicity, since its solution no longer depends on actual value of channel matrix Hn . It can be computed beforehand and stored along with thresholds as a look-up table. The total size of the solution is just M × C integers. There’s still one issue left. We notice that solution of (19c) is slightly different from that of (18b), since Pm,c N is just the mean of Nm,c . We denote the difference in overall transmission rate by ∆ in (19d). ∆ is usually small compared to R. If this difference is not tolerable, one way to wipe it out is to count Nm,c and increase ∆ sub-channels’ transmission rate by 1. We do this adjustment in simulation, in which ∆ sub-channels are chosen arbitrarily.  C  rm,c M   (2 − 1) 2 vm,c m=1 c=1   1 ∆ = Pm,c E 1/s2(m),n |n ∈ c 2
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(19d)



m=1 c=1



Finally we discussion the case when C equals 1. In this case (19) can be further simpliﬁed into (20). Comparing (20c) and (6) we notice that this is a special case of frequency ﬂat scheme with stricter constraints. It is simpler than regular FFC scheme in that water-ﬁlling solution can be pre-computed and only sorting among every M singular values is required in real system.  M  rm  (2 − 1) min 2 vm m=1   1 ∆ 2 1/s = E (m),n 2 vm M 



rm =



m=1



R , rm ≥ 0 N
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5. Simulation results Figure 5 shows the extra SNR required by various rate allocation schemes when compared to ideal water-ﬁlling scheme under the same average transmission rate R/N .
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The farther away the curve locates from the y axis, the less efﬁcient the algorithm is. Rate allocation is discrete and greedy method is used. 64 carriers are in use so N = 64. The SNR is averaged over 200 randomly generated MIMOOFDM channels. Near-singular Hn whose smallest singular value s(1),n < 0.005 is wiped out, which happens only with probability 10−4 if Hn is composed of Gaussian complex variants of unit variance, Figure (a) corresponds to regular FFC scheme in [3]. The curve approaches x = 0 when M increases to 7, showing that it require little extra power than ideal scheme for big antenna array. But for 2 antenna system, the ﬁgure shows it requires extra 1.5 dB in SNR per antenna per carrier than ideal water-ﬁlling. Figure (b)’s scheme is based on (20). We set δ = 0.07. It appears to yield similar good performance as FFC for large antenna array. But its complexity is much lower than FFC since its solution can be computed beforehand. For small antenna array system, its performance is poorest. Figure (c) is based on (19) with C = 6, so 6 subcategories are used. δ = 0.05. Threshold is spaced so that Pm,c = 1/C. For 2 antenna system, its performance is 0.8dB better than FFC scheme. For large antenna array, its performance is similar to other schemes, but it is inferior in complexity to the scheme of ﬁgure (b) since it uses more categories.
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In this paper we propose a new bit allocation scheme based on ordered statistics of channel matrix Hn ’s singular value. The new algorithm does not require a large number of antennas to work well, thus it didn’t suffer from high feedback data amount. It is simpler than other schemes in that its solution can be precomputed and the number of unknowns is small. It is also more ﬂexible in trade-off between performance and complexity since different number of thresholds can be used for different performance. Our method can be extended to general channel matrix other than the Gaussian case as long as Hn ’s marginal P.D.F of ordered singular values is obtainable either analytically or numerically. In simulation we show the proposed scheme outperforms conventional FFC scheme by 0.8dB for 2 antenna system with similar complexity.
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